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Abstract. Multiphoton electron-ion inverse bremsstrahlung is studied using the correspondence principle. It is shown that the existing quantum-mechanical theory of this
phenomenon is only valid in the low-frequency limit W T < < ~ . A different approach is
suggested which enables us to obtain the multiphoton cross sections for all values of WT.
Using these cross sections, the absorption coefficient of laser radiation in an isotropic
plasma is found.

1. Introduction
The emission and absorption of electromagnetic radiation by electrons in collisions with
heavy particles plays an important role in the creation and heating of a plasma by laser
radiation. Depending on the average electron energy, the laser photon energy and the
radiation flux density, these induced processes can be treated by using classical and/or
quantum mechanics.
Meyerand and Haught (1963), in their first study of laser-induced gas breakdown,
indicated that classical microwave theory is not suitable for optical-breakdown conditions. The reason is that the average classical energy gained by an electron in each
single collision with a gas molecule in this case is much smaller than the laser photon
energy ho. Therefore, the electron does not absorb or emit energy in every collision as
is assumed in the classical treatment. The energy exchange between the electron and
the radiation field is a single quantum process. Such a single-photon approach is given
by Zeldovich and Raizer (1965) in their theory of laser-induced gas breakdown. In
their work, the cross sections u - ~and
, u + of
~ induced emission and absorption of the
laser photon are obtained using the principle of detailed balancing for the lowfrequency limit or<<1, where r is the duration of the collision. It is shown that for
electron energies E >> ho the total cross section for the absorption or emission of a laser
photon ho by the electron in an elastic collision with the gas molecule can be expressed
in the form
C(E,

e)=( T + ~ ( E ,

e) - $ ( E ~ / ~ o ) ( E / -COS
~w)(~

e)

(I)

where 8 and re,(€,
8 ) are the scattering angle and elastic collision cross section
respectively and eo is the classical electron-oscillation energy
ea = e 2 E 2 / 2 m 0 2

(2)
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where e and m are electron charge and mass and E is the average radiation electric field.
The single-photon theory successfully explained the main features of laser-induced
breakdown; however its application was limited to relatively weak radiation fields. In
fact, it follows from equation (1)that the quantity

p = $ ( E ~ / A ~ ) ( E / A ~ )-COS
(I

e)

(3

can be interpreted as the probability for induced emission or absorption of a laser
photon per collision. Thus, one can estimate the limit of the single-photon theory,
assuming p << 1. With the increase of the laser-radiation flux density, p increases and so
does the probability of induced emission or absorption of two or more laser photons in a
single collision. At a high enough radiation flux density, the multiphoton-induced
processes dominate and the single-photon theory cannot be used in this case. The
condition p > 1 is fulfilled, for instance, in optical gas breakdown by picosecond laser
pulses (Ireland 1974) and in various experiments on plasma heating by intense laser
radiation.
A quantum theory of multiphoton electron free-free transitions was developed by
Bunkin and Fedorov (1966). The cross sections U,,( n = 0, *l, * 2 , . . ,) for induced
emission or absorption of n photons were derived using first-order perturbation theory
with the field of a nucleus as the perturbation. The electromagnetic field, however, was
treated classically. Since no direct measurements of the multiphoton cross sections
exist, an obvious check of the multiphoton theory is to see if, m the classical limit when
hw + 0, it gives the well known classical results. This was done by Seely and Harris
(1973),who used the multiphoton cross sections U",derived by Bunkin and Fedorov to
find the absorption coefficient of laser radiation in a plasma and to compare it with the
results of the classical theory (Silin 1965). However, in the case of a weak radiation
field, the calculations were made in the single-photon approximation and the limit h + 0
was taken. This procedure is inconsistent since when hw + 0 one always, sooner or
later, moves into a multiphoton case (p >> 1). Use of the multiphoton cross sections of
Bunkin and Fedorov raises another difficulty. For p << 1the cross sections u + and
~ u-~
of Bunkin and Fedorov satisfy equation (l),which was derived by Zeldovich and Raizer
(1965) for the low-frequency limit. Integrating this equation over all possible scattering
angles, the following total cross section is obtained

- -4- -62" E
3hw hw

t-

4

71

(1-cos

B)uel(E,

e) sin 6 de.

For Rutherford scattering, aelcC (sin 8/2)-4 and the total cross section Ut for absorption
and emission of a single photon hw becomes infinite. The infinite integral in ut also
appears in the expression for the absorption coefficient derived by Seely and Harris
(1973),where the divergence was artificially removed by introducing the Debye cut-off.
Assuming now that Bunkin and Fedorov's cross sections are correct for large values of 8
(CUT<<1) (this is confirmed by the analysis of Zeldovich and Raizer), we come to the
conclusion that the divergence in utis due to an incorrect dependence of the probability
p on angle e for small values of 0 (UT > 1). Thus, the cross sections of Bunkin and
Fedorov are only valid in the low-frequency limit UT<< 1. In contrast to electron
collisions with neutral atoms considered by Zeldovich and Raizer, this condition in
electron-ion collisions strongly restricts the possible values of impact parameter.
This paper presents a theoretical study of multiphoton electron free-free transitions
without the limitation on values of UT. The investigation is based on an approach
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differentfrom the one used by Bunkin and Fedorov (1966) and Seely and Harris (1973).
First we find the classical analogue of the multiphoton transitions and then we turn to
the quantum picture using the correspondence principle. The expressions for the
multiphoton cross sections are found and compared with the results of Bunkin and
Fedorov. Finally the absorption coefficient for an isotropic plasma is calculated. This
work is a generalisation of previous results (Friedland 1975), where a similar approach
was used to study the multiphoton electron free-free transition in collisions with neutral
atoms.

2. The classical analogue
Let us consider classically an electron moving in an alternating electric field E =
k E cos(ot) with a constant polarisation vector k. The classical description is valid
provided the amplitude of oscillations in electron velocity AV = e E / m o and position
Ax = e E / m w 2 satisfy the inequality m Av Ax >> h. It follows from this condition that
eo = e 2 E 2 / 2 m w 2>> ho. Then according to (3), when E > hw the parameter /3 is much
greater than one. Therefore, a multiphoton case is considered here, as would be
expected in a classical approach.
Let us now find the change in average electron energy in the alternating field
resulting from a single collision between electron and ion. The influence of the
polarisability of the ion on the electron motion is negligible due to the long range of the
Coulomb interaction. Therefore, the collision process will be considered classically as
scattering in an electrostatic field H ( r ) . During the collision the electron energy
changes in the following way
E ( t ) = €1

+

I,:

F ( t )dr(t)

(4)

where € 1 is the electron energy at the time tl (before the collision), r(t) is the electron
radius vector and
F(t)= keE cos(wt)+eH(r(t)).

Thus at time

f2

(5)

after the collision the electron energy is

E'

=

+ eEk J r

:1

u(t) cos(ot) dt

(6)

where u(t) is the electron velocity vector. Let us integrate equation (6) by parts and
choose times tl and t2 so that sin(otl) = sin(&) = 0. Then
€2

eE
mu

=eI--k

It,

r2

F ( t ) sin(ot) dt.

(7)

Substituting equation (5) into the last expression we have:

2 = E'

-

= --:k

jr:' m

sin(&) dt.

Since the average electron energies before and after the collision are El =
cl+ $ ( e Z E 2 / m o 2and
) P2 = ~ ~ + f ( e ' E ' / m w
respectively,
~)
the quantity Z in equation
(8) represents the change in the average electron energy resulting from a single collision
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in the alternating field. This quantity can be positive or negative according to the
parameters of the scattering and corresponds (depending on the sign) to induced
emission or absorption of the energy of the field during the collision.
The simplest expression for 2 is obtained in the low-frequency limit, when w r << 1
( r is the duration of the scattering). In this case

2 = -(eE/w)kAu, sin(wt,)
(9)
where tc is the time of the collision and Au, is the change in the velocity vector caused
by the collision. As already mentioned in 0 1, the condition w r << 1 for collisions with
neutral atoms is fulfilled even at optical frequencies. For electron-ion scattering
however (in this case r = b / v , where v and b are the electron velocity and impact
parameter) we cannot restrict our treatment by the low-frequency limit. Equation (8)
can be considerably simplified even in the case
w r = w ( b / v )B 1

(10)

if ‘hot’ electrons, whose velocity v is much larger than the amplitude of the velocity
oscillations
v >> eE/mw

(11)

are considered. It follows from equation (10) that in this case

eE/ bmw = Ax/ b << 1

(12)

where Ax is the amplitude of the electron oscillations in the electromagnetic field. The
last inequality shows that the function e H ( t ) / min equation ( 8 )is only slightly perturbed
by the radiation field and is approximately equal to the electron acceleration in free
scattering. Let us assume that the scattering potential is spherically symmetrical. Then
the function e H ( t ) / m is symmetrical about time tc. Therefore, substituting t’ = t - tc
into equation (8) we have
sin[w (t’+ t,)] dt’
where H’(t’)= H ( t ’ +t,) is symmetrical with respect to t’ = 0. Finally, after simple
trigonometric transformations in equation (13) we get
2 = -(eE/w)lCI sin(wt,+4)

(14)

where I
C1 and 4 are the amplitude and phase of
exp(iwt) dt.
It can be seen that at low frequencies the quantity 2 given in equation (9) is of the
same form as (14) with IC1 = kAu, and 4 = 0. The common character of the formulae
for 2 is expressed in the fact that the quantity C is independent of the amplitude of the
radiation field. The reason for this is that in the low-frequency limit, as well as in the
case or B 1for ‘hot’ electrons, the trajectory of the electron is not perturbed strongly by
the radiation field during the scattering process. However this ‘non-perturbation’ is for
a different reason in each case. For the ‘hot’ electrons when w r 3 I, the perturbation of
the path due to the radiation field is small in comparison with the impact parameter. On
the other hand, in the low-frequency limit, the electron trajectory and therefore also the
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function H ’ ( t )in equation ( 1 5 ) , simply have no time to be influenced by the radiation
because of the short duration of the collision. Thus in the case of ‘hot’ electrons and
w r B 1 , we can take an average impact parameter of the electron in electromagnetic
field as impact parameter. By contrast, i.n the low-frequency case the actual impact
parameter is defined near the scattering centre during the period of the electric field
oscillation in which the collision occurs. This impact parameter can differ greatly from
the average impact parameter far from the scattering centre.
In the following, the case of ‘hot’ electrons will be considered. Here the scattering
process is not perturbed strongly by the external radiation field, for all values of wr. As
noted above, the impact parameter and the collision cross section have their regular
meaning in this case. For ‘cold’ electrons whose velocities do not satisfy condition ( 1 1 ) a
certain region of UT exists where the collision process itself is influenced by the external
radiation. In this region, the concepts of impact parameter and cross section have to be
reconsidered. This more complicated case will not be discussed in this paper.

3. Comparison with quantum theory
In this section, the correspondence between the classical expression ( 1 4 )for the energy
which is emitted or absorbed in single collision and the multiphoton theory (Bunkin and
Fedorov 1966) will be considered. For simplicity, consider first the low-frequency limit.
According to equation ( 9 )

Z=-AX
where X = sin(wt,) and
A =eEAvi/o

(16)

(17)

where A V , = (kAo,) is the projection of the change of velocity vector in the collision on
the direction of the polarisation vector. For a given Avi, Z is a random quantity defined
in the interval [-A, + A ] . Since the values of wt, are homogeneously distributed, the
distribution density of the values of Z is
f ( 2 ) = [ r A ( l -(Z/A)2)1’2]-1.

(18)

From the quantum-mechanical point of view, the quantity Z can have only discrete
values nhw ( n = 0, k l , 22, . . .). The classical probability of 2 being between nhw and
( n + 1)hw is approximately equal to h w f ( n h w ) . In the classical limit, this quantity,
according to the correspondence principle, has to be equal to the probability P, of
absorption (or emission) of n photons:

P, = h w f ( n h w )= ( h w / r A ) [ l- ( n h ~ / A ) * ] - ~ ’ ~ .

(19)

Thus the cross section a, of induced emission or absorption of n photons can be written
in the form
a,, = P,,ael= ( h w / r A ) [ l - ( n h w / A )2] - 1 / 2 vel.

(20)
where velis the elastic-collision cross section. Let us compare now this cross section
with the one obtained in the quantum-mechanical approach by Bunkin and Fedorov
(1966). Their cross section is given by
an

=[ ~ n ( ~ / A w ) I ~ a e t

(21)
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where J , ( x ) is a Bessel function of the nth order. Although the function J’, ( A / h u ) has a
more complicated fine structure than P,, in equation (20), on average, both functions are
similar for A/hw >> 1. For instance, when n << A / h u the function J’, (A/hu) can be
expressed in the following asymptotic form (Abramowitz and Stegun 1964):
J’, (Alhw) = ( 2 h u / ? ~ cos2(A/hw
A)
- nw/2 - 7r/4).

(22)

Therefore, the quantum-mechanical cross sections U,, for n << A / h u are described by an
u ~ ~this is in accordance
oscillating function of n, whose average value is ( h u / ? ~ A )and
with equation (20). When n increases, both functions P,, and J,,reach their maximum at
n -A/hu. For n > A/hu, J’, ( A l h u ) rapidly goes to zero and P,, = 0 in all this region.
In addition, P,,and J’, in equations (20) and (21) are both normalised to unity. Thus we
come to the conclusion that, in the low-frequency limit, the classical theory is in good
agreement with the quantum-mechanical results of Bunkin and Fedorov.
Let us consider the case UT b 1. Here the expression (14)for 2 has the same form as
for the low-frequency limit. Therefore, using the same correspondence arguments, we
can express the cross sections U,, for all values of W T in the form (20),where instead of A
we introduce (eE/w)lCI (see equation (14)):
U,, =

hu[(e2E2/u2)/CI
-( n h ~ ) ~ ] - ” ~ u , ~ .

(23)
This cross section agrees in gross outline with the one derived by Bunkin and Fedorov
(1966) (equation (21)), only in the low-frequency limit, when IC1 = wA/eE.

4. Another quantum-mechanical interpretation
The approach used in the previous section made it possible to find the correspondence
between the classical and quantum-mechanical pictures, as well as to define and expand
the limits of the existing quantum theory of the multiphoton-induced electron free-free
transitions. This approach, however, seems to be slightly artificial. Let us show now
that another more natural quantum interpretation of the classical results can be found.
With that end in view we will consider the low-frequency limit first. In the expression
(16) for 2 in this case, in addition to utc,there is another independent random quantity,
taking various values for the same scattering angle 8. This quantity is the angle a
between the change of velocity vector Au, due to the collision, and the polarisation
vector k. Equation (16) can now be written in the following form

z =- D ( 2 7 p X Y

(24)

where (as above) X = sin(utc), Y = cos a and

o2= ( 4 i T ) ~ ~ ,-COS
( i e).

(25)

In the last equation E is the electron energy just before the collision and eo is the electron
oscillation energy in the electromagnetic field (see equation (2)).
Let us find now the probability density of the values of 2,the change in the average
electron energy due to a single scattering at the angle 8. We assume that all directions of
the vector Au, are equally probable. Then the quantity Y in equation (24) is distributed
with the density
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Let us also assume, as was done in the last section, that the phase of the collision wt, is
distributed homogeneously. Then the probability density of the values of X can be
written (see equation (18)):

The values of X, Y and 2 are symmetrically distributed around the zero point and we
consider below only the X , Y > 0 region. With the help of the probability densities @
and 9,the probability density p ( V) of the values of V = X Y can be written in the
following form

Substituting equations (26) and (27) for @ and 9 in this expression, and integrating we
have:
p ( v ) = r-‘ I ~ [ V - ~ + ( V - ’ - I ) ~ ’ ’ ]

vao.

(29)

This distribution density is presented in figure 1 (full curve). In the same picture, the
broken curve represents exp(-rV’). It can be seen from the graphs that in the region
0 < I VI < 1, both functions are quite similar. Their dispersions are also approximately
equal (1/6 for p ( V ) and 1 / 2 r for exp(-rV2)). Thus the function p ( V ) can be
approximated by exp(-rV’). Accordingly, the distribution density function for 2 =
-D(27r)”’V in the region O < 1
2
1< D ( 2 r ) l ’ * may be written in the form

f(z)
= ( I / D J G ) ~ ( z=
/D
(I/DJG)
J G )e x p ( - ~ ’ / 2 ~ ’ ) .

(30)

V

Figure 1. The distribution of values of V.

Thus the distribution of the changes in average electron energy due to elastic
collision can be expressed in the Gaussian form (30). This result is not accidental and
can be explained by the quantum nature of the energy exchange processes between the
electron and the radiation field. From the quantum-mechanical point of view during
the collision the free electron exchanges energy with the radiation field by a certain
number of quanta hw. Let N ( E ,8) be the average number of each elementary
absorptions and emissions of radiation quanta per single scattering of the electron with
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energy E for a fixed scattering angle 8. Since during this process the energy of the ‘hot’
electrons does not change significantly, the electron motion and therefore the events of
absorption and emission of photons during the collision will be statistically independent. Therefore the change of the electron energy in a single collision at angle 8 will be
described by a Gaussian distribution (30) with the dispersion D given by

D = h w ( N ( ~6))l”.
,

(31)

We can conclude that, according to these quantum-mechanical considerations, the
distribution of changes in the electron energy 2 in a single collision can be expressed in
Gaussian form for all values of 2, not only in the region O < I Z I < D ( ~ T where
)~/~
equation (30) was derived. On the other hand, the classical theory fails to describe
correctly the whole region of 2 values. In fact, the difference between the classical
distribution p ( V) and exp(-rV2) is especially large for V - 0 and 1 VI > 1, as can be
seen from figure 1. According to the classical treatment (equation (24)) an electron
cannot absorb (or emit) more than m -D&/hw
laser quanta. Such a process
corresponds to the region I VI > 1 in figure 1 and therefore to the classical distribution
p ( V) = 0 in this region. From the quantum-mechanical point of view this limitation on
the number of absorbed laser quanta does not exist. Thus induced emission or
absorption of n > m laser quanta is a purely quantum effect, which is not described
correctly by the classical distribution p ( VI. The region V 0 in figure 1corresponds to
the emission or absorption of a small number of quanta. This case also needs
quantum-mechanical treatment and therefore the classically derived distribution p ( V)
is invalid in the neighbourhood of the point V = 0 , As already mentioned, in the region
0 < I VI < 1, where both functions b( V ) and exp(-.rrV2) are most significant, the
classical and quantum descriptions give similar resuits. This fact makes it possible to use
the correspondence principle, substitute the classical expression for D (equation (25))
into equation (31) and define N(E,e):

-

N ( E ,e) = $ ( E / R ~ ) ( E , / A ~ ) ( I -COS

e).

(32)

Comparing this result with the single-photon probability (3) we find that N = p. Thus,
the physical meaning of N as the average number of emitted and absorbed photons per
collision, is preserved even when the multiphoton processes are hardly probable. N in
this case may also be interpreted as the probability of induced emission or absorption of
a single photon hw. Finally using the expression (32) for N, the cross section cnfor
absorption or emission of a given number of photons in a single collision can be found.
In the classical limit when N >> 1, according to equation (30) we have
v,,(E,

8) = hwp(nhw)gei(e,8 ) = (277N)-’” exp(-n2/2N)c,l(~, 8).

(33)

Until now only the low-frequency limit has been considered. Similar ideas can be
used in the general case. In order to find N ( E ,8) for any value of 067 similar to (32), the
following formula can be used
N(E,8) = ( ( Z / ~ O ) ~ > , , .

(34)

Substituting equation (14) for 2 into this expression and averaging it for various values
of wt, and directions of the polarisation vector k we have
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We use the well known expression for the bremsstrahlung radiation energy d8(E, 8)
emitted in frequency interval dw (Bekefi 1966, p 67)
2

exp(iwt) dtl

=-

.

According to this, equation (35) for N can be rewritten in the following form
7rc3
e) = 4(hw)

N(€,

E’ dgU(E,8)
--. dw
w

(37)

This equation is the multiphoton analogue to the relation between the Einstein
coefficients for induced free-free transitions and spontaneous bremsstrahlung emission.

5. Absorption coefficient

We use in this section the multiphoton cross sections cr, defined by formula (33) and find
the absorption coefficient of laser radiation in an isotropic plasma. Let a,(€, e) be the
frequency of absorption of n photons by electrons having energy E and subsequent
scattering into angle 8. We can write
U,(€,

e) = N ~ ( + + , , (0)(2~/m)’/’
E,

(38)

where Ne is the number density of scattering centres. In order to find the frequency
b,,(E, 6 ) of the inverse process of induced emission of n photons, the principles of
detailed balancing can be used:
b,(E +nhw) = [ € / ( E + n h o ) ] ” 2 a , ( ~ ) .

(39)

The absorption coefficient can now be expressed in terms of the frequencies a, and b, in
the following way:
a =I-lNe
n>o

(J

W

nhw(a,(E)),,f(E)

-

J

W

nhw(b,(E)),,f(E) de)

(40)

?
hw
I

0

where I = eE2/87r is the average radiation-flux density, f ( ~ )
is the electron-energy
distribution function and
(u,(E))~,

= 2.rr

J

Tr

a,,(€,e ) sin e dB

0

Io
R

(b,

(€))a”

= 27r

b,

(E,

8)sin 8 de.

According to equation (39), expression (40) for a can be written in the form

Let us expand the expression in the square brackets in the last formula in powers of
nhw/e and leave only the first non-zero term in this expansion. (This approximation is
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justified in the case of the ‘hot’ electrons.) Then

We shall consider now the sum which appears in the last integral. Using the cross
sections un, defined by equation (33), we get

Then in the classical limit, when tiw + 0, we have

Substituting this expression into equation (43) and using the equation (37), the
following final result for a is obtained
(46)
where
(47)
is the classical coefficient for bremsstrahlung radiation. Expression (46) is the well
known classical formula for the absorption coefficient in an isotropic plasma (Bekefi
1966, p 54). Thus, the multiphoton approach used in this paper leads in the classical
limit to correct classical results. It should be noticed that, as is well known (Bekefi
1966, p 87) in the case of a Maxwellian plasma, the Coulomb logarithm appears
naturally in the expression for a as a result of integration in equation (46) and no cut-off
is needed. This difference between our results and the ones derived by Seely and Harris
(1973) is due to a more exact consideration of the induced transitions for small
scattering angles, when 07 is greater than about one.
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