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Autoresonant excitation and control of multiphase waves of the sine-Gordon equation is discussed. The
autoresonance (a persistent nonlinear phase-locking) is achieved by applying chirped frequency wavelike perturbations and passage through resonances with inactive (dormant) degrees of freedom in the
system. Successful phase locking requires the amplitude of the driving perturbation to exceed a threshold
that scales as 3/4 power of the driving frequency chirp rate. The spectral theory of the inverse scattering
transform method is used for diagnostics and analysis of the excited solutions.
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1. Introduction
The sine-Gordon (SG) equation
utt − uxx + sin u = 0

(1)

is one of the most important equations of nonlinear physics
and describes many physical applications [1]. It has a variety of
solutions, the simplest being a single-phase wave train, u = u(Θ ),
Θ = κ x − ωt. Other examples are standing waves of form u =
4 tan−1 [F (x)G(t )] [2] in the periodic problem, u(x + L) = u(x),
where F and G are expressed in terms of Jacobian elliptic functions.
Well known realizations of such standing waves are the breather
and plasma oscillations [3]. More complex solutions of the sineGordon equation comprise multiphase waves of form
u(x, t ) = u(Θ1 , . . . , ΘN ),

Θi = κi x − ωi t + Θ0i ,

where the wave vectors κi are multiples of k0 = 2π /L. A complete description of such solutions can be obtained via the Inverse
Scattering Transform (IST) method [4,5]. Generation of the multiphase waves in physical systems is difficult because it requires
the realization of complicated initial conditions. The present study

∗

Corresponding author. Tel.: +972 2 658 5612; fax: +972 2 658 5257.
E-mail address: lazar@vms.huji.ac.il (L. Friedland).

0167-2789/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.physd.2009.04.013

discusses another possibility of formation and control of such
solutions, i.e., the autoresonant excitation from zero by applying
plane wave-like perturbations passing through resonances in the
system. Thus, we focus on the perturbed sin-Gordon equation
utt − uxx + sin u =  f (x, t )

(2)
2π
L

where f (x, t ) = cos κm x − Ωm (t )dt , κm =
m,   1,
and the driving frequency Ωm (t ) is a slow function of time.
The ac-driven SG system was studied in the past for constant
frequency drives [6]. The idea of passage through and capture
into resonance for controlling SG waves was suggested later in
applications to single-phase SG waves [7], mode conversion in a
system of coupled SG equations [8], and formation of breather and
plasma oscillations [9]. Autoresonance is a salient feature of many
nonlinear systems to stay in resonance (dynamically phase-lock)
with driving perturbations even if the systems’ parameters vary
in time [10–13]. This continuing phase-locking means excursion
in the driven systems parameter space, i.e. control of the phaselocked solution by an external parameter (the driving frequency).
Here we extend this approach to excitation of more general,
multiphase solutions in the SG problem. Previously autoresonant
multiphase waves were studied for the periodic Toda chain, the
Korteweg–de-Vries, and Nonlinear Schrodinger equations (see [14]
and references therein). Our presentation will be as follows. In
Section 2, as a background material, we will describe the spectral
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IST problem associated with the unperturbed SG problem. The
IST method is much more effective for analyzing multiphase
waves than other traditional approaches (e.g. time Fourier spectra
at a given point x), especially when the wave parameters are
slowly varying in time. Indeed, the number of the components
in the IST spectrum of the periodic sine-Gordon problem is
twice the number of the frequencies ωi in the solution (see
Section 2 for details), while the Fourier spectra generally include
all harmonicsP
nωi (n = 0, ±1, ±2, . . .), as well as all combination
frequencies
ni ωi (ni = 0, ±1, ±2, . . .). Section 3 will be
devoted to autoresonant excitation of single-phase SG waves and
the diagnostics of this excitation process in terms of the spectral
IST problem. Later, we will discuss autoresonant excitation of
multiphase SG waves (Section 4) and multiresonant control of the
modulational instability (Section 5). Finally, our conclusions will
be summarized in Section 6.
2. The spectral problem
The unperturbed ( = 0) SG equation (2) is associated with the
matrix scattering problem (we follow the theory in Ref. [4])
dF
dx

= UF ,

(3)

where
U (E , x) =

i
4

(ut + ux )

+
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(4)

In the periodic case, u(x) = u(x + L), the scattering problem (3)
defines a discrete spectrum of complex eigenvalues Ej , when
eigenfunctions F (x, Ej ) periodic or antiperiodic in x ∈ [0, L]: F (x +
L, Ej ) = ±F (x, Ej ). On the other hand, a given spectrum Ej defines
the solution u(x) uniquely by the inverse scattering problem for (3).
In addition, the spectrum yields a multiphase decomposition of the
j=2N
solution, i.e., for a finite (even) number of eigenvalues {Ej }j=1 in
the problem, the solution assumes the form
u(x, t ) = u(Θ1 , . . . , ΘN ),

Θi = κi x − ωi t + Θ0i ,

(5)

where the set of wave vectors κi are

κi = 2π mi /L

i = 1, . . . , N ,

(7)
∗

with each pair being either complex conjugate (E2i−1 = E2i ) or real
negative (E2i−1 < E2i < 0). The case of the complex conjugate pairs
comprises the so called ‘‘non-soliton’’ part of the spectrum.
Importantly, the IST spectrum is a dynamic invariant of the
unperturbed SG equation and, therefore, the frequencies are
independent in time. Thus, the solution with a finite spectrum
is periodic in x, but it may be quasiperiodic in t, because the
frequencies are generally incommensurate. The frequencies of the
multiphase solutions will comprise important characteristics in
studying the autoresonance phenomenon in the following, and,
therefore, the description of the solutions in terms of the spectrum
of the scattering problem (3), (4) is the most adequate technique
in analyzing the autoresonance in the SG problems. As an example,
we consider the zero solution, u = 0, first. Using the substitution
F = F0 eikx ,

E (k) =

k=

π
L

n, n = 0, ±1, ±2, . . .

(8)
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(9)

The spectrum is located on the positive part of the real axis of
the complex spectral plane. Each spectral point E (k) is doubly
degenerate and represents closed gaps (7) (E2i−1 = E2i ) indicating
inactive (dormant) degrees of freedom.
A nonzero periodic SG solution is associated with the opening
of the closed gaps, as some degenerate points split into pairs of
∗
complex conjugate values (E2i
−1 = E2i ). Here and below we will
sort the eigenvalues by associating the wave number k in (9) with
the number i of the gap: i = 1 for n = 0 and, if n is non-zero,
i = 2|n| for the positive sign in Eq. (9) and i = 2|n| + 1 for the
negative sign. Index i enumerates gaps so that for even i we have
E ≥ 1/16 and, for odd i, 0 < E < 1/16.
Returning to the perturbed SG equation (2), we seek excitation of multiphase solutions of (2) from zero by adding a small
driving term (  1). We wish to open some initially closed
gaps in a controllable way, which is the main goal of this study.
We will restrict ourselves to the excitation of solutions with the
non-soliton spectrum only. We will adopt the usual assumption of the perturbation theory of integrable equations [17,18]
associated with the scattering problem (3), (4) that the IST spectrum Ej (t ) slowly evolves on time due to perturbations. The technique of computing the spectrum is presented in Appendix A for
completeness, while the frequencies are computed by using the
approach of Ref. [15]. The details of the algorithm for computations of the associated contour integrals in the spectral plane are
presented in Appendix B.
3. Autoresonant excitation of one-phase waves
The simplest solution of the unperturbed SG equation with a
one-phase spectrum is a flat wave with ux = 0. In this case, Eq. (2)
transforms into the pendulum equation with the solution of form
u(t ) = 2 sin−1 [ν sn(t ; ν)],

0 ≤ ν ≤ 1,

(10)

which is periodic in time with period 4K (ν) and amplitude of
oscillations u0 = 2 sin−1 ν . The IST spectrum of this solution is

(6)

with some integers mi , while the frequencies ωi can be calculated
via contour integrals defined by the locations of spectral points Ej
in the complex spectral plane [15]. We will sort the spectral points
in pairs

{E2i−1 , E2i },

for periodic (even values on n) and antiperiodic (odd n) eigenfunctions in the scattering problem (3), (4), one obtains the spectrum

E (k) =
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(11)

where k is defined in (8). The spectrum is located on the positive
real axes and on the circle |E | = 1/16.
If u0 = 0, the spectrum transforms into (9). The increase of
u0 leads to opening of the closed gap E (k = 0) = 1/16 and
the appearance of the nondegenerate complex conjugate pair. A
further increase of u0 leads to formation of a new complex pair
if cos u0 < 1 − 8π 2 /L2 , but these new spectral points will be
doubly degenerate. For even larger u0 , additional spectral points
move to the circle |E | = 1/16 and all such points are doubly
degenerate as well. It is known [15,16] that the single phase wave
is modulationally unstable if the spectrum has degenerate points
outside the real axis. Thus, the flat wave will be stable only if
cos u0 ≥ 1 − 8π 2 /L2 .

(12)

This rule is preserved in a more general case [15,16] of singlephase traveling waves and multiphase waves, i.e. the waves are
modulationally unstable if their spectrum contains degenerate
points outside the real axes.
Next, we describe our approach to excitation of single-phase
waves by using the autoresonance method. We start from zero
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Fig. 1. The spectrum of the excited one-phase traveling wave at t = 3500; ♦
— nondegenerate spectral points,  — double degenerate spectral points; L = 7,
m = 1, Ω01 = 1.344, t0 = 1000,  = 0.003, α = 0.00003. The insert shows the
shape of the wave at t0 .

initial conditions and add a perturbation in the form of a small
amplitude plane wave



f (x, t ) = cos κm x +

Z



Ωm (t )dt ,

κm =

2π
L

m,
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Fig. 2. The opening of the driven gap. The solid line represents the angular width
of the opening gap θ = arg(E ), the dotted line corresponds to the stationary wave
solution established after the driving perturbation was switched off at t = 3500.
The parameters are L = 7, m = 1, Ω01 = 1.344, t0 = 1000,  = 0.003, and
α = 0.00003.

j

(13)

where m is an integer. The driving frequency Ωm (t ) is assumed to
be a slowly varying function of time

Ωm (t ) = Ω0m − α(t − t0 ),

(14)

which passes (at time t0 ) the natural frequency of the linearized,
unperturbed sine-Gordon equation utt − uxx + u = 0:

Ω0m =

q

2.
1 + κm

(15)

We will assume Ω0m > 0, but κm may have an arbitrary sign
controlling the opening of different initially closed gaps (9) in the
interval 0 < E < 1/16 if κm < 0 or with E ≥ 1/16 if κm ≥ 0. The
number of the affected (opened) gap in the process of excitation is
2m,
−2m + 1,


i=

m>0
m ≤ 0.

In particular, if m = 0, one can excite a flat wave discussed above.
The results of numerical simulations of autoresonant excitation of
a single-phase wave with m = 1 is shown in Fig. 1. The initially
closed gap with i = 2 (E3 = E4 = 0.314) was opened after passage
through resonance, as shown by the dashed arrow in Fig. 1. We
show the spectral points with even numbers in the upper halfplane, ImE2i ≥ 0. The excited traveling waveform at a particular
time is shown in the insert in Fig. 1. The wave moves to the left by
preserving its form. It is convenient to use the angle θ = arg(E2i )
for characterizing the process of opening of the gap. When this
angle increases, the amplitude of the excited wave grows as well.
We show θ in our example in Fig. 2. The efficient excitation starts
just after the driving frequency crosses the linear resonance at
t = t0 = 1000 and continues until the wave is modulationally
stable.
The evidence on the autoresonant phase-locking in our system
can be obtained by calculating the frequencies ωj (t ) of the wave.
We use the IST spectrum in these calculations below (see the
details of the method in Appendices A and B). The evolution of the
frequency ω2 of the excited wave (m = 1) associated with the
open gap i = 2, is shown in Fig. 3 by solid line 1. Prior crossing

t
Fig. 3. The evolution of the frequencies ωj of two adjoint waves. Line 1 is ω2 (t ) of
the driven phase-locked wave, line 2 is ω3 (t ), and the dotted lines correspond to the
stationary wave established after the driving perturbation is switch off at t = 3500;
The driving parameters are the same as in Fig. 2.

the resonance (t < t0 = 1000) in the Figure, a small amplitude
excited wave has the frequency close to the linear resonance
frequency ω2 ≈ Ω01 = 1.344, but beyond the resonance, ω2 (t )
slowly follows the driving frequency Ω1 (t ), i.e. the system is
phase-locked. The phase-locking is preserved until the wave is
modulationally stable. Line 2 in Fig. 3 shows the evolution of
the frequency associated with the closed gap, i = 3, which has
the same linear resonance frequency, but negative wave number
(m = −1). This frequency varies in time as the system evolves in
autoresonance, but no phase-locking is observed at this frequency
and the corresponding gap remains closed. The dotted lines at t >
3500 in Figs. 2 and 3 correspond to the stationary traveling wave
emerging after the drive is switched off at t = 3500. This wave is
stable for unlimited time, illustrating the use of autoresonance for
efficient excitation of modulationally stable unperturbed solutions
of Eq. (2).
Another characteristic of autoresonance is the existence of a
threshold on the driving amplitude for nonlinear phase locking
transition in passage through the linear resonance at a given
driving frequency chirp rate α . We illustrate this effect in
simulations in Fig. 4, showing that the transition to autoresonance
occurs for  > cr = 5.1α 3/4 . This result is in excellent
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j

Fig. 4. The threshold for autoresonant phase-locking found numerically (boxes)
and the theoretical prediction  = 5.1α 3/4 (solid line). The parameters are L = 7,
m = 1, and t0 = 1000.

Fig. 6. The evolution of the frequencies ωj in four successive stages of excitation
of a four-phase wave. In stage I, m = 1,  = 0.003, α = 0.00004, Ω0m = 1.34,
and t0 = 800. In stage II, m = −1,  = 0.003, α = 0.00004, Ω0m = 1.22, and
t0 = 3000. In stage III, m = 2,  = 0.003, α = 0.00002, Ω0m = 1.88, and t0 = 6000.
In stage IV, m = 0,  = 0.002, α = 0.00004, Ω0m = 0.51, and t0 = 8700. The thick
dashed lines show the evolution of the driving frequencies Ωm (t ).

Fig. 5. The IST spectrum of the three-phase wave at t = 4800 after the
development of the modulational instability. The point a is the doubly degenerate
eigenvalue in the initial stage of the modulational instability at t = 4200;
♦ describes nondegenerate spectral points and  represents doubly degenerate
spectral points. The parameters are L = 7, m = 1, Ω10 = 1.344, t0 = 1000,
 = 0.003, and α = 0.00003. The insert shows the waveform at time t = 4800.

agreement with our theory presented in Appendix C and predicting

cr = 3.28(1 + k2 )3/4 α 3/4 .

The development of the modulational instability in simulations
at a later stage of autoresonant evolution is illustrated in Fig. 5.
The Figure shows the result of the collision of two points (E1 , E2 )
and (E7 , E8 ) and formation of a doubly degenerate point a in the
upper half-plane. Later this point splits into two nondegenerate
points as shown by the arrows in the Figure. Thus, a complex,
three-phase wave emerges due to modulational instability, but the
phase-locking at this stage is destroyed.
4. Excitation of multiphase waves
In this section, we discuss excitation of multiphase waves by
a step-by-step process such that, at the each stage, the drive
is a single plane wave of form (13). We have seen in the last
Section (see Fig. 3) that in autoresonance, all frequencies ωj ,
including those different from the driving frequency, experience
a slow drift. This drift introduces a need of evaluation of
the resonant frequencies when applying new driving waves in

subsequent excitation stages. The new resonant frequencies can
differ significantly from the linear resonance frequencies (15) in
the problem. The advantage of our approach is that one can follow
the frequencies of all phases in the solution, including inactive
degrees of freedom and, thus, define all resonant frequencies Ω0m
for subsequent stages in the process of evolution. At each time
the frequencies of inactive phases describe small perturbations of
these degrees of freedom on the background of a high amplitude
wave excited in the previous excitation stage. We illustrate these
ideas showing a numerical example of a four-step autoresonant
excitation process in Fig. 6. We drive our system successively by
small amplitude, chirped frequency waves with wave vectors κm =
2π
m, m = 1, −1, 2, 0. The initial resonant frequencies at each
L
excitation stage are evaluated via the IST at the end of the previous
step. In addition, by following the spectrum in the complex plane,
we avoid the modulational instability by introducing new drives
prior a degenerate point appears outside the real axis of the
spectral plane. The successive opening of the closed gaps during
this excitation process of a multiphase wave is illustrated in Fig. 7.
An interesting result is been obtained at the intermediate stage
(t ≈ 4600). At this time the two-phase solution was excited having
degenerate frequencies ω2 ≈ ω3 . At the same time the spectrum
assumes a special symmetry E6 = E4 /16. A similar wave was
excited in Ref. [9] by a different type of driving and comprised a
plasma oscillation, i.e. a nonlinear standing waveform illustrated in
Fig. 8 at the three nearly equal times. Thus, we have demonstrated
that plasma oscillations can be also excited by in step-by-step
process.
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Fig. 7. The opening of the driven gaps in the process of successive excitation of four
phases. The numbers of the curves correspond to the numbers of the frequencies in
Fig. 6.
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Fig. 10. The evolution of the frequencies ωj in the multiphase excitation of the
periodic SG breather solution. The parameters are  = 0.012, α = 0.00025, Ω0 = 1,
and t0 = 1000.

5. Multiphase driving and control of the modulational instability
The single-phase multi-step driving process described above
allows one to excite only waves having a linear limit, plasma
oscillations for example. But the SG equation has more complex
solutions, having no linear limit. One of the most famous such
solutions is a breather. As shown in Ref. [9], one can excite a
breather by combined chirped frequency drives when passing
through the modulational instability of a large amplitude plane
wave. The spectral analysis of this process of excitation of breathers
and control of the modulational instability by autoresonant drives
are the main goals of this section.
We will use the same form of the driving perturbation as in
Ref. [9]:
Fig. 8. The waveform of the plasma oscillations in the intermediate stage of the
process of excitation of a two-phase solution. Line 1 corresponds to t = 4611.3,
line 2 is at t = 4613.0, and line 3 at t = 4614.7.

f (x, t ) = [1 + r cos(κ x)] cos

Z


Ω (t )dt .

(16)

This is a combination of an oscillation and a standing wave, i.e. a
three-phase drive in terms of Eq. (13) with a chirped common
frequency

Ω (t ) = Ω0 − α(t − t0 )

Fig. 9. The spectrum of the four-phase wave at t = 10 000. ♦ represents
nondegenerate spectral points and  are doubly degenerate spectral points. The
insert shows the actual waveform at the same time.

At the last (fourth) stage of excitation shown in Fig. 6 we
switched off the drive at t = 10 000 and observed a stable fourphase solution having the spectrum and the instantaneous form
shown in Fig. 9.

(17)

and wave numbers κ0 = 0, κ1 = κ and κ−1 = −κ . We start
from zero set Ω0 = 1 and r = 0 in Eq. (16) at t < t0 for
avoiding resonances involving spatial harmonics during the initial
excitation process, but switch to r = 1 at t ≥ t0 . The process
of the excitation of the SG wave in this case in simulations is
illustrated in Figs. 10 and 11. At t ≈ t0 the driving perturbation
crosses the resonance with the SG oscillation having Ω ≈ 1 and
leads to the opening of gap i = 1 corresponding to m = 0
mode (see Fig. 11, line 1). As the driving frequency decreases
beyond the linear resonance, the driven SG oscillation remains
phase-locked, i.e. the system stays in autoresonance. At the same
time, the frequencies ω2 and ω3 of the inactive degrees of freedom
corresponding to modes m = ±1, decrease in time, until crossing
the driving frequency. Immediately after this crossing one observes
a bifurcation, accompanied by the opening of the gap associated
with mode m = 1, continuing phase locking of this mode, and
growth of its amplitude (see Fig. 11). The mode m = −1 is not
phase-locked and the corresponding gap i = 3 is not opened.
As the result, a large amplitude quasi-single-phase wave (ω1 ≈
ω2 ) emerges and remains stable after the drive is switched off at
t = 3000.
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the plain wave and the removal of the degeneracy by additional
driving components (r 6= 0 in Eq. (16)) yields a possibility of
controlling this instability and formation of a breather. Without
this additional components the phase locking in the driven system
is destroyed as one passes the modulationally unstable point,
resulting in formation of a complex three-phase solution as seen
in Section 3. Finally, we did not observe any chaotic behavior
in our chirped driving frequency simulations similar to those
seen with constant frequency driving [6], because, shortly after
passing the threshold for modulational instability of a plane wave,
a modulationally stable, driven breather solution was formed.
6. Conclusions

Fig. 11. The opening of the driven gaps in the process of multiphase excitation
of the breather solution. The numbers of the curves correspond to numbers of the
frequencies in Fig. 10.

a

b

Fig. 12. The autoresonant SG breather solution.(a) The spectrum of the breather
solution at t = 4200, ♦ describes the nondegenerate spectral points and 
corresponds to the doubly degenerate spectral points. (b) The actual waveform of
the breather (line 1 at t = 3973.2 and line 2 at t = 3978.4).

The IST spectrum of this excitation process is illustrated in
Fig. 12(a). The perturbations of modes m = ±1 lead to the removal
of the degeneracy of gaps (E3 , E4 ) and (E5 , E6 ) adding small, O(),
imaginary parts in the spectrum. The evolution of the spectral
points E4 and E6 in the upper half-plane in Fig. 12(a) is shown
by the arrows. The points move closer to each other prior the
bifurcation, while after the bifurcation, E4 moves upward along the
circle |E | = 1/16 and E6 approaches the real axis. As the result,
after switching off the driving, one obtains a standing breather
solution with the characteristic spectrum consisting of two open
gaps with the spectral points located on the circle |E | = 1/16.
All other gaps remain closed. Formally, the breather is a two
phase solution with degenerate frequencies ω1 = ω2 . Fig. 12(b)
shows the form of this stable standing wave. The bifurcation point
discussed above is associated with the modulational instability of

In conclusion:
(a) We have discussed the problem of autoresonant excitation
and control of multiphase solutions of the periodic sine-Gordon
problem. The autoresonance is a unique property of many
nonlinear systems to stay in resonance with oscillating driving
perturbations, despite variation of system parameters. In the
autoresonance state of the system is controlled by variation of
external parameters.
(b) The periodic sine-Gordon problem allows general multiphase solutions, with a finite number of phases, each characterized by its wave vector and frequency. The formation of such
solutions requires a realization of complicated initial conditions,
which makes the formation of multiphase waves with prescribed
properties in physical applications difficult. In this context, the autoresonance comprises a physically realizable path to multiphase
solutions. Indeed, we have shown that the autoresonant state in
the SG case is reached by starting from zero and applying simple,
chirped frequency wave-like perturbations passing through resonances with inactive (dormant) phases in the problem. By using
different drives successively, one can use the autoresonance of
each newly formed phase for controlling the emerging multiphase
solution by varying the driving frequency.
(c) We have analyzed this excitation process by using the IST
method. The approach allows to verify the phase-locking in the
system at each excitation stage, as well as to predict the driving
parameters (driving frequency) in a subsequent excitation stage.
We have illustrated our approach in simulations, showing the
formation of a single-phase autoresonant traveling wave in the first
excitation stage, followed by emergence of two-, three-, and fourphase SG waves as new drives are applied at each stage.
(e) We have found that similar to many other applications,
the successful autoresonance in the system requires the driving
amplitude to exceed a threshold, which scaled as 3/4 power of
the driving frequency chirp rate. We have found this threshold
analytically in the fist excitation stage (formation of a traveling
single-phase wave) and the analytic result was in an excellent
agreement with simulations.
(f) In the aforementioned step-by-step process of autoresonant
formation of multiphase waves one must avoid modulational
instabilities when the IST spectral points collide in the complex
spectral plane. Typically, such collisions lead to destruction of
autoresonance and loss of control of the driven wave. Nevertheless,
the simultaneous application of several driving perturbations in
some cases allows one to control the modulational instability.
For example, driving the system by a combination of a chirped
frequency oscillation and a standing wave yields formation of a
flat wave, which later, after passing through the modulational
instability, transforms into the autoresonant SG breather.
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The key problem in the algorithm described above is the computation of the singular integrals. We illustrate this computation
of the first integral (B.1). We rewrite the integral by extracting the
non-singular part
Z

Z

Φ (E , k ) p

Akj = 4 Re
Ej

!

dE

.

E − Ej

(B.5)

Then, by substitution
E = Ej + (Z − Ej )θ 2 ,

θ ∈ [0, 1],

(B.6)

the integral takes a non-singular form


Akj = 8 Re

1

Z

p

Z − Ej


Φ (θ , k)dθ .

(B.7)

0

Fig. 13. Contours of integration in spectral plane.

Appendix A. The IST spectrum

Appendix C. The threshold condition

Let {xn }M
n=0 be the grid in the interval [0, L] with step h = L/M,
i.e. xn = hn. Then, the transfer matrix at given t can be computed
by solving the ODE (3) numerically, subject to initial condition at
x=0
F0 =



1
0



0
.
1

(A.1)

In this Appendix we use the Whitham’s averaged variational
principle [20,7] in calculating the threshold for autoresonant
transition of single phase SG waves. We proceed from the
Lagrangian for a single phase wave (of wave vector κ ) in the driven
weakly nonlinear SG problem
1

(u2t − ω02 u2 ) +

1

u4 +  u cos θd ,

We use O(h2 ) algorithm in this calculation, i.e.

L=

h
[U (xn )F n + U (xn+1 )(1 + hU (xn ))F n ]
(A.2)
2
where n = 0, 1, . . . , M − 1 and U (xn ) is the value of the matrix
(4) on the grid point xn . The transfer matrix F M depends on E as
a parameter. The Floquet discriminant is the trace of the transfer
matrix

where ω02 = k2 + 1, the driving phase is θd = κ x − Ω (t )dt,
and Ω (t ) = ω0 − α t is the chirped driving frequency. Here, we
substitute the ansatz u = a cos θ and average over θ between 0
and 2π yielding the averaged Lagrangian

F n +1 = F n +

∆(E ) = tr(F ).
M

(A.3)

The discrete spectrum {Ej } corresponds to the solutions of the
implicit equation ∆(E ) = ±2.
Appendix B. Frequencies of multiphase SG waves
Here we calculate the frequencies ωi associated with different
phases in the SG solutions [15]. The calculation requires computation of the following singular integrals in the complex plane of the
spectral parameter E
E N −k dE

Z
Akj = 4 Re

αj

Bkj = 2 Re

αj

,

R(E )
E N −k dE

Z

!

R(E )

k, j = 1, . . . , N ,

!

E N −k dE

Z
+ 2i Im
βj

R(E )

Λ(a, θ , θt ) =

,

El

l =1

1
64

a4 −

1
2

 a cos Φ .

(C.2)

Here a and θ are the dependent variables, ω = −θt is the frequency
of the driven wave, Φ = θ − θd is the mismatch between the
driven and driving waves, and we neglect the contribution from the
nonresonant driving component 12  a cos(θ + θd ). The variational
equations obtained from (C.2) by taking variations with respect to
the wave amplitude a and phase θ are
1

(ω2 − ω02 )a + a3 −  a cos Φ ,

(C.3)

(ωa2 )t =  a sin Φ .

(C.4)

8

(B.2)

Φt = α t −



16

4

(ω2 − ω02 )a2 +

!

where I is the unit matrix. Introducing the matrix F = C (A − 2B),
one computes the N frequencies from [15]




(−1)N −1 CkN 
.
ωj =
4π i(F −1 )kj 
C
+
s
k1


2N


Q
k=1

1

Next, we approximate ω ≈ ω0 , ω2 − ω02 ≈ 2ω0 (ω − ω0 ) allowing
to rewrite Eqs. (C.3) and (C.4) as

(B.3)

N
X

(C.1)

(B.1)

where R2 (E ) = E l=1 (E − El ) and contours of integration are
shown in Fig. 13. One notes that the real parameters Z < 0 and
Z1 > Re(Ej ) may be arbitrary, but the contours cannot cross the
spectral points. The integrals define N × N matrixes A and B. The
next step is the solution of the matrix equation



24

R

Q2N

AT C = I ,

2

(B.4)

at =


2aω0

1
16ω0

a2 +


2aω0

cos Φ ,

(C.5)

sin Φ ,

(C.6)

which, after rescaling, τ = α 1/2 t, a0
introducing µ = 8 (ω02 α)3/4 becomes

Φτ = τ − a02 +

µ
a0

cos Φ ,

a0t = µ sin Φ .

=

1
4

−1/2

α −1/4 ω0

a, and

(C.7)
(C.8)

Finally, by introducing complex dependent variable ψ = a0
exp(iΦ ), we rewrite this system as a single nonlinear Schrodingertype equation
iψτ + (|ψ|2 − τ )ψ = µ.

(C.9)
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The passage through resonance in this equation corresponds to
starting from ψ = 0 at τ = −∞ and seeking an asymptotic
solution for ψ at τ = +∞. It is the single parameter µ in this
system that controls the autoresonant phase locking transition,
which occurs for µ > µcr = 0.41 [19]. By returning to our original
parameters, we arrive at the threshold condition on the driving
amplitude
3/2

 > cr = 3.28ω0 α 3/4 .

(C.10)
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