
Resonant control of spins in the quasi-one-dimensional channel by interplay of
confinement and Zeeman splitting
D. H. Berman, M. Khodas, and M. E. Flatté 
 
Citation: AIP Conference Proceedings 1619, 33 (2014); doi: 10.1063/1.4899215 
View online: http://dx.doi.org/10.1063/1.4899215 
View Table of Contents: http://scitation.aip.org/content/aip/proceeding/aipcp/1619?ver=pdfcov 
Published by the AIP Publishing 
 
Articles you may be interested in 
Spreading of colloid clusters in a quasi-one-dimensional channel 
J. Chem. Phys. 132, 084902 (2010); 10.1063/1.3330414 
 
Coupled-channel integral equations for quasi-one-dimensional systems 
Am. J. Phys. 71, 903 (2003); 10.1119/1.1564608 
 
Electron spin resonance in the S=1 quasi-one-dimensional Heisenberg antiferromagnet Ni(C 5 H 14 N 2 ) 2 N 3
(PF 6 ) 
J. Appl. Phys. 87, 5896 (2000); 10.1063/1.372559 
 
1/f noise in a quasi‐one‐dimensional channel 
AIP Conf. Proc. 285, 276 (1993); 10.1063/1.44546 
 
Reduced shot noise in a quasi‐one‐dimensional channel 
AIP Conf. Proc. 285, 272 (1993); 10.1063/1.44545 
 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

132.64.81.205 On: Sun, 06 Sep 2015 18:11:59

http://scitation.aip.org/content/aip/proceeding/aipcp?ver=pdfcov
http://scitation.aip.org/search?value1=D.+H.+Berman&option1=author
http://scitation.aip.org/search?value1=M.+Khodas&option1=author
http://scitation.aip.org/search?value1=M.+E.+Flatt�&option1=author
http://scitation.aip.org/content/aip/proceeding/aipcp?ver=pdfcov
http://dx.doi.org/10.1063/1.4899215
http://scitation.aip.org/content/aip/proceeding/aipcp/1619?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/132/8/10.1063/1.3330414?ver=pdfcov
http://scitation.aip.org/content/aapt/journal/ajp/71/9/10.1119/1.1564608?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jap/87/9/10.1063/1.372559?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jap/87/9/10.1063/1.372559?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.44546?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.44545?ver=pdfcov


Resonant control of spins in the quasi-one-dimensional
channel by interplay of confinement and Zeeman splitting

D. H. Berman, M. Khodas and M. E. Flatté

Department of Physics and Astronomy, University of Iowa, Iowa City, Iowa 52242, USA

Abstract. We study the spin transport in a quasi-one-dimensional channel defined in a two-dimensional electron gas. The
combined action of geometrical confinement and the spin precession is analyzed. We demonstrate that for certain orientations
of the in-plane magnetic field and for specific range of its magnitude the spin polarization exhibits a strong decrease referred
to as ballistic spin resonance (BSR). The phenomenon is due to the commensuration of the Zeeman and inter-subband energy
splitting. We show that the BSR requires a finite spin-orbit (SO) interaction although the condition for the BSR onset is
independent on SO coupling.

Keywords: Spintronics, quasi-one-dimensional transport
PACS: 72.25.-b, 72.25.Hg, 73.23.Ad

THE BACKGROUND AND MOTIVATION

Controlling of spin relaxation in low-dimensional structures is one of the most promising directions in the field of
spin based electronics, i.e. spintronics [1, 2, 3, 4, 5, 6]. The geometrical confinement is known to suppress the
spin relaxation in spin-orbit (SO) coupled systems [7, 8, 9, 10, 11, 12, 13]. This has been demonstrated directly in
InGaAs submicron wires by means of time-resolved Faraday rotation in a pump-probe set up, [14]. The SO interaction
provides an effective Zeeman field determined by the orbital momentum. The impurity scattering randomizes the
electron momentum and hence the direction of the effective Zeeman field. Therefore, the spin precession acquires the
random character and leads to the spin relaxation. The spatial confinement counteracts the randomizing effect of the
impurity scattering and therefore suppresses the spin relaxation. Similarly, the in-plane magnetic field adds a constant
component to the SO induced effective field, and suppresses the spin relaxation [15, 16].

Surprisingly, however the combination of geometrical confinement and the in-plane Zeeman field may under
certain conditions cause enhancement of the spin relaxation. Such is the case in the Ballistic Spin Resonance (BSR)
experiment by Frolov et. al., [17, 18] in the quasi-one-dimensional channel hosting a few tens of conduction channels,
Fig. 1. In this experiment the lithographically defined channel is contacted by three identical quantum point contacts
tuned to e2/h conductance in the presence of the spin splitting magnetic field. The spin-polarized current is driven
between the two contacts and the induced non-local voltage is detected at the third quantum point contact along the
channel in the region with zero electrical current. In the absence of heat transfer the non-local signal is induced due to
the imbalance in spin polarization.

The main observation for the case of the in-plane magnetic field is the suppression of the non-local voltage when
the field is directed perpendicular to the channel, Fig. 1. No such effect is observed when the magnetic field is directed
along the channel. Here we construct the theory of BSR following [19] and show how it accounts for most of the
observed features.

THEORY OF BSR FOLLOWING REF. [19]

The model

The Hamiltonian describing the motion and spin dynamics of electrons in the channel takes the form,

H =
p2

x + p2
z

2m
+Vc(z)−

1
2

EZσz +HSO . (1)

The Fourth Conference on Nuclei and Mesoscopic Physics 2014
AIP Conf. Proc. 1619, 33-39 (2014); doi: 10.1063/1.4899215

©   2014 AIP Publishing LLC 978-0-7354-1256-9/$30.00

33 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

132.64.81.205 On: Sun, 06 Sep 2015 18:11:59



Here Vc(z) is the lateral confinement potential, EZ is the Zeeman splitting, and

HSO = α−pzσx +α+pxσz (2)

is the SO interaction term with α+,(−) equal to the sum (difference) of the Rashba [20, 21] and Dresselhaus [22]
coefficients. The term with α+ is proportional to σz. It therefore does not couple subbands with opposite spin
polarization along ẑ. Hence we neglect this term, α+ = 0 for clarity.

Our main goal is to find the non-equilibrium spin polarization along the in-plane magnetic field. Indeed, all the
quantum point contacts arranged along the channel are either the source or the drain of spins polarized along the
magnetic field. In the absence of thermal effects we attribute therefore the non-local voltage to the excess spin
polarization component along the applied magnetic field.

SO induced band mixing in a channel

Experimentally, [17] the BSR sets in at EZ ≈ h̄ω . We demonstrate that under this condition the SO interaction even
if nominally weak, affects profoundly the spin dynamics. We start with the discussion of the effect of SO interaction
on the electronic states in the channel. Let us denote the states in the absence of SO interaction as |ψZ

p,n,σ 〉. These
states by construction are eigenstates of the Hamiltonian, Eq. (1) with HSO set to zero. The quantum numbers p, n
and σ refer to the momentum along the channel, index of the subband of transversal quantization, and the spin index
(σ =↑,↓) respectively. It follows from Eq. (1) that for HSO = 0,

H|ψZ
p,n,↑(↓)〉=

[
p2

2m
∓ 1

2
EZ + εn

]
|ψZ

p,n,↑(↓)〉 . (3)

When the condition EZ = h̄ω = εn+1− εn is satisfied the states |ψZ
p,n+1,↑〉 and |ψZ

p,n,↓〉 form a degenerate doublet,
Fig. 2. Crucially, the SO interaction connecting these states strongly mixes them into a symmetric and antisymmetric
combinations at the resonance, i.e. when the two states are degenerate.

As we are interested in low frequency and long wavelength phenomena we develop the low-energy description of the
spin dynamics treating different pairs of degenerate doublets as independent. Such a description is valid as long as the
typical energies of excitations we study are smaller than the inter-subband separation. The low-energy dynamics can
then be formulated in terms of a pseudospin operating in the disconnected doubly degenerate subspaces of |ψZ

p,n+1,↑〉
and |ψZ

p,n,↓〉. We can therefore without loss of generality focus on a single pair of subbands |ψZ
p,n∗+1,↑〉 and |ψZ

p,n∗,↓〉
for a fixed n∗ limited from above such that the bands we focus on are below the Fermi level.

We denote the Pauli matrices operating in the two-dimensional pdeudospin space as τx,y,z. As we argued above we
have to find the polarization along the applied magnetic field. Which is in turn given by the expectation value of the
original σz Pauli matrix. Fortunately the two operators, σz and τz coincide when projected onto a pdeudospin subspace.
Indeed, [

〈n∗+1,↑ |σz|n∗+1,↑〉 〈n∗+1,↑ |σz|n∗,↓〉
〈n∗,↓ |σz|n∗+1,↑〉 〈n∗,↓ |σz|n∗,↓〉

]
=

[
1 0
0 −1

]
≡ τz (4)

It follows that to study the dynamics of the real spin component σz it sufficient to focus on the dynamics of the
pseudospin because within the pseudospin space we have σz = τz in view of Eq. (4).

The effective two by two Hamiltonian is the projection of the full Hamiltonian Eq. (1) into a pseudo-spin space
spanned by |ψZ

p,n∗+1,↑〉 and |ψZ
p,n∗,↓〉. It can therefore be expressed in terms of the Pauli matrices operating in the

pdeudo-spin space introduced above,

H2 =
p2

2m
+

1
2
(εn∗ + εn∗+1)−

1
2
|gµB|Beff · τττ . (5)

The effective magnetic field has the following non-zero components,

|gµB|Beff,z = EZ− h̄ω , |gµB|Beff,y = δ
SO =−2i〈n∗+1,↑ |α−pzσx|n∗,↓〉 . (6)

The diagonal part of the effective magnetic field, a z-component accounts for the energy splitting between adjacent
modes arising both from confinement (h̄ω) and from the Zeeman interaction with the actual external field (EZ). The
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Bext
y 5 4 T, then partially recovered for Bext

y . 8 T. The absence of a
measurable spin signal for Bext

y 5 6–8 T and for the injector–detector
spacing xid5 20 mm implies an upper bound ls, 5 mm within this
range of fields.

Resonant spin dynamics in ballistic channels are influenced by the
details of electron trajectories; varying the parameters of typical
trajectories changes the resonance conditions. For example, a lower
electrondensity leads to a lower Fermi velocity, hence a lower resonant
frequency f0 (equation (1)), so the BSR dip appears at a lower field B0.
As thedensitywas lowered in a 1-mm-wide channel (Fig. 2a),B0 shifted
from 7T down to 4 T. The magnetic field dependence of the spin
signal is closelymatchedbyMonteCarlo simulationsof spindynamics
in the channel (Fig. 2b; see Supplementary Information for simulation
details)12.

Higher frequency harmonics of the effective spin–orbit field can
also be expected. Bouncing off the channel walls leads to a square
wave dependence for the velocity component vy(t) / Bso

x (t), with
Fourier components at (2N1 1)f0 (Fig. 3b–d). In principle, this leads
to a ladder of BSRs extending to arbitrarily high external magnetic
fields, but in practice, the higher harmonics disappear quickly
because of scattering. A dip in the spin signal was observed in a wider
channel (w5 3mm) at a field B05 8 T that corresponds to the third
harmonic 3f0 (Fig. 3a). The first harmonic BSR dip in a 3-mm-wide
channel is expected atB05 2.6 T from simulations. QPC polarization
is too small at this field to clearly resolve the first resonance. Instead,
the primary visible effect of BSR is to counteract the increase in QPC
polarization with magnetic field, giving a flatter spin signal in the
rangeBext

y 5 0–5Tcompared to the1-mm-wide channel (Fig. 1c versus
Fig. 3a).

The third harmonic resonance can be clearly seen in the Monte
Carlo simulation if one assumes a field independent QPC polariza-
tion and long mean free path ‘5 30 mm (Fig. 3a Sim A). It is remark-
able that simulated trajectories even with such a long mean free path
look so disordered to the eye (Fig. 3b), but the resilience of the
resonance to small amounts of disorder can be understood qualita-
tively from the square-wave character of the velocity (Fig. 3c). More
realistic simulation parameters, with shorter mean free path and
finite perpendicular field, provide a better match to the measured
resonances (Fig. 3a Sim B).

A small component of magnetic field applied perpendicular to the
2DEG, Bext

z < 10–100mT (=Bext
x(y)), bends electron trajectories in

partial cyclotron orbits, generating a qualitatively different spectrum
of spin–orbit fields (Fig. 4). Cyclotron trajectories contain oscillating
components along both x̂x and ŷy, giving rise to periodic spin-orbit
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Figure 1 | Ballistic spin resonance. a, Simplified diagram of a pure spin
current measurement. Gates (dark grey) deplete the 2DEG to define the
injector and detector QPCs and the ballistic channel. b, Optical image of a
measured device with CrAu gates in light grey. Gate voltages V inj

g and Vdet
g

tune QPCs to the spin-polarized plateaus. Undepleting the L-gate (VL
g )

changes the distance from the injector to the right reservoir from
Lr-long5 70mmtoLr-short5 40mm. Inset, scanning electronmicrographof the
injector area. c, Magnetic field dependence ofVnl measured with injector and
detector set to conductancesGinj5Gdet< 1e2/h, forBext applied along x̂x and ŷy
(w5 1mm, T5 300mK, Vac5 50mV, xid5 20mm, Bext

z 5 10mT). Finite Vnl

near Bext5 0 is due to thermoelectric Peltier effect. Inset, Bso
x oscillates, while

Bso
y is constant along an ideal specular trajectory10. d, Magnetic field

dependence of the ratio Vnl(Lr-long)/Vnl(Lr-short) for B
ext along x̂x and ŷy. Error

bars indicate the standard deviation in the measurements, originating from
universal fluctuations of non-local conductance.

1.2

0.8

0.4

0.0

0.8

0.6

0.4

0.2

0.0
1086420

a

b

V n
l (

µV
)

V n
l (

a.
u.

)

vF=1.3×105 m s–1,  =10 µm
vF=1×105 m s–1,  =7 µm
vF=7×104 m s–1,  =4 µm

Initial density
After "rst gate shock
After second gate shock

Bext (T)y

Figure 2 | Tuning the ballistic spin resonance with electron density.
a, Magnetic field Bext

y dependence of the spin signal for three electron
densities in a 1-mm-wide channel. T5 500mK, Vac5 50mV, xid5 6.7 mm,
Bext
z 5 40mT. Data for the initial density are multiplied by 3 for better

comparison to other densities (much lower channel resistance at this density
led to a lower non-local voltage). Densitywas changed by shocking the 2DEG
with high negative voltages on the gates (see Supplementary Information for
details). b, Monte Carlo simulations of the spin signal for three Fermi
velocities, vF (in m s21): 1.33 105, 13 105 and 73 104.
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Bext
y 5 4 T, then partially recovered for Bext

y . 8 T. The absence of a
measurable spin signal for Bext

y 5 6–8 T and for the injector–detector
spacing xid5 20 mm implies an upper bound ls, 5 mm within this
range of fields.

Resonant spin dynamics in ballistic channels are influenced by the
details of electron trajectories; varying the parameters of typical
trajectories changes the resonance conditions. For example, a lower
electrondensity leads to a lower Fermi velocity, hence a lower resonant
frequency f0 (equation (1)), so the BSR dip appears at a lower field B0.
As thedensitywas lowered in a 1-mm-wide channel (Fig. 2a),B0 shifted
from 7T down to 4 T. The magnetic field dependence of the spin
signal is closelymatchedbyMonteCarlo simulationsof spindynamics
in the channel (Fig. 2b; see Supplementary Information for simulation
details)12.

Higher frequency harmonics of the effective spin–orbit field can
also be expected. Bouncing off the channel walls leads to a square
wave dependence for the velocity component vy(t) / Bso

x (t), with
Fourier components at (2N1 1)f0 (Fig. 3b–d). In principle, this leads
to a ladder of BSRs extending to arbitrarily high external magnetic
fields, but in practice, the higher harmonics disappear quickly
because of scattering. A dip in the spin signal was observed in a wider
channel (w5 3mm) at a field B05 8 T that corresponds to the third
harmonic 3f0 (Fig. 3a). The first harmonic BSR dip in a 3-mm-wide
channel is expected atB05 2.6 T from simulations. QPC polarization
is too small at this field to clearly resolve the first resonance. Instead,
the primary visible effect of BSR is to counteract the increase in QPC
polarization with magnetic field, giving a flatter spin signal in the
rangeBext

y 5 0–5Tcompared to the1-mm-wide channel (Fig. 1c versus
Fig. 3a).

The third harmonic resonance can be clearly seen in the Monte
Carlo simulation if one assumes a field independent QPC polariza-
tion and long mean free path ‘5 30 mm (Fig. 3a Sim A). It is remark-
able that simulated trajectories even with such a long mean free path
look so disordered to the eye (Fig. 3b), but the resilience of the
resonance to small amounts of disorder can be understood qualita-
tively from the square-wave character of the velocity (Fig. 3c). More
realistic simulation parameters, with shorter mean free path and
finite perpendicular field, provide a better match to the measured
resonances (Fig. 3a Sim B).

A small component of magnetic field applied perpendicular to the
2DEG, Bext

z < 10–100mT (=Bext
x(y)), bends electron trajectories in

partial cyclotron orbits, generating a qualitatively different spectrum
of spin–orbit fields (Fig. 4). Cyclotron trajectories contain oscillating
components along both x̂x and ŷy, giving rise to periodic spin-orbit
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current measurement. Gates (dark grey) deplete the 2DEG to define the
injector and detector QPCs and the ballistic channel. b, Optical image of a
measured device with CrAu gates in light grey. Gate voltages V inj

g and Vdet
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tune QPCs to the spin-polarized plateaus. Undepleting the L-gate (VL
g )

changes the distance from the injector to the right reservoir from
Lr-long5 70mmtoLr-short5 40mm. Inset, scanning electronmicrographof the
injector area. c, Magnetic field dependence ofVnl measured with injector and
detector set to conductancesGinj5Gdet< 1e2/h, forBext applied along x̂x and ŷy
(w5 1mm, T5 300mK, Vac5 50mV, xid5 20mm, Bext

z 5 10mT). Finite Vnl

near Bext5 0 is due to thermoelectric Peltier effect. Inset, Bso
x oscillates, while
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y is constant along an ideal specular trajectory10. d, Magnetic field

dependence of the ratio Vnl(Lr-long)/Vnl(Lr-short) for B
ext along x̂x and ŷy. Error

bars indicate the standard deviation in the measurements, originating from
universal fluctuations of non-local conductance.
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details). b, Monte Carlo simulations of the spin signal for three Fermi
velocities, vF (in m s21): 1.33 105, 13 105 and 73 104.
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Bext
y 5 4 T, then partially recovered for Bext

y . 8 T. The absence of a
measurable spin signal for Bext

y 5 6–8 T and for the injector–detector
spacing xid5 20 mm implies an upper bound ls, 5 mm within this
range of fields.

Resonant spin dynamics in ballistic channels are influenced by the
details of electron trajectories; varying the parameters of typical
trajectories changes the resonance conditions. For example, a lower
electrondensity leads to a lower Fermi velocity, hence a lower resonant
frequency f0 (equation (1)), so the BSR dip appears at a lower field B0.
As thedensitywas lowered in a 1-mm-wide channel (Fig. 2a),B0 shifted
from 7T down to 4 T. The magnetic field dependence of the spin
signal is closelymatchedbyMonteCarlo simulationsof spindynamics
in the channel (Fig. 2b; see Supplementary Information for simulation
details)12.

Higher frequency harmonics of the effective spin–orbit field can
also be expected. Bouncing off the channel walls leads to a square
wave dependence for the velocity component vy(t) / Bso

x (t), with
Fourier components at (2N1 1)f0 (Fig. 3b–d). In principle, this leads
to a ladder of BSRs extending to arbitrarily high external magnetic
fields, but in practice, the higher harmonics disappear quickly
because of scattering. A dip in the spin signal was observed in a wider
channel (w5 3mm) at a field B05 8 T that corresponds to the third
harmonic 3f0 (Fig. 3a). The first harmonic BSR dip in a 3-mm-wide
channel is expected atB05 2.6 T from simulations. QPC polarization
is too small at this field to clearly resolve the first resonance. Instead,
the primary visible effect of BSR is to counteract the increase in QPC
polarization with magnetic field, giving a flatter spin signal in the
rangeBext

y 5 0–5Tcompared to the1-mm-wide channel (Fig. 1c versus
Fig. 3a).

The third harmonic resonance can be clearly seen in the Monte
Carlo simulation if one assumes a field independent QPC polariza-
tion and long mean free path ‘5 30 mm (Fig. 3a Sim A). It is remark-
able that simulated trajectories even with such a long mean free path
look so disordered to the eye (Fig. 3b), but the resilience of the
resonance to small amounts of disorder can be understood qualita-
tively from the square-wave character of the velocity (Fig. 3c). More
realistic simulation parameters, with shorter mean free path and
finite perpendicular field, provide a better match to the measured
resonances (Fig. 3a Sim B).

A small component of magnetic field applied perpendicular to the
2DEG, Bext

z < 10–100mT (=Bext
x(y)), bends electron trajectories in

partial cyclotron orbits, generating a qualitatively different spectrum
of spin–orbit fields (Fig. 4). Cyclotron trajectories contain oscillating
components along both x̂x and ŷy, giving rise to periodic spin-orbit
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FIGURE 1. (left) Experimental setup schematics from Ref. [17]. The electric current is driven by the low frequency voltage
source Vac. As a result of the current drive the non-local voltage Vnl is induced at the right-most quantum point contact serving as a
detector of non-equilibrium spin polarization. (right) Non-local voltage as a function of the in-plane magnetic field Bext(T ) for the
two orientations. The upper (lower) curve is obtained for the magnetic field along (perpendicular) orientation of the in-plane field.
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FIGURE 2. The band structure of the quasi-one-dimensional channel with kx being the momentum along the channel, with the
Fermi energy, EF . The number of subbands of transversal quantization is reduced to three for clarity. In the experiment setup of
Ref. [17] this number is close to few tens. (a) In the absence of the magnetic field, EZ = 0 each state is doubly degenerate provided
the SO energy scale is smaller than the typical inter-subband separation h̄ω . (b) Close to the BSR, the condition EZ ≈ h̄ω is satisfied.
As a result, the states |n+1,↑〉 and |n,↓〉 become nearly degenerate.

off-diagonal y-component of an effective field arises from SO matrix elements between states of differing spin and
orbital quantum numbers (defined in the absence of SO).

Equation (6) shows why the magnetic filed has a strong effect on the spin polarization only when oriented
perpendicularly to the channel, see Fig. 1 (right panel). The spin orientation ↑ (↓) is defined relative to the direction
of the magnetic field. Therefore, when the magnetic field is oriented along the channel, i.e. along x-axis, the effective
magnetic field has only z-components and the effective Hamiltonian (5) is diagonal. It follows that the injected spins
polarized along the magnetic field have no non-trivial spin dynamics. Therefore, the largest effect is achieved when
the y component of the effective magnetic field is at maximum. This is achieved for the magnetic field oriented
perpendicular to the channel in accordance with observation, see Fig. 1 (right panel).

The diagonalization of Eq. (5) is straightforward. It is useful to parametrize the effective field Beff coupled to the
pseudo-spin by the angle θ it forms with the actual magnetic field. We write

Beff = Beff(0,sinθ ,cosθ) . (7)

The magnitude of the effective field, Beff gives the subband splitting in the presence of the magnetic field and the SO
interaction,

|gµB|Beff =

√
(EZ− h̄ω)2 + |δ SO|2 . (8)
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FIGURE 3. The injected spin polarization, sss0, is directed along the external in-plane magnetic field B ‖ ẑ. The inter-subband
separation ∆E ≡ h̄ω . The effective magnetic field Beff defined by Eqs. (7), (8) and (9) determines the spin precession after injection.
The z-component of Beff vanishes at the resonance. In this case the spin dynamics is a pure precession with a frequency controlled
by the SO coupling matrix element, (gµB/h̄) |Beff| = (1/h̄) |〈n+1,↑ |α pzσx|n,↓〉|. Off resonance a finite component of injected
spin (∝ cosθ ) is conserved and is represented by an x-independent part in Eq. (18).

The angle θ parametrizing the matrix, Eq. (5), through the definition Eq. (7) reads

cosθ =

EZ − h̄ω
√

(EZ − h̄ω)
2
+ |δ SO|2

, sinθ =

δ SO

√

(EZ − h̄ω)
2
+ |δ SO|2

. (9)

The two SO split subbands are expressed in terms of the original bands in the absence of SO interaction as follows,

|ψSO
k,+〉= α|ψZ

k,n∗+1,↑〉+β |ψZ
k,n∗,↓〉 , |ψSO

k,−〉= β ∗|ψZ
k,n∗+1,↑〉−α∗|ψZ

k,n∗,↓〉 , (10)

where

α = icos(θ/2) , β =−sin(θ/2) . (11)

The energies of the eigenstates in Eq. (10) are

ESO
k,± =

h̄2k2

2m
+ εSO

± , εSO
± =

1

2
(εn∗ + εn∗+1)∓

1

2

√

(EZ − h̄ω)
2
+ |δ SO|2 . (12)

The band splitting

εSO
− − εSO

+
=

√

(EZ − h̄ω)
2
+ |δ SO|2 (13)

coincides with |gµB|Beff defined by Eq. (8) as expected. Equations (10)-(12) specify the mixing effect of the SO

coupling on the adjacent subbands shown schematically in Fig. 2(b).

Stationary spin polarization

We now compute the steady state spin polarization within the effective model specified by Eq. (5). To this end we

assume that spins of a given polarization along z-axis are injected into a channel, and follow its dynamics relying on

Eq. (5). The dc transport is determined by the states at the Fermi level. The Fermi wave vectors k± of the two subbands

with the dispersion relations of Eq. (12) by definition satisfy EF = ESO
k±,±

, and are given by

k± =

√
2m

h̄2
(EF − εSO

± ) . (14)

Let the injector be placed at x = xs along the channel. The spinor wave function of the injected electron |Ψ〉in j is a

superposition of the eigenstates given by Eq. (10). We can write this spinor as

|Ψ〉in j = c
+
|ψSO

k
+
,+
〉+ c−|ψ

SO
k−,−

〉 , (15)
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FIGURE 5. The spin texture s̃x(x,z) given by Eq. (18) at the resonance, cosθ = 0. and with only two subbands occupied.
We therefore set n∗ = 1 in Eq. (18). For the case of the square well confining potential we have φ1(z) ∝ sin(πz/W ) and
φ2(z) ∝ sin(2πz/W ) where W is the width of the channel. The periodic modulation along the channel is due to the mismatch
of the Fermi momenta, k+ 6= k− of SO split subbands.

CONCLUSIONS

Physical interpretation of BSR. A key observation which follows from Eqs. (18) and (9) is that the non-oscillatory,
a conserved part of the polarization ∝ cos2 θ vanishes at the resonance, EZ = h̄ω . This by itself is not sufficient for the
onset of the BSR which would imply vanishing of the spin polarization. We note however that the non-conserved part
∝ sin2

θ is subject to the disorder induced smearing. Even in purely ballistic situation the wave-length l = 2π/(k+−k−)
of spin oscillations along the channel depends on the choice of the degenerate doublet labeled above by an integer n∗.
This dependence is due to the variation in the matrix elements, 〈n∗+1,↑ |α−pzσx|n∗,↓〉 as well as the variation of the
Fermi velocity with n∗. As the number of occupied subbands is relatively large (≈ 30− 40) the contributions of the
non-conserved spin polarizations from different n∗ tend to interfere distructivly when added up. Another reason for
suppression of the non-conserved polarization component is the finite size of the injector and detector which makes for
a finite uncertainty in the phase in the second term of Eq. (18). The resulting spin polarization for realistic parameters
are presented in Fig. 4 taken from Ref. [19].

Relationship between the spin and the pseudo-spin. The spin polarization along the magnetic field coincides with
the pseudo-spin polarization along the same direction due to Eq. (4). This however cannot be said of other components
of spin and pseudo-spin. Indeed since the spin-up and spin-down partners, |ψZ

k,n∗+1,↑〉 and β |ψZ
k,n∗,↓〉 have different

orbital content, i.e. n∗ 6= n∗+ 1 the real spin components σx,y average out to zero once integrated over the channel’s
width, i.e.,

sx,y(x) =
∫

dzs̃x,y(x,z) = 0, (19)

where s̃x,y(x,z) = 〈Ψ|σx,yΨ〉. The result (19) is due to the orthogonality of transversal modes of quantization labeled
by different indices n∗ and n∗+1. This result means that the spin polarization perpendicular to the external magnetic
field oscillate in space with periodicity determined by the energy scales EZ ≈ h̄ω . These oscillations are outside the
range of applicability of the effective model as given by Eq. (5). It should be contrasted with the precession of the
pseudo-spin, τττ which is identical to the standard spin precession in the presence of Zeeman field as evidenced by
Eq. (5).

Effect of the disorder. Effects of the disorder were investigated in the work [19]. With the main conclusion that
the ballistic spin resonance survives the disorder with the shape of the non-local voltage dependence being affected
although not the position of the dip as compared to the ballistic case presented in Fig. 4. See also [23] for alternative
approach.
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Spin texture at the resonance. The second important observation refers to the presence of the spin texture in the
channel. Although sx,y(x) = 0 according to (19), the local spin density s̃x,y(x,z) is in general non-zero. The resulting
spin texture for the model of the two subbands labeled by n∗ and n∗+1 considered above is

s̃x(x,z,B) ∝ sin[(k+− k−)(x− xs)]φn∗(z)φn∗+1(z) , (20)

which is obtained similarly to Eq. (16). The spin texture is illustrated for the single pair of occupied subbands in Fig. 5.
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