
PHYSICAL REVIEW B 88, 245409 (2013)

Phase-sensitive bichromatic photoresistance in a two-dimensional electron gas
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We have studied microwave photoresistance in a two-dimensional electron system subject to two radiation
fields (frequencies ω1 and ω2) using quantum kinetic equation. We have found that when ω2/ω1 = 1 + 2/N ,
where N is an integer, and both waves have the same polarization, the displacement mechanism gives rise to a
new, phase-sensitive photoresistance. This photoresistance oscillates with the magnetic field and can be a good
fraction of the total photoresistance under typical experimental conditions. The inelastic mechanism, on the other
hand, gives zero phase-sensitive photoresistance if the radiation fields are circularly polarized.
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Two-dimensional electron systems subject to both perpen-
dicular magnetic-field and microwave radiation reveal a variety
of fascinating nonequilibrium transport phenomena,1 includ-
ing microwave-induced resistance oscillations (MIROs)2,3 and
zero-resistance states (ZRSs).4–6 MIROs have been discussed
in terms of the displacement mechanism,7–11 which originates
from microwave-assisted impurity scattering off disorder, and
the inelastic mechanism,11,12 which stems from radiation-
induced modification of the electron distribution function.
Both mechanisms predict that the photoresistance oscillates
as − sin(2πω/ωc), ω = 2πf is the microwave frequency,
and ωc is the cyclotron frequency. ZRSs, on the other hand,
are explained in terms of current domains resulting from
electrical instability of a homogeneous state with negative
conductivity.13–16

With few exceptions,17–22 studies of MIROs and ZRSs have
been limited to the case of monochromatic excitation. It is
known, however, that excitation by two radiation fields, Ei =
Re{Eieie

−iωi t } and Ei = Eie
−iθi (i = 1,2), has important

implications in many disciplines, such as chemistry,23,24 semi-
conductor physics,25–29 atomic physics,30–32 and nonlinear
optics in glass fiber.33 Of special interest is the case where
the two frequencies are commensurate, i.e, are related as
ω2/ω1 = N2/N1 (N1 and N2 are integers), in which case one
can introduce a relative phase θ = N1θ2 − N2θ1 between E

N2
1

and E
N1
2 .

The unifying theme of bichromatic excitation is controlling
physical or chemical processes by θ . For instance, quantum
interference between two distinct paths formed by absorption
and/or emission of different photons can modify the transition
rate between the two states, making it θ dependent. In systems
with (without) an inversion symmetry, interference may occur
when N1 and N2 are of the same (arbitrary) parity for
generic radiation polarization.34 For ω2/ω1 = 3, interference
has been demonstrated in the ionization rate of sodium,31

in the transition rate between bound states of mercury,35,36

and, for ω2/ω1 = 2, in a coherent carrier population control in
noncentrosymmetric crystals.26–28

Even in the absence of interference,37 the relative phase
between the two radiation components can still be used to
control the angular distribution of ionized electrons in atoms,30

excitation of carriers in semiconductors,25,33,38 and branching

ratios in photodissociation.23 For instance, when ω2/ω1 = 2,
bichromatic excitation generates a dc photocurrent, which is
determined by a third-rank tensor ∝E2

1E2.25,38 The direction of
this photocurrent is given by a θ -dependent vector n̂ such that
the time average of [(E1 + E2) · n̂]3 is maximal.39

In this paper we report on a new phase-sensitive con-
tribution to bichromatic microwave photoresistance which
appears when microwaves are circularly polarized. While
this contribution is absent in the inelastic mechanism,40 the
displacement mechanism leads to a nonzero phase-sensitive
term, provided that the two microwave fields have equal
polarizations and that their frequencies are related as ω2/ω1 =
N2/N1, where |N1 − N2| = 2. Similarly to direct contributions
responsible for ordinary MIROs, the phase-sensitive term
oscillates with the magnetic field and, for the simplest case
of ω2/ω1 = 3, is maximized (minimized) in the vicinity of
half-integer (integer) values of ε = ω1/ωc. We estimate that
the phase-sensitive term can be a good fraction of the total
photoresistance in samples with a sufficient amount of sharp
disorder under typical microwave intensities.

To obtain the conditions necessary for the existence of the
phase-sensitive bichromatic photoresistance, we first consider
electron scattering off disorder combined with an absorption of
a single photon with circular polarization σ = ±1. It is easy to
convince oneself that the amplitude of such a scattering event
must contain a phase factor exp[iσ (ϕ + ϕ′)/2], where ϕ (ϕ′)
is the angle an electron momentum makes with the dc electric
field before (after) the collision with impurity.42 Indeed, under
global rotation (ϕ → ϕ + α, ϕ′ → ϕ′ + α) the above phase
factor is multiplied by exp(iσα), as it should be, to account for
the transformation of the circularly polarized field amplitude
E → Eeiσα . Similarly, the amplitude of a direct n-photon
absorption process scales with the nth power of the microwave
field En, and its angular dependence contains exp[inσ (ϕ +
ϕ′)/2].43,44

The above arguments can be extended to processes under
bichromatic (i = 1,2) microwave radiation with frequencies
ωi = Niω, field amplitudes Ei , and polarizations σi . A phase-
sensitive contribution can be expected when two independent
paths exist between two states separated by energy 	εnm =
(mN1 − nN2)ω, with n = 0,1, . . . ,N1, m = 0,1, . . . ,N2. For
a given n and m, one such path involves absorption of
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FIG. 1. (Color online) Possible electron transition path pairs
under bichromatic (ω1 = ω and ω2 = 3ω) irradiation corresponding
to energy change 	εn = nh̄ω for (a) n = 3, (b) n = 2, (c) n = 1, and
(d) n = 0. For each n, one path involves the absorption of one photon
of frequency 3ω and emission of 3 − n photons of frequency ω and
another path is formed by the absorption of n photons of frequency
ω.41 Combined, each path pair involves three photons of frequency ω

and one photon of frequency 3ω.

N1 − n photons of frequency ω2 and emission of N2 − m

photons of frequency ω1, and another path is formed by
emission of n photons of frequency ω2 and absorption of
m photons of frequency ω1. For N1 = 1 and N2 = 3 all
four possible path pairs are illustrated in Fig. 1. It is easy
to see that every single path pair requires N1 photons of
frequency ω2 and N2 photons of frequency ω1. As a result,
the phase-sensitive contribution to the transition rate, given
by the cross term of the two amplitudes, is proportional
to E

N1−n
2 (EN2−m

1 )∗ × [(En
2 )∗Em

1 ]∗ = E
N1
2 (EN2

1 )∗. The angular
dependence of this contribution must therefore contain a
phase factor exp[i(σ2N1 − σ1N2)(ϕ + ϕ′)/2]. We further note
that for odd |N1 − N2| the corresponding scattering rate [∝
E

N1
2 (EN2

1 )∗] is odd under parity transformation, Ei → −Ei ,
and is therefore forbidden in the absence of the skew scattering.
With the help of these considerations we now make the
following conclusions.

First, the phase-sensitive photoresistance is absent in the
inelastic mechanism.40 Indeed, the phase factor exp[i(σ2N1 −
σ1N2)(ϕ + ϕ′)/2], entering the scattering amplitude, pre-
vents the modification of the isotropic part of the distri-
bution function; the inelastic photoresistance, proportional
to 〈exp[i(σ2N1 − σ1N2)(ϕ + ϕ′)/2]gϕ−ϕ′ 〉ϕϕ′ (gϕ−ϕ′ is some
function of ϕ − ϕ′), vanishes45 for any σ1 and σ2, as long as
N1 �= N2.46

Second, the phase-sensitive photoresistance is nonzero in
the displacement mechanism only if |N1 − N2| = 2 and σ1 =
σ2. Indeed, for any even |N1 − N2|, the phase-sensitive pho-
toresistance is proportional to 〈(sin ϕ − sin ϕ′)2 exp[i(σ2N1 −
σ1N2)(ϕ + ϕ′)/2]〉ϕϕ′ . Factor [(sin ϕ − sin ϕ′)2]47 contains
zeroth and second harmonics of (ϕ + ϕ′)/2, which give rise
to nonzero contributions when |σ2N1 − σ1N2| = 0 (a trivial
case of N1 = N2

46) and when |σ2N1 − σ1N2| = 2, respec-
tively. We thus conclude that the phase-sensitive displacement

contribution is nonzero only when |N1 − N2| = 2 and σ1 =
σ2.48 In what follows, we employ a quantum kinetic equation
to investigate the simplest case of N1 = 1, N2 = 3 (the lowest
integers when phase-sensitive effects are nonzero).

At large filling factors the dynamics of two-dimensional
electrons in a magnetic field is semiclassical. We consider the
experimentally relevant regime of classically strong magnetic
fields, ωcτ 	 1, where τ is the transport scattering time. We
further assume that the magnetic field is weak enough so
that Landau levels are not well resolved, ωcτq � 1 (τq is the
quantum lifetime).49 In this case the density of states can be
described by

ν(ε) = ν0 [1 − 2λ cos(2πε/ωc)] , (1)

where λ = e−π/ωcτq is a Dingle factor.
As in ordinary MIRO, we are interested in quadratic-in-

λ contributions, which are largely immune both to thermal
broadening of the Fermi surface and to large-scale fluctuations
of the chemical potential. The dissipative part of the electric
current is determined by the distribution function f (ε,ϕ),

j = 2evF

∫
dεν(ε)

∫
dϕ

2π
cos ϕf (ε,ϕ), (2)

where vF is the Fermi velocity, ϕ is the angle the electron
momentum makes with the dc electric field, and f (ε,ϕ) is the
solution of the following kinetic equation:

ωc
∂f

∂ϕ
= Stdc{f } + Stdir{f } + Stθ {f }. (3)

Here, the first term, Stdc{f }, is the collision integral for electron
scattering off disorder without participation of microwave
quanta. The other two terms, Stdir{f } and Stθ {f }, account
for the modification of the electron-impurity scattering by the
bichromatic microwave field Emw = E1 + E2. Here we con-
sider the circularly polarized microwaves Ei = Re{Ei êie

−iωi t }
(i = 1,2), êi = (êx + iσi êy)/

√
2, and σi = ±1 denotes po-

larization direction. The term Stdir{f } takes into account
only direct (monochromatic) transitions originating from both
microwave fields. These transitions contribute additively to
Stdir{f } and their rates are proportional to the corresponding
intensity.50 Here, we focus on the phase-sensitive collision
term Stθ {f }, which, for the case ω1 = ω, ω2 = 3ω, is given
by

Stθ {f (ε,ϕ)}

= −R3
1R2

2 × 4!

∑
±

3∑
n=0

3Cn

∫
dϕ′

2π

[1 − cos(ϕ − ϕ′)]2

τϕ−ϕ′
cos χϕϕ′

× ν−1
0 ν(ε+Wϕϕ′ ± nω)[f (ε+Wϕϕ′ ±nω)−f (ε)]. (4)

Here, ±nω is the energy change due to microwave absorp-
tion (emission) and 3Cn = 3!/(3 − n)!n! As illustrated in
Fig. 1, for n = 0 (n = 3), all three photons of frequency
ω participate in emission (absorption) processes and 3C0 =
3C3 = 1. However, for n = 2 (n = 1) there are three ways
of choosing one emitted (one absorbed) photon of frequency
ω and 3C1 = 3C2 = 3. The factors Ri account for microwave
renormalization of scattering rates [1 − cos(ϕ − ϕ′)]2τ−1

ϕ−ϕ′ . To
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the leading order in microwave fields these factors read

Rj = evFEi

ωi(ωi + σiωc)
, i = 1,2. (5)

The angle χϕϕ′ = (3σ1 − σ2)(ϕ + ϕ′)/2 + θ sensitively de-
pends on the phase difference between the two fields, θ =
θ2 − 3θ1. The factor Wϕϕ′ = eEH · 	R is the energy gained
by an electron as the result of a displacement by 	R =
Rcẑ × (n̂ϕ − n̂ϕ′ ) [Rc = vF /ωc is the cyclotron radius, and n̂ϕ

(n̂′
ϕ) is a unit vector of the electron momentum before (after)

the collision] in the presence of a Hall field, EH .
We seek the solution to the kinetic equation, (3), perturba-

tively in microwave fields, f (ε,ϕ) = fT (ε) + δf (ε,ϕ), where
fT (ε) is the Fermi distribution function, and

δf (ε,ϕ) = Aλ∂εfT cos(2πε/ωc) cos ϕ (6)

is the first angular harmonic of the correction to the distribution
function resulting from the oscillatory component of ν(ε),
Eq. (1). The parameter A is then obtained from Eq. (4),
linearized in λ:

− Aλ∂εfT ωc cos(2πε/ωc) sin ϕ = δStθ {fT } + Stθ {δf }. (7)

By projecting both sides of Eq. (7) on sin ϕ and integrating
over angles we obtain

A = − 5

48

εdc

τ̃
R3

1R2δσ1σ2F(2πε) cos θ, (8)

where εdc = 2eEH Rc/ωc, a parameter which appears in Hall-
field-induced resistance oscillations.51–56 As anticipated, a
nonzero A is obtained only for σ1 = σ2, so in what follows, we
omit the subscript σ . The scattering rate τ̃−1 entering Eq. (8)
is given by

τ̃−1 = τ−1
0 − 3

2τ−1
1 + 3

5τ−1
2 − 1

10τ−1
3 , (9)

where τ−1
k is the Fourier coefficient of the scattering rate,

τ−1
ϕ−ϕ′ = ∑

k τ−1
k eik(ϕ−ϕ′), and

F(x) =
3∑

n=0

anFn(x), Fn(x) = cos nx − nx sin nx, (10)

with the combinatorial factor an = (−1)n+1
3Cn.

Substituting Eqs. (8) and (6) in Eq. (2) we obtain the
dissipative current and the corresponding phase-sensitive
contribution to the photoresistivity,

δρ12(θ )

ρD

= 5

48

τ

τ̃
λ2R3

1R2F(2πε) cos θ, (11)

where ρD is the Drude resistivity. This equation constitutes the
main result of our paper.

To examine the dependence of the phase-sensitive contri-
bution on ε we first note that the function F(2πε), entering
Eq. (11), contains three oscillating terms, with periods of
1, 1/2, and 1/3. The relative importance of these terms,
corresponding to n = 1, 2, and 3 in Eq. (10), respectively,
is illustrated in Fig. 2(a), showing akFk/2πε as a function of
ε.57 It is easy to see that the derivatives of both F1 and F3 have
the same (opposite) sign compared to that of F2 at half-integer
(integer) values of ε. As a result, the sum of these terms is
maximized (minimized) in the close vicinity of the half-integer
(integer) ε. Indeed, as illustrated in Fig. 2(b), the largest
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10
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321
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FIG. 2. (Color online) (a) anFn/2πε versus ε for n = 1 (verti-
cally offset by +10), n = 2, and n = 3 (offset by −10). (b) Function
F/2πε versus ε; see Eq. (10). Extrema are marked by dashed vertical
lines, drawn at ±0.11 from the half-integer ε.

phase-sensitive contribution occurs at ε = k + 1/2 ± δ, where
k = 1,2,3, . . . and δ ≈ 0.11 (cf. vertical dashed lines).

The total photoresistivity δρθ is the sum of the phase-
sensitive term, (11), and direct contributions, given by

δρi

ρD

= τ

2τ�

λ2R2
i [F1(2πωi/ωc) − 1] , (12)

where τ�
−1 = 3τ−1

0 − 4τ−1
1 + τ−1

2 .
Within the model of mixed disorder, relevant for a

high-mobility two-dimensional electron system,53 the Fourier
coefficients of the scattering rate are given by

τ−1
k = δk,0τ

−1
sh + (1 + k2χ )−1τ−1

sm , (13)

where τ−1
sh and τ−1

sm are sharp and smooth disorder scattering
rates, respectively, and the parameter

√
χ � 1 is the charac-

teristic scattering angle off the smooth disorder. The scattering
rate τ̃−1, Eq. (9), then becomes

τ̃−1 = τ−1
sh + 36χ3τ−1

sm . (14)

As we see, the contribution of the smooth disorder is weakened
because of the presence of a small factor χ3 in the second term
of Eq. (14). This suppression is a hallmark of a contribution due
to multiphoton processes.44 We therefore limit our remaining
discussion to the case of sharp disorder; i.e., τ/τ� = 3,
τ/τ̃ = 1.

We now examine the importance of the phase-sensitive
term, Eq. (11), in relation to direct contributions, Eq. (12),
which are shown in Fig. 3(a) for both i = 1 and i = 2 for
R1 = R2 = 0.5. The total microwave photoresistance, which
contains both direct and phase-sensitive terms, δρ(θ ) = δρ1 +
δρ2 + δρ12(θ ), is presented in Fig. 3(b) for both θ = 0 (solid
line) and θ = π (dashed line). As expected, the difference
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FIG. 3. (Color online) Reduced photoresistivity versus ε (a) due
to only direct contributions for i = 1,2 [Eq. (12)] and (b) with the
inclusion of the phase-sensitive contribution [Eq. (11)] for θ = 0
(solid line) and θ = π (dashed line). All curves are drawn for R1 =
R2 = 0.5.

between the two curves is maximal at the extrema of the phase-
sensitive contribution occurring near ε = k + 1/2 ± 0.11

[see Fig. 2(b)]. Quantitatively, we find that near these extrema
the relative phase-sensitive contribution, [ρ(0) − ρ(π )]/[ρ1 +
ρ2], is quite significant, exceeding 25%. Therefore, the phase
sensitivity of the displacement mechanism can be exploited
experimentally, for example, to distinguish between the dis-
placement and the inelastic mechanisms.

In summary, we predict a new phase-sensitive contribution
to bichromatic microwave photoresistance when microwaves
are circularly polarized. While this contribution is absent
in the inelastic mechanism, it is finite in the displacement
mechanism, provided that the two microwave fields have equal
polarizations and their frequencies are related as ω2/ω1 =
N2/N1, where |N1 − N2| = 2. Similarly to direct contributions
responsible for ordinary MIRO, the phase-sensitive term
oscillates with the magnetic field and, for the simplest case
of ω2/ω1 = 3, is maximized (minimized) in the vicinity of
half-integer (integer) values of ω1/ωc. We estimate that the
phase-sensitive term can be a good fraction of the total
photoresistance in samples with a sufficient amount of sharp
disorder under typical experimental conditions. Experimental
detection of this photoresistance effect will be the subject of
future studies.
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