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Abstract

We present a radiative transfer model for Earth-Like-Planets (ELP). The model allows the assessment of the
effect of a change in the concentration of an atmospheric component, especially a greenhouse gas (GHG), on the
surface temperature of a planet. The model is based on the separation between the contribution of the short
wavelength molecular absorption and the long wavelength one. A unique feature of the model is the condition
of energy conservation at every point in the atmosphere. The radiative transfer equation is solved in the two
stream approximation without assuming the existence of an LTE in any wavelength range.

The model allows us to solve the Simpson paradox, whereby the greenhouse effect (GHE) has no temperature
limit. On the contrary, we show that the temperature saturates, and its value depends primarily on the distance
of the planet from the central star.

We also show how the relative humidity affects the surface temperature of a planet and explain why the
effect is smaller than the one derived when the above assumptions are neglected.
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1 Introduction

The influence of concentration changes of atmo-
spheric gases on the surface temperature of plan-
etary atmospheres, is a leading thread in cur-
rent planetary research (Seager, 2010). Due to
the importance of the problem, it is desirable
to have a model which can predict correctly the
greenhouse effect and its dependence on various
changes, while at the same time be sufficiently
simple to provide a tool to understand the details
of the physical processes affecting this problem.
We devised such a model. The model consists of
two parts—radiative transfer and the molecular
absorption dependent optical depth.

The simplest radiative transfer model is a
band model. We find that the minimum num-
ber of bands needed for a model to be faithful
to the underlying physics, is a two band semi-
grey model. Consequently, we first solve the
radiative transfer problem in terms of two op-
tical depths in the two chosen bands, chosen in
such a way as to provide a faithful representa-
tion of the underlying radiative transfer. We de-
note the two bands by “vis” and “fir” and we
will specify them shortly. The radiative transfer
equation is then solved in terms of the optical
depths τvis and τfir to yield a universal function

Tsurf(τvis, τfir). As the solution is found in terms
of dimensionless quantities, it is universal and
does not depend on many of the planetary pa-
rameters such as its mass or specific composition
of the atmosphere.

Once we obtain the universal solution to the
radiative transfer problem, we calculate the opti-
cal depths τvis and τfir from the basic molecular
absorption data. As the molecular absorption
is predominantly line absorption with wide win-
dows, special care must be exercised in devising
the algorithm which converts the molecular ab-
sorption coefficients κ(λ) into the above optical
depths.

With the universal radiative transfer solution
and the optical depths, a change ∆X in the con-
centration of a certain gas yields a change ∆T
according to:

∂Tsurf

∂X
=

∂Tsurf

∂τvis

∂τvis
∂X

+
∂Tsurf

∂τfir

∂τfir
∂X

, (1)

where the optical depths τvis and τfir will be de-
fined shortly.

Our study is unique is several ways. In par-
ticular, we define the two wavelength bands ac-
cording to physical properties. Since the orig-
inal treatment by Simpson (1927,1928) practi-
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cally no similar distinction was made. It is also
crucial to note the fundamental difference be-
tween stellar and planetary atmospheres. The
molecular absorption, with its large variation
in wavelength, and the total optical depth of
planetary atmospheres, are such that the atmo-
sphere contains spectral windows through which
the planetary radiation can leak to space almost
freely. Such a phenomenon does not exist in stel-
lar atmospheres which are hotter and in which
the absorption is due to ions. Consequently,
the assumption of LTE, frequently implemented
in stellar atmospheres, is not really justified in
planetary atmospheres.

2 Basic assumptions

We show in fig. 1 the specific intensities of the
insolating star and the thermal emission of the
planet. We define λrad as the wavelength at
which the two intensities are equal, namely

Ip(λrad) =
(1− a)

4

�
R∗
d

�2

I∗(λrad), (2)

where Ip and I∗ are the specific intensities of
the planet and the insolating star at the top of
the planetary atmosphere. a is the mean albedo.
Energy conservation implies that

1

CV

dQ(z)

dt
=

� ∞

0
κ(λ, z) [J(λ, z)−B(λ, z)] dλ,

(3)
where J is the mean specific intensity. Fur-
ther requirement of steady state implies that
dQ(z)/dt = 0. As apparent in the figure, J(λ) �
B(λ) for λ < λrad. Consequently, we can split
the energy integral, and write

�
λrad

0
κ(λ, z)J(λ, z)dλ

=
� ∞

λrad

κ(λ, z) [J(λ, z)−B(λ, z)] dλ (4)

The first term is positive definite and hence al-
ways represents heating. The second term must
therefore be negative and thus represents cool-
ing. Clearly, the two wavelength ranges describe
different phenomena. At this point, we can also
state that J = B, which is the condition for LTE,
only if the first integral vanishes, namely there
is no heating of the atmosphere by absorbed ra-
diation.
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Figure 1: The definition of λrad, where the spe-
cific intensity of insolation equals the specific in-
tensity of the planetary thermal emission. Also
shown is the definition of λcut, the wavelength
above which the molecular absorption (denoted
by κ) becomes significant.

Our semi-grey model has therefore two
bands, the vis band in the range up to λrad, and
the fir band for λ > λrad. The radiative transfer
equation is solved in the two stream approxima-
tion. However, while the optical depths τvis and
τfir are constant over the respective wavelengths,
we allow I(λ) to change with λ. We assumed in
the calculations reported here: Nvis = 200 wave-
lengths in the range (103Å−λrad) and Nfir = 400
wavelengths in the range (λrad− 8× 105Å). The
atmosphere was divided into 50 slabs. Each slab
has an optical depth of τvis/50 for λ < λrad and
an optical depth τfir/50 for λ > λrad. The Nvis
and Nfir wavelengths were distributed logarith-
mically. The energy condition was used to cal-
culate the temperature of slab i.

The energy condition in our calculation is
given by:

τvis
Natm

j=Nvis�

j=1

[Ji,j −B(Ti, j)] (5)

+
τfir
Natm

j=Nfir�

j=1

[Ji,j −B(Ti, j)] = 0

where Natm is the number of layers in the at-
mosphere (50 in our case) and the index i runs
over all layers in the atmosphere. The above
condition must be satisfied for every i. Nvis and
Nfir are the number of wavelengths we use in the
respective wavelength range. Ji,j is J at atmo-
spheric layer i and wavelength j and B(Ti, j) is
the Planck function for temperature Ti at layer
i and wavelength λj . Although it can be elimi-
nated, Natm is kept for clarity. There are Natm
such equations to solve for the temperature Ti
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in each layer i. Note that we kept the Planck
function in the λ < λrad range despite the fact
that it is very small.

We assume that the total optical depth is di-
vided equally in all the layers of the atmosphere.
This implies that the physical width of the at-
mosphere varies with height. Moreover, we work
with the two τ ’s as the independent variables,
not κ.

3 Greenhouse and
Anti-Greenhouse models

Fig. 2 illustrates a typical case, where τfir in-
creases indefinitely while keeping τvis fixed. The
surface temperature increases slowly for small
τfir’s (i.e., per given logarithmic increase of τfir),
but when τfir ∼ 1, the rate of increase becomes
larger, up to about τfir ∼ 100, where the sur-
face temperature saturates and levels off. The
reason is that as the temperature rises, the peak
of the Planck spectrum progressively moves to-
wards shorter wavelengths and thermal radia-
tion leaks through the vis range (cf. Shaviv et
al. 2011). Thus, the greenhouse effect does not
experience a runaway when the concentration of
any gas and its corresponding optical depth, in-
crease indefinitely. Clearly, Simpson’s paradox
does not exist when the problem is solved prop-
erly.

Figure 2: The surface temperature as a function
of τfir for a fixed τvis. Also shown is the sky
temperature Tsky.

The figure also depicts the sky temperature
Tsky, defined such that σT 4

sky is equal to the radi-
ation flux from the atmosphere to the surface of
the planet. As Tsky < Tsurf in this equilibrium
model, the surface cools by exchanging energy
with the atmosphere.
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Figure 3: The effect of τvis on Tsurf for three
cases.

Fig. 3 demonstrates the effect of a changing
τvis on the surface temperature, for extremely
large τfir for which the saturation temperature is
reached. We show that τvis is sufficiently power-
ful to create an anti-GHE even under the most
adverse condition. As long as τvis ≤ 1 the ef-
fect of τvis is negligible, but for larger values,
the effect is very noticeable. In the limit of
τvis � 100, the decrease in temperature ap-
proaches an asymptotic value. It is interesting to
note that irrespective of λrad, the minimal tem-
perature reached is the same. Finally, the satu-
ration temperature is not a monotonic function
of λrad.

4 The resolution of the
Simpson paradox

In 1927 Simpson treated the radiative transfer
problem in planetary atmospheres, and tacitly
assumed: (a) That λcut ≡ λrad. (b) The ex-
istence of LTE for the long wavelength range.
Under these assumptions, he found that the tem-
perature of the atmosphere is given by:

T 4
p (τ) =

�
1 +

3τ

4

�
(1− �a�)

4

�
R∗
d

�2

T 4
∗ , (6)

where τ is the mean optical depth for λ ≥ λrad,
which is measured from the top of the atmo-
sphere downward. �a� is the mean albedo. Simp-
son did not specify how τ is evaluated, pre-
sumably it was the Planck mean. In partic-
ular, the temperature near the surface is ob-
tained by substituting τ = τtot. Obviously, as
τtot → ∞, so does Tp. For sufficiently large τtot
(τtot ≈ 3.8× 105), the temperature of the planet
reaches the temperature of the central star and

3



Acta Polytechnica Vol. YY No. X/ZZZZ

can even surpass it. We note that there are par-
ticular wavelength ranges in the far IR, for which
the total optical depth is as high as 104. The pos-
sibility of a temperature runaway, as predicted
by the simple Simpson’s solution, was coined the
Simpson paradox. There were attempts to re-
solve the paradox by assuming the existence of
windows in the fir . However, it is obvious that as
long as the vis band is ignored and the radiative
transfer is solved with a single band, there is no
way to eliminate the paradox. Our treatment
solves the problem as we demonstrate that for
moderate optical depths of τfir, the temperature
saturates.
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Figure 4: Curves of constant Tsurf in the
(τvis, τfir) plane. The regions of saturation,
greenhouse and anti-greenhouse are marked.

5 The (τvis, τfir) plane

The main result is shown in fig. 4 where the
contour lines of constant Tsurf in the (τvis, τfir)
plane are plotted. The classical picture of the
greenhouse effect, where τvis does not exist or is
merged with τfir, is along the τfir axis, where the
surface temperature rises monotonically and sat-
urates. As long as τvis < 1, its effect is small, but
as τvis increases, its effect becomes more promi-
nent. For τvis ∼ 10, it reduces the saturation
temperature.

The (τvis, τfir) plane allows us to determine
the effect that the change in concentration of
an atmospheric constituent has, once we evalu-
ate the two optical depths τvis and τfir and their
changes with concentration. In the next section

we show how to evaluate the mean optical depth
of the relevant bands.

6 The algorithm for the
optical depth

Both the Planck and the Rosseland means are
poor averages of the absorption when it comes
to planetary atmospheres, where molecular ab-
sorption dominates. Two factors play here, the
existence of spectral windows and the large vari-
ation as a function of wavelength. In any aver-
aging of this sort, the optimal weight function
is the one which is the closest to the actual so-
lution, which is of course not known. Yet, it is
imperative to have a good guess for the weight
function or else, the results may be completely
skewed. The failure of the Rosseland mean is a
good example for a poor weight function which
yields an unacceptable result.

Consider first the vis range. Since the tem-
perature of the radiation is that of the central
star and hence very high relative to that of the
planetary atmosphere, the zeroth solution for
the transmission of specific intensity I(z, ν) is
given by

I(z, ν) = ITOA
∗,ν e−κ(ν)z. (7)

Here ITOA
∗,ν is the stellar specific intensity at the

top of the atmosphere. To secure the energy flux
transfer through the atmosphere, we therefore
write that:
�

ν2

ν1

ITOA
∗,ν e−κ(ν)zdν = e−�τvis�

�
ν2

ν1

ITOA
∗,ν dν. (8)

Next we note that the radiation interacts with
the atmosphere, which is at temperature Tatm
and the stellar radiation is to a good approxi-
mation that of a black body at a temperature
T∗, so we have:

�τvis� = − log

��
ν2
ν1

B(T∗, ν)e−τ(ν,Tatm)dν
�
ν2
ν1

B(T∗, ν)dν

�

,

(9)
where ν1 and ν2 correspond to the boundaries
of the vis range, Tatm is the temperature of the
atmosphere and τvis is the total average optical
depth for this range. It is important to note that
the temperature in the weighting function is not
that of the atmosphere through which the radi-
ation passes, but that of the insolating star—
the sun in the particular case of the Earth or
the star in the general case. The optical depth,�
Z

0 κ(λ, T, P )dλ, however, is calculated with the
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temperature of the atmosphere. The expression
so obtained, reduces to the trivial results in var-
ious limits. If there is no absorption in the vis

range, then τvis = 0. When the optical depth is
constant, then τvis is equal to this constant as
well.

6.1 Transition in the far infrared
domain

Consider now the radiative transfer in the fir

range. Let τ be measured from the top of the
atmosphere downwards. If we write I+(τ) as
the thermal flux towards larger optical depths
(downwards) and I−(τ) as the flux towards
smaller optical depths, then the solutions for
I±(τ) under the above approximations are:

F (τ) ≡ I−(τ)− I+(τ) = const. (10)

E(τ) ≡ I−(τ) + I+(τ) (11)

= [I−(τ)− I+(τ)] τ + const.

By comparing the conditions at the top (τ = 0)
to the bottom (τ = τtot), we obtain

I−(τtot)− I+(τtot) = I−(0)− I+(0), (12)

I−(τtot) + I+(τtot) = [I−(0)− I+(0)] τtot
+ [I−(0) + I+(0)] .

The boundary conditions we have are:

I+(0) = I�,fir and I−(τtot) = Ip,fir, (13)

where I�,fir is the insolation for λ > λrad and Ip,fir
is the planet’s emission at λ > λrad. It is gen-
erally assumed that I�,fir = 0. However, if λrad
decreases significantly, this assumption may no
longer be justified.

Next we consider the thermal equilibrium of
the surface, i.e., total absorption equals the total
emission:

(1−a(λ))I�,vis+ Iatm,↓ = (1−a(λ))Ip,vis+ Ip,fir,
(14)

where I�,vis is the insolation for λ < λrad, Iatm,↓
is the emission of the atmosphere towards the
surface (at λ > λrad), Ip,vis the planet’s emis-
sion at λ < λrad and a is the albedo at the short
wavelengths. Our main point is that Ip,vis must
be included at relatively high surface tempera-
tures.

Using the two sets of eqs. 12 and 13, the ther-
mal equilibrium becomes:

(1−a(λ)) (I�,vis − Ip,vis) =
2(Ip,fir − I�,fir)

2 + τfir,tot
. (15)

From the above set of equations, we can de-
rive an expression for the average net fir flux
(per unit frequency) over a finite band ∆ν, and
define an effective opacity through the following:

∆Ifir =
1

∆ν

�
ν2

ν1

[Ip,fir(Tp)− I�,fir]

1 + 3τ(ν)/4
dν (16)

≈

�
Ip,fir(Tp)− I�,fir

�

∆ν

�
ν2

ν1

dν

1 + 3τ(ν)/4

≡

�
Ip,fir(Tp)− I�,fir

�

∆ν

1

1 + 3τfir,tot/4
,

that is,

τfir,tot =
4

3




�
ν2
ν1

B(Tatm, ν)dν
�
ν2
ν1

B(Tatm,ν)dν
1+3τtot(ν)/4

− 1



 . (17)

This expression for the grey absorption is useful
because it encapsulates the different behaviors
in the fir. In particular, wavelength regions for
which the optical depth is small allow for a larger
flux and therefore receive a larger weight in the
averaging. This is present in the Rosseland mean
as well. However, unlike the Rosseland mean,
the flux does not diverge if the wavelength re-
gion becomes optically thin. In such a case, the
emission saturates at its surface emission. Thus,
the mean can adequately describe the effect of
spectral windows.

7 Actual calculation

The data of molecular absorption was taken
from the HITRAN compilation (Rothman et al.
2009). The procedure for calculating the line ab-
sorption is described in the manual of this com-
pilation.

8 The effect of water vapor

We calculated the optical depths for increasing
degrees of column densities of water molecules.
The results are shown in fig. 5. The effect of
increasing the column density of water vapor
is shown by the green line. The interesting
phenomenon is that the curve starts in the re-
gion for greenhouse effect and continues for suffi-
ciently high amounts of water, towards the anti-
greenhouse domain. The water curve is not ver-
tical but has a slope. The pink arrow denotes the
result that a model which does not distinguish
between the two domains the vis and fir would
yield. As we can see, the inclusion of the effect
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of τvis lowers the predicted surface temperature.
The arrow marks the location of the Earth for a
column density of 8.12× 1022#/cm2 as given by
Crisp (2000) for the mean Earth.
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Figure 5: The effect of gaseous water molecules
in the (τfir, τvis) plane. The points are increasing
column density starting from zero to the maxi-
mum amount of water vapor (relative humidity
of 100%). The green line depicts the increase
in Tsurf while the pink arrow depicts the result
that would have been obtained from the classical
approach which neglects τvis. The arrow marks
the location of the Earth according to the Earth
mean column density of water vapor as given by
Crisp (2000).

8.1 Line-by-Line models

Line-by-line (LBL) models are the most com-
mon method to describe the greenhouse effect of
any gas on the atmospheric temperature (IPCC,
2007). These are not full radiative transfer mod-
els but radiation transmittance models. These
models calculate the absorbed energy by each
absorption line. The LBL model treats only one
downward stream of radiation. In the vis, it is
pure insolation, whereas beyond λrad, it is the
downward self emission from the top of the atmo-
sphere (TOA) and subsequent lower layers, in re-
sponse to the long wavelength radiation emitted
from the planetary surface. The absorbed energy
so calculated (in terms of W/m2) is transferred
to a global circulation model (GCM) where the
effect on the temperature is calculated. Since
in this way the increase in concentration of any
absorber leads always to increased energy ab-

sorbed, the results are always positive, namely
heating.

9 A maximum temperature
for a planet

The fact that the greenhouse saturates implies
that a planet at a given distance from the cen-
tral star has a maximal temperature, the tem-
perature of saturation. This is a strict limit
which does not depend on the parameters of
the planet like atmospheric composition or mass
or structure of the atmosphere (like pressure
and density). The saturation temperature de-
pends only on the distance of the planet from
the central star and the mean albedo. Hence,
this limit can serve to distinguish between brown
dwarfs revolving around a central star and a
planet. This model should be further developed
for jovian planets, to distinct them from brown
dwarfs. This should be done by changing the
lower boundary conditions.

10 Summary

The radiative transfer model for planetary at-
mospheres presented here, enjoys simplicity yet
it does not compromise the fundamental physics
of the greenhouse effect. The prediction of the
greenhouse effect is correct and reliable as we
saw with the prediction of the location of the
Earth in the (τvis, τfir) plane. In general, hav-
ing the universal solution Tsurf(τvis, τfir) allows
an easy determination of the surface tempera-
ture of the atmosphere, irrespective of the partic-
ular composition. We demonstrated the solution
in the case of water vapor, and have shown that
water vapor do not lead to a runway greenhouse
effect, and even does not drive an Earth-like at-
mosphere into the saturation region.

The model generalizes the greenhouse and
the anti-greenhouse effects and generates a com-
prehensive picture of the phenomenon.

Radiative models which are essentially trans-
mittance models like the LBL, cannot predict
the resulting temperature changes, as they do
not impose an energy balance equation. Such
models can predict how much energy is absorbed
by a given atmospheric structure but they do not
have the feedback to evaluate the resulting tem-
perature changes. One has to resort to a Gen-
eral Circulation Model for this purpose, which is
a dynamic model and not static.

The saturation of the greenhouse effect leads
to the existence of a strict limit to the tempera-
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ture of a planet. This limit can help distinguish-
ing between planets and brown dwarfs.
DISCUSSION

JIM BAELL, Comment: There is a correla-
tion between temperature and CO2 in the indus-
trial period between 1880-2004. The CO2 goes
from 280ppm to 380ppm. But the temperature
only increased by 3/4◦C during the interval from
1880-2004.

SMADAR: Different analyses give a wide range
for the anthropogenic contribution to the tem-
perature rise, and even the measured tempera-
ture rise itself has a large uncertainty, such that
our results all fall within these limits. It is only
with better and more detailed models that we
will be to rule out (through this methodology)
possible misconceptions about the extent that
anthropogenic CO2 is the sole cause for heating
of the atmosphere.

MAURICE VAN PUTTEN: Is it known how
much CH4 is released when 1◦C increase? The
result, I expect, can be readily included in your
model.

SMADAR: You are correct that CH4 is the
next runner up in our model after CO2, being
the third important greenhouse gas in Earth’s
atmosphere. The answer to your question can
be obtained using our model in a similar man-
ner to that of CO2 and water. On one hand, we
expect a smaller effect due to the still relatively
low column density of CH4 (about 200 times less
than CO2). Its strong absorption, on the other
hand might compensate for this, and it is hard
to predict what will be its final effect without
calculating it. We have developed a greenhouse
indicator, aimed exactly at the comparison of
different greenhouse gases by their slope over the
τfir and τvis plane, due to changes in concentra-
tion. For example, from the presented data, it
seems that CO2 has a stronger greenhouse effect
than water, at least for some humidity regions.
So we should wait and see.

BOZENA CZERNY: 1. What about cloud
coverage? This varies across the surface as well
as it is coupled vertically with high clouds re-
flectivity. 2. What about mechanic effects like
convection or winds? This likely predominantly
cools the surface.

SMADAR: 1. The cloud coverage has not yet
been considered, as it is a complicated matter:
clouds at different heights have different albedos,

and also the complication of combining the sur-
face albedo with partial cloud coverage, chang-
ing the effective albedo. Initial experiments with
changing surface albedo, though, show very low
sensitivity of the model to even 30% changes,
but this is yet to be determined carefully in fur-
ther calculations. 2. Convection was still not
considered in this preliminary model, only pure
radiative transfer. As convection will onset only
at the steepest temperature gradient, which is
the adiabatic limit, our calculation yields the up-
per limit of the temperature. We can parame-
terize convection from our model by translating
the dT/dτfir into dT/dz through a linear scale
factor

l =
�
d ln τ

dz

�−1

. (18)

This will be carried out in further studies. As
to winds, our model is not suitable for calculat-
ing the effect of global winds and wind jets (in
gravitationally locked planets especially), and it
requires the coupling with climate global circula-
tion models (GCM), which are used today to cal-
culate the greenhouse temperatures from LBL-
models which yield radiation fluxes in W/m2.
We hope to match our radiative transfer soft-
ware in the future with a good GCM, in order
to feed our results to climatic models. As you
see, there is still much work to be done! We are
only at the beginning....
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