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The theory of autoresonant three-wave interactions is generalized to more than one space and/or
time variation of the background medium. In the most general case, the three waves propagate in a
four-dimensional 共4D兲 slowly space-time varying background, with an embedded 3D linear
resonance hypersurface, where the linear frequency and wave-vector matching conditions of the
three waves are satisfied exactly. The autoresonance in the system is the result of weak nonlinear
frequency shifts and nonuniformity in the problem and is manifested by satisfaction of the nonlinear
resonance conditions in an extended region of space-time adjacent to the resonance surface despite
the variation of the background. The threshold condition for autoresonance is found and further
discussed in application to stimulated Raman scattering in a 1D, time-dependent plasma case.
Asymptotic description of the autoresonant waves far away from the resonance surface is obtained.
The theory is illustrated and tested in 2D numerical simulations. © 2008 American Institute of
Physics. 关DOI: 10.1063/1.2992529兴
I. INTRODUCTION

Resonant three-wave interactions 共R3WIs兲 play a fundamental role in physics by representing lowest-order 共in terms
of wave amplitudes兲 nonlinear effects in systems approximately described by a linear superposition of discrete
waves.1 For example, an incoming laser beam in a plasma
can decay via R3WI into another electromagnetic wave and
an ion-acoustic wave 关stimulated Brillouin scattering 共SBS兲兴
or an electrostatic plasma wave 关stimulated Raman scattering
共SRS兲兴.2 In particular, SRS is of great interest as a deleterious reflection mechanism in inertial confinement fusion,3–7
or, potentially, as a beneficial mechanism for optical pulse
compression in plasma-based Raman amplifiers.8–11 R3WIs
are also characteristic of many other fields of nonlinear physics, such as nonlinear optics,12 hydrodynamics,13 and
acoustics.14 Consequently, controlling R3WI is an important
goal of both basic and applied physics research. Varying the
three-wave resonance condition by time and/or space inhomogeneity of the background medium is one approach to
affecting R3WI.15,16 An alternative is to influence the resonance condition by nonlinearity of the medium.17 By combining the space or time variation and the nonlinearity of the
background, one may use autoresonance for controlling
R3WI.18–20 This more recent approach uses the intrinsic
property of many nonlinear waves and oscillations to stay in
resonance 共phase-lock兲 even when parameters of the system
vary in time and/or space.21 In the case of three coupled
waves, the phase-locking is achieved as the nonlinear
frequency/wave-vector shifts self-adjust 共via variation of the
waves’ amplitudes兲 to compensate for the linear dispersion
shifts due to space-time inhomogeneity of the background.
First applications of autoresonance for controlling nonlinear waves included excitation of weakly nonlinear plasma
waves,22 formation of cnoidal waves of the Korteweg–de
a兲
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Vries 共KdV兲 equation,23 and one-dimensional 共1D兲 two- and
three-wave interactions.18,24 Later, the passage through resonance for autoresonant synchronization was used in sineGordon systems,25,26 in a 2D, weakly nonlinear mode
conversion,27 for generation of standing waves of the nonlinear Schrödinger equation,28 excitation of diocotron modes in
non-neutral plasmas,29–31 and formation of m-fold symmetric
vortices 共V-states兲 in fluid dynamics.32–34 A similar approach
allowed controlled excitation of multiphase nonlinear KdV
waves35 and large-amplitude plasma waves36 for beat-wave
accelerator applications.
A common feature of most of the aforementioned studies
of wave autoresonance was the possibility of reducing the
problem to a driven, 1D 共dynamical兲 model. For example, in
some studies, autoresonant waves evolved in a medium with
a 1D nonuniformity and the coordinate in the direction of the
nonuniformity played the role of “time” in reducing the
problem of evolution of the waves to that of coupled nonlinear oscillators. Recently, a more complicated case of autoresonant SRS in a nonuniform 1D plasma model was
considered.37 In that study, one of the interacting waves
propagated in the direction opposite to two other waves
共backward SRS兲, i.e., the problem involved two point boundary conditions and the reduction to a 1D dynamical problem
was impossible. Nevertheless, one could excite a largeamplitude, spatially autoresonant plasma wave in this SRS
configuration. But, what if one removes the 1D assumption
of the previous theories and seeks autoresonant three-wave
interactions in multidimensional media, where again, the reduction to a 1D dynamical model seems impossible? This
question will be addressed in our work. The scope of the
presentation will be as follows. We will focus on a weakly
nonlinear three-wave interaction problem in a general slowly
space-time varying medium and discuss the geometry of the
three-wave resonance in Sec. II. We will show in Sec. III
that, under certain conditions, two finite-amplitude waves
共pumps兲 can excite a third autoresonant wave by passing
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through the resonant 3D hypersurface embedded in 4D
space-time, where the three-wave matching conditions on the
linear frequencies and wave vectors are satisfied exactly. The
autoresonance is manifested by the mutual phase locking of
the interacting waves in the extended region of space-time
adjacent to the resonance surface. We will show that the
autoresonance in the system requires the product of the amplitudes of the pump waves on the resonance surface to exceed a threshold. Asymptotic evolution of the three waves in
autoresonance far away from the resonance surface will also
be described in Sec. III. Our theory will be illustrated and
tested in 2D numerical simulations in Sec. IV. In Sec. V, we
further discuss the threshold phenomenon in application to
the forward SRS problem in a 1D, time-dependent plasma
case. Finally Sec. VI will comprise our conclusions.

II. BASIC EQUATIONS

Small-amplitude waves in an inhomogeneous, timedependent medium are usually described by systems of nonlinear partial differential equations 共PDEs兲. For instance, in
the case of a plasma, typical waves involve a number 共say N兲
of scalar components such as the density, components of the
electromagnetic fields, and velocity fields for each plasma
species, etc., all described by nonlinear PDEs. The general
case of this type is theoretically intractable. However, for a
weak nonlinearity 共small wave amplitudes兲 and slow spacetime variation of the background, the mathematical complexity of the problem caused by this multicomponent structure
of the waves can be resolved by reduction 共elimination兲 of
several of the wave components from the problem.18,38 For
example, in the case of weakly nonlinear R3WI 共three
coupled multicomponent waves with frequencies and wave
vectors satisfying approximate matching conditions 1 − 2
⬇ 3 and k1 − k2 ⬇ k3兲, the original system of N PDEs can be
reduced to a set of three coupled PDEs 共see Ref. 38 for
details兲,
L̃1Ã1 + i共D1 + ␦D1兲Ã1 = − ˜Ã2Ã3e−i⌿ ,

共1兲

L̃2Ã2 + i共D2 + ␦D2兲Ã2 = ˜Ã1Ã3*e+i⌿ ,

共2兲

L3Ã3 + i共D3 + ␦D3兲Ã3 = ˜Ã1Ã2*e+i⌿

共3兲

for just three scalar components, one remaining component
for each of the three waves. Here Ã j are slow complex amplitudes of three eikonal scalar wave fields Z̃ j共r , t兲
= Re关Ã j共r , t兲ei j共r,t兲兴 共 j being the eikonal phases of the
waves兲, while D j共k j ,  j ; r , t兲 for j = 1 , 2 , 3 are real, linear local dispersion functions, while ␦D j are the lowest-order, real
nonlinear corrections to D j. The wave vectors and frequencies are defined via k j =  j / r and  j = − j / t, ˜ is a wave
coupling coefficient, and ⌿ = 1 − 2 − 3 is the phase mismatch. The differential operators L̃ j above are

L̃ j = − 共D j/ j兲关共/t兲 + ˜⌫ j兴 + 共D j/k j兲 · ⵜ
−

再 冉 冊冎

1  2D j
D j
− ⵜ·
2  jt
k j

,

共4兲

where ˜⌫ j are the linear damping coefficients. For a weak
nonlinearity, we define  j and k j by the ray equations of the
linear problem, i.e., set D j = 0 in Eqs. 共1兲–共3兲. Finally, the
remaining N − 3 scalar components of each of the original
interacting waves can be found algebraically if Ã1,2,3 are
known.38 The system 共1兲–共4兲 may be further reduced to
L1A1 = − p1A2A3e−i⌿ ,

共5兲

L2A2 = p2A1A3*e+i⌿ ,

共6兲

L3A3 = p3A1A2*e+i⌿ ,

共7兲

where the operators L j are defined as L j =  / t + V j · ⵜ + ⌫ j
+ iC j兩A j兩2, and we use renormalized amplitudes A j
= Ã j兩D j /  j兩1/2, group velocities V j = −共D j / k j兲 / 共D j /  j兲,
normalized coupling coefficient  = ˜兩共D1 / 1兲共D2 / 2兲
⫻共D3 / 3兲兩−1/2, and weakly nonlinear frequency shifts
␦ j = p j␦D j / 兩D j /  j兩, assumed to be of the form ␦ j
= C j兩A j兩2. The wave energy signs above are p j
= −sgn共D j /  j兲, while ⌫ j = ˜⌫ j + 21 ⵜ · V j now include the linear damping coefficients ˜⌫ j and the divergence effect of the
geometric optics rays associated with the waves. Note that
the time t and the space variables x j in our system appear on
equal footing. Therefore, for simplicity, we shall drop the
time derivatives in the following and consider a 3D, timeindependent problem.
We shall limit the discussion below to the case in which
two of the resonantly coupled waves, say waves 1 and 2 共the
pump waves兲, are launched externally, i.e., are prescribed on
some boundaries of the volume of interest containing the
resonance region, while wave 3 共the seed兲 is excited internally due to the three-wave coupling. Because of generally
rapid spatial variation of the phases  j on the right-hand side
共RHS兲 of Eqs. 共5兲–共7兲, the excitation of mode 3 takes place
in the vicinity of the resonant region, where ⵜ⌿ ⬅ k1 − k2
− k3 = 0. One of the important consequences of launching
only two waves externally is a special geometry of the resonance in the problem. Let us discuss this effect in more detail. First, we observe that the phase mismatch ⌿ on the RHS
of Eqs. 共5兲–共7兲 is associated with the corresponding linear
problem. Thus, in discussing the geometry of the resonance
region, we proceed from the linear limit of Eqs. 共5兲–共7兲. Far
from the resonance, we can also neglect the coupling between the waves 1 and 2 and treat their linear evolution
independently within the geometric optics approximation.39
We characterize the waves by their dispersion functions
D1,2共k , r兲 and solve the associated wave propagation problems along the geometric optics rays originating on the
boundaries and, thus, view k1,2共r兲 in the decoupled problem
as known. This defines the linear three-wave resonance surface D3关k1共r兲 − k2共r兲 , r兴 = 0. The local form of the equation
of this resonance surface can be found by choosing a point r0
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共set to be zero, for convenience兲 on the resonance surface
and expanding D3关k1共r兲 − k2共r兲 , r兴 = 0 around r0, i.e.,

the phase mismatch near the resonance plane, ⌿ = ijxix j / 2
= 共qixi兲2 / 2 = 共q · r兲2 / 2, on the RHS of Eqs. 共5兲–共7兲. Finally,
we will limit our discussion to the case in which all three
waves propagate in the same direction relative to the resonance surface 共forward Raman scattering for example; see
Sec. V兲, i.e., assume that q · V␣ ⬎ 0 for all three waves. The
autoresonant solution in this case requires having the same
sign of  and c3 共see the discussion in Sec. III兲, which will be
assumed in the following.
It is convenient at this stage to rescale all dependent and
independent variables and parameters, i.e., to introduce
1/2
A1,2,
u j = V j / V j, R = 兩K兩1/2r, K = q · u3,  = q · R, B1,2 = V1,2
1/2
1/2
2
B3 = V3 A3 exp关−i⌿兴 = V3 A3 exp关−i共q · r兲 / 2兴,
␥ j = 共V j
⫻兩K兩1/2兲−1⌫ j, c j = 共V2j 兩K兩1/2兲−1C j,  = 兩V1V2V3K兩−1/2. Then our
system becomes

102104-3

冉

冊

D03 2共1 − 2兲 D03
+
x j = 0,
ki0 xi0x j0
x j0

共8兲

where k0 = k3共r0兲 = k1共r0兲 − k2共r0兲, D03 = D3共k0 , r0兲, and we
use the usual convention of summation over repeated indices. On the other hand, for the third wave, D3关k3共r兲 , r兴 ⬅ 0,
or again, upon expansion,

冉

冊

D03 23
D03
+
x j = 0.
ki0 xi0x j0 x j0

共9兲

Since this relation is valid for all r in the vicinity of r0, we
have D03 / x j0 = −共D03 / ki0兲共23 / xi0x j0兲 and, consequently, if ij = 2⌿ / xi0x j0, then, locally, the linear resonance surface is the plane 共V3,i兲r0,k0ijx j = 0. Wave 3 is excited on this plane and the amplitudes of the pump waves 1
and 2 change accordingly.
Another interesting consequence of the presence of the
resonance surface in the linear three-wave interaction problem is the existence of constraints on the elements of matrix
ij. Indeed, since the resonance relation 关k1共r兲 − k2共r兲
− k3共r兲兴i = ijx j = 0 is satisfied on the plane 共V3,i兲r0,k0ijx j = 0,
the matrix ij must have two zero eigenvalues. Then, one can
write ij = qiq j, where  is the nonzero eigenvalue of ij and
vector q is the normalized 共兺iq2i = 1兲 eigenvector corresponding to this eigenvalue. Therefore, ij can be described by just
three parameters 共 and, say, two of the components of q兲
and, as a result, only three of the six elements of this real
symmetric matrix ij can be viewed as independent. We also
observe that the zero eigenvalues of ij correspond to its
eigenvectors tangent to the resonance surface, while q is normal to this surface. We further discuss the resonance surface
in the problem in the simplest 2D case in Appendix A. This
completes the discussion of the geometry of the linear resonance surface and we return to our nonlinear evolution problem.
We will focus on a nonlinear boundary value problem in
a given volume U of the medium containing the linear resonance surface as defined above. We will assume that waves 1
and 2 are launched externally from plane surfaces S1,2 located sufficiently far away from the resonance surface, so the
three waves are decoupled on S1,2 because of the rapidly
varying phase mismatch ⌿. We will also assume for simplicity that A1 = A10 = const and A2 = A20 = const, on S1,2. In contrast to waves 1 and 2, the seed wave 3 is assumed to be
excited internally 共in the vicinity of the resonance surface兲
via the resonant three-wave interaction process. Therefore,
there exists another distant 共with respect to the resonance
surface兲 plane surface S3 parallel to the resonant surface,
where wave 3 is asymptotically small. We shall limit our
discussion to a sufficiently small volume of interest in the
vicinity of the resonance surface, where one can view the
group velocities V␣ and the coefficients ⌫␣,C␣ and  in Eqs.
共5兲–共7兲 as constant despite the weak nonuniformity. Similarly, we will neglect a finite curvature of the resonance surface, i.e., assume that the nonzero eigenvalue  and the eigenvector q of ij are constant and use the local expansion of

共u1 · ⵜR + ␥1 + ic1兩B1兩2兲B1 = − p1B2B3 ,

共10兲

共u2 · ⵜR + ␥2 + ic2兩B2兩2兲B2 = p2B1B3* ,

共11兲

共u3 · ⵜR + ␥3 − i关兩c3兩兩B3兩2 − 兴兲B3 = p3B1B2* ,

共12兲

where ⵜRi ⬅  / Ri and  = −sign共c3兲 = −sgn共兲. A 1D example of this type was studied recently in application to
Raman backscattering.37 The system 共10兲–共12兲 yields the following Manley–Rowe relations:
P␣共u␣ · ⵜR兩B␣兩2 + 2␥␣兩B␣兩2兲 + P3共u3 · ⵜR兩B3兩2 + 2␥3兩B3兩2兲 = 0
共13兲
for ␣ = 1 , 2, where P1 = p1, P2 = −p2, and P3 = p3. We separate
real and imaginary parts in Eqs. 共10兲–共12兲 at this stage. To
this end, we write B␣ = F␣ei␣, where F␣ = 兩B␣兩 and ␣
= arg共B␣兲 and introduce the phase mismatch ⌽ = 1 − 2
− 3 +  / 2. In order to simplify the analysis in the rest of this
and the following sections, we choose the coordinate system
such that the R1 and R2 axes are in the plane  = 0, so R3
⬅ . The resulting real system of equations is
vj

F j
= S j − p jFkFl sin ⌽ − ␥ jF j ,


v1,2

v3

F2,1F3
1,2
2
= Q1,2 − c1,2F1,2
− p1,2
cos ⌽,
F1,2


F 1F 2
3
= Q3 + 共兩c3兩F23 − 兲 − p3
cos ⌽,
F3


共14兲

共15兲

共16兲

where
j = 1 , 2 , 3, k ⫽ l ⫽ j, v j = u j,, S j = −u j,R1R1F j
− u j,R2R2F j, and Q j = −u j,R1R1 j − u j,R2R2 j. Finally, Eqs.
共15兲 and 共16兲 can be combined to obtain the equation for the
phase mismatch ⌽,
v 1v 2v 3

⌽
= H − v2v3c1F21 + v1v3c2F22

− v1v2共兩c3兩F23 − 兲 + G cos ⌽,

共17兲

and
G
where
H = v 2v 3Q 1 − v 1v 2Q 3 − v 1v 3Q 2
= − v 2v 3 p 1F 2F 3 / F 1 + v 1v 3 p 2F 1F 3 / F 2 + v 1v 2 p 3F 1F 2 / F 3.
Importantly, this system of equations involves such
seemingly complicating ingredients as the nonlinear fre-
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quency shifts and the inhomogeneity. Remarkably, this combination of complications, under certain conditions, simplifies the solution as shown below.
III. AUTORESONANT SOLUTIONS
A. Preresonant stage

Here we proceed to the solution of Eqs. 共10兲–共12兲. First,
we solve the problem in the asymptotic region 兩兩 → ⬁ of the
volume of interest before the two pump waves B1,2 reach the
resonance surface 共 ⬍ 0兲. We assume that B3 ⬇ 0 in this region, and consequently neglect the RHS in Eqs. 共10兲 and 共11兲
to write
共u␣ · ⵜR + ␥␣ + ic␣兩B␣兩2兲B␣ = 0

共18兲

for ␣ = 1 , 2. These PDEs are equivalent to the following ordinary differential equations 共ODE兲:

B␣
+ ␥␣B␣ + ic␣兩B␣兩2B␣ = 0,
s␣

共19兲

where s␣ is the distance from point R to the boundary surface S␣ along the line parallel to u␣ 共recall that 兩u␣兩 = 1兲. This
yields solutions
B ␣ = F ␣0e −␥␣s␣e i␣ ,

共20兲

where F␣0ei␣0 is B␣ on the boundary S␣ and ␣
= ␣0 − 共1 − e−2␥as␣兲c␣F␣2 0 / 2␥␣. By substituting Eq. 共20兲 into
Eq. 共12兲, neglecting the nonlinear term in this equation, and
replacing B3 by
B̃3 = B3 exp兵− i关1共s1兲 − 2共s2兲兴 + ␥1s1 + ␥2s2其,

共21兲

we obtain
u3 · ⵜRB̃3 + 兵␥3 + i关− 共兩c3兩兩B̃3兩2 − 兲 − d0兴其B̃3
= p3F10F20 ,

共22兲

where d0 = −iu3 · ⵜR兵−i关1共s1兲 − 2共s2兲兴 + ␥1s1 + ␥2s2其. For
␥1,2 = 0, d0 can be removed from the problem by shifting 
appropriately. The asymptotic solution of this equation vanishing at 兩兩 → ⬁ is
B̃3 =

冉冊

1
p3F10F20
+O 2 .
␥3 + i


共23兲

This solution is a function of  only and, therefore, B̃3 is
uniform on any asymptotic plane  = const parallel to the
resonance plane.
B. Autoresonant evolution

The simplest case of autoresonant evolution corresponds
to the case with vanishing effective “damping” coefficients,
␥1,2,3 = 0. In this case, we focus on uniform boundary conditions B1 = B10, B2 = B20 = const for the two pump waves on
boundary surfaces S1 and S2 distant from the resonance surface, while the wave B3 is assumed to be negligible on S1,2.
We also assume that the group velocities of the three waves
are such that all v1,2,3 have the same sign 共say positive for
definiteness兲. Then, since in the preresonant region the solutions for F j 共j = 1 , 2 , 3兲 depend on  coordinate only 关see Eqs.

FIG. 1. Subcritical three-wave interaction. Intensities F2j of the waves in
numerical simulations for  = 0.39⬍ cr. The interaction saturates as the
waves dephase beyond the linear resonance line.

共20兲, 共21兲, and 共23兲兴, the three-wave interaction problem becomes one-dimensional. This 1D case was studied in the
past,18 predicting the following evolution. One finds that the
three waves phase-lock prior to reaching the resonance surface 共 = 0兲. The evolution of the waves beyond the resonance surface depends on the value of the product F1F2 of
the pump-wave amplitudes at the resonance surface. If this
product is below a certain threshold value 共see below兲, the
phase locking is destroyed shortly beyond the resonance surface, as the excited wave amplitude F3 saturates, and the
three waves propagate independently beyond the resonance
surface with nearly constant values of the amplitudes F j 共see
a numerical example in Fig. 1 in Sec. IV兲. In contrast, above
the threshold, the three waves remain phase-locked 共autoresonant solution兲 in the extended region beyond the resonance surface, i.e., ⌽ ⬇ const, while all F2j vary nearly linearly with  共see the numerical example in Fig. 2兲. This
simple linear dependence can be understood by setting
⌽ /  ⬇ 0 and neglecting H and the small driving term
G cos ⌽ in Eq. 共17兲 for the phase mismatch, yielding
v1v2共兩c3兩F23 − 兲 ⬇ v3共− v2c1F21 + v1c2F22兲.

共24兲

On the other hand, the Manley–Rowe relations 共13兲 in the
1D case yield two additional algebraic equations P␣v␣共F␣2
− F␣2 0兲 + P3v3F23 = 0 for ␣ = 1 , 2. This system of three equations can be solved explicitly for F2j ,
F␣2 ⬇ F␣2 0 −
F23 ⬇

P 3v 3 2
F,
P ␣v ␣ 3

冉

␣ = 1,2,

共25兲

冊


c1 2 c2 2
v3
+
− F10
+ F20 ,
␤ 兩c3兩 v1
v2

共26兲

where ␤ = 兩c3兩 +  P3v23共−P1c1 / v21 + P2c2 / v22兲. It was also
shown in Ref. 18 that 1D autoresonant solutions 共25兲 and
共26兲 are stable and, in addition to linear average dependence
on , include small autoresonant oscillations of the amplitudes 共see an example in Fig. 2兲.
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i


+ 共兩兩2 − 兲 =  ,


共30兲

where  = a exp共i⌽兲, a and ⌽ represent a dimensionless 共normalized兲 amplitude of oscillations and the phase mismatch in
the driven dynamical system,  is normalized time,  = ⫾ 1,
while a single parameter  ⬎ 0 represents the normalized
driving amplitude. It was shown that the transition to autoresonant solution with a2 ⬇  and ⌽ = 共1 − 兲 as the driving oscillation passes through the linear resonance 共at  = 0兲
as time varies from  = −⬁ to +⬁, takes place as  exceeds
the critical value cr = 0.41. We observe that in our threewave system, Eq. 共12兲 for the driven wave B3 with ␥3 = 0 is
similar to Eq. 共30兲 locally. Indeed, assuming that the variation of B3 in the vicinity of the resonance surface is primarily
in the direction normal to this surface, one can approximate
Eq. 共12兲 as
FIG. 2. Supercritical evolution. The same parameters as in Fig. 1, but 
= 0.44⬎ cr. Intensities F2j of the autoresonant waves in average vary linearly with the distance from the resonance line.

C. Autoresonant evolution with effective “dissipation”

Now, we extend the theory by including nonvanishing
␥ j, but focus on a particular case c1 = c2 = 0. In this case, the
autoresonant solution 共with ⌽ /  ⬇ 0兲 for F23 is given by

iv3

B3
+ 关兩c3兩兩B3兩2 − 兴B3 ⬇ ip3B1B2* .


This equation reduces to Eq. 共30兲 by rescaling to  = v−1/2
3 ,
1/2
*兲兴,
 = 兩c3兩1/2v−1/4
B
exp关−i
arg共ip

B
B
and

=
兩c
3
3
1 2
3兩
3
⫻v−3/4
兩

B
B
兩,
yielding
the
autoresonance
threshold
condi1 2
3
tion on the product of the pump amplitudes at the resonance
surface,
兩B1B2兩cr ⬇ 0.41兩c3兩−1/2v3/4
3

共32兲

共27兲

or in original notations 关see Eqs. 共5兲–共7兲兴,

We will further restrict our analysis to ␥1 , ␥2 Ⰶ 1 and, therefore, T␣ ⬅ u␣,R1R1F␣2 + u␣,R2R2F␣2 is small and nearly constant and can be approximated by its value at  = 0. Under
these assumptions, Eq. 共13兲 can be transformed to the following ODEs for F␣2 , ␣ = 1 , 2:

兩A1A2兩cr ⬇ 0.41兩C3兩−1/2兩兩3/4共q · V3兲3/2 .

F23 ⬇ /兩c3兩.

d 2
F + M ␣F␣2 = − N␣ − W␣ ,
d ␣

共28兲

where M ␣ = 2␥␣ / v␣, N␣ = 共2 P3␥3兲 / 共P␣兩c3兩v␣兲, and W␣
= T␣ / v␣ + 共 P3v3兲 / 共P␣兩c3兩v␣兲. This yields the solution
F␣2 = F␣2 0e−M ␣ + a␣共e−M ␣ − 1兲 + b␣共1 − M ␣ − e−M ␣兲,
共29兲
where a␣ = W␣ / M ␣, b␣ = N␣ / M ␣2 , and F␣2 0 = 兩F␣2 兩=0 can be estimated by using the preresonant expression 兩F␣2 兩=0
= F␣2 0e兩 − 2␥␣s␣兩=0 关see Eq. 共20兲兴.

D. The threshold condition

The autoresonant phase-locking phenomenon was first
observed in non-neutral plasma experiments.29 These experiments and the accompanying theory showed that the transition to autoresonance by passage through a linear resonance
in a driven 1D nonlinear system requires the driving amplitude to exceed a threshold. In this and many other driven
dynamical systems 共see Ref. 40, for example兲, this transition
can be analyzed within a generic, nonlinear Schrödinger-type
equation,

共31兲

共33兲

IV. NUMERICAL EXAMPLES

Here we present two numerical examples illustrating our
theory. In our first example, we consider a 2D problem described by

冉
冉
冉

冊
冊


+ ␥ 1 B 1 = −  B 2B 3 ,
X

共34兲


+ ␥2 B2 = B1B3* ,
X

共35兲

冊


+ ␥3 − i关c3兩B3兩2 − qXX − qY Y兴 B3 = − B1B2* .
Y

共36兲

We have solved this problem numerically in the rectangle
Xmin 艋 X 艋 Xmax and Y min 艋 Y 艋 Y max, subject to the boundary
conditions B1 = B10 = 1, B2 = B20 = 1.2 on X = Xmin and by assuming the asymptotic solution Eqs. 共21兲 and 共23兲 for the
seed wave amplitude B3 on Y = Y min boundary of the integration region. The following set of parameters was used in our
first example: qX = 0.89, qY = 0.45, c3 = −45, and the domain of
integration was between Xmin = −30, Xmax = 45, and Y min
= −115, Y max = 45. A fourth-order predictor-corrector
scheme41 was used in the simulations.
Figure 1 shows the results of the simulations for a subcritical case without dissipation 共␥1,2,3 = 0兲 with  = 0.0265.
In this problem, v3 = qY , yielding  = 0.39⬍ cr. One can see
in the figure that mode 3 is excited near the line  = qXX
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FIG. 3. Supercritical spatial evolution of the intensities of the interacting
waves in the presence of dissipation of the seed and one of the pump waves
in numerical simulations.

+ qY Y = 0, but saturates at relatively small value immediately
beyond this line, as the three waves dephase rapidly. In contrast, Fig. 2 shows the simulation results for a supercritical
case. We used the same parameters as in Fig. 1, but now 
= 0.03, yielding  = 0.44⬎ cr. As predicted, we see that the
solution is a function of  only 共the coordinate normal to the
resonance line兲 and that the initial excitation stage in this
case is similar to that in the subcritical problem. However, in
the supercritical case, the autoresonant solution emerges beyond the resonance line, with the average square amplitude
2
increasing, F22 decreasing兲 in
varying linearly in  共F1,3
agreement with Eqs. 共27兲 and 共29兲 for ␥1,2,3 = 0. One can also
see in the figure the characteristic small autoresonant oscillations of F2j around the average solutions. Next, we discuss
the effect of dissipation in our problem. This effect is illustrated in Fig. 3, showing the simulation results for the same
parameters and initial conditions as in Fig. 2, but with ␥2,3
= 0.002 and  = 0.0337. One observes a monotonic decay of
F22 in the preresonant stage in the figure. Despite the decay,
we find that the problem is supercritical with  艌 0.425 on
the resonance line in the domain of integration, yielding autoresonant solutions beyond the resonance line. We compare
these results with our analytical predictions in Fig. 4. For 
2
⬍ 0 in this figure, F1,2
are given by Eqs. 共20兲, i.e., F23 ⬇ 0,
2
while for  ⬎ 0, F1,2 and F23 are calculated from Eqs. 共29兲 and
共27兲, respectively. One observes a very good agreement between the analytical results Fig. 4 and those for the averaged
amplitudes in simulations in Fig. 3.
Our last example involves a more general case, with
spatial derivatives of B3 in two directions, i.e., with Eq. 共36兲
replaced by

冉冑 冋

册

FIG. 4. Smooth analytical solution for the wave intensities F2j for the same
parameters as in Fig. 3.

nate Y by time, this set of equations is characteristic of laser
driven plasma waves in space-time varying plasmas 关see the
recently studied autoresonant 1D stimulated Raman scattering 共SRS兲 problem37 and the discussion of the threshold phenomenon in the SRS case in the next section兴. In addition,
we added nonuniformity of the boundary conditions on the
amplitudes of the pump waves, i.e., set F10共Y兲 = 1
+ 0.3共Y / Y min兲2, F20共Y兲 = 2 − 0.3共Y / Y min兲2. All other parameters, including dissipation coefficients, are the same as in
Fig. 3. Note that in contrast to the previous examples, the
direction of propagation of B3 is inclined at 45° in the
共X , Y兲-plane and, therefore, the seed wave amplitude B3 in
the simulations is given by Eq. 共23兲 on both X = Xmin and Y
= Y min. In this example, one finds that  is supercritical
within the whole preresonant integration domain. The results
of our simulations in this case are shown in Fig. 5. One
observes the emergence of a nearly flat autoresonant seed
wave beyond the resonance line in the figure with the au-

冊



+
+ ␥3 − i关兩c3兩兩B3兩2 − qXX − qY Y兴 B3
2 X Y

1

= B1B2* .

共37兲

The equations for the pump waves are assumed the same as
in the previous example. With a replacement of the coordi-

FIG. 5. Autoresonant spatial evolution of wave intensities F2j with nonuniform boundary conditions and dissipation-numerical solution.
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2
2
persion relations 1,2
= 2p + c2k1,2
and 23 = 2p + 3v2thk23, where
vth is the electron thermal velocity, assumed uniform, and  p
is the linear plasma frequency. The differential operators L⬘j
=  / t + V j / x + 21 V j / x are defined with V1,2 = c2k1,2 / 1,2
and V3 = 3v2thk3 / 3 the group velocities of the corresponding
waves 共all propagating in the x direction兲. The coupling and
nonlinearity strengths are given, respectively, by

⬘ =

FIG. 6. Smooth analytical solution for the autoresonant wave intensities F2j
for the parameters of Fig. 5.

toresonant pump waves following a smooth, but more complex, pattern. The autoresonant solutions are again accompanied by small autoresonant oscillations. Finally, for
comparison, Fig. 6 shows the smooth analytic solution in this
case, which again is in very good agreement with the averaged numerical solution in Fig. 5.
V. STIMULATED RAMAN SCATTERING

One of possible applications of the theory described
above is the stimulated Raman scattering 共SRS兲 in plasmas.
Recently, spatially autoresonant SRS in a 1D nonuniform but
stationary plasma case was studied in detail.37 Here we discuss a generalization of this work to a 1D nonuniform 共in the
x direction兲 and time-dependent plasma case. The starting
point in this application is the system of coupled equations,37
L1⬘a1 = − ⬘

3
a2a3e−i⌿ ,
1

共38a兲

共38b兲

L3⬘a3 + i兩a3兩2a3 = ⬘a1a2*ei⌿ .

共38c兲

Here, the complex envelopes a1,2 and a3 describe the pump
electromagnetic waves and the plasma Langmuir wave, respectively, and represent the associated dimensionless rms
electric fields via
mc  p i
a3e 3 + c.c.,
e 冑2

冉

2 冑2  3

,

=

1523 v2thc2
3 23
p .
2
4 3 −
8 2p
2 p 共3/k3兲

冊

mc 1 i 2 i
2
E⬜ =
a 1e 1 +
冑2 a2e ê⬜ + c.c.,
e 冑2

共39兲

where c is the vacuum speed of light, m is the electron mass,
e is the magnitude of its charge, and ê⬜ is the common
transverse polarization of the laser fields 共linear or circular兲.
The frequencies  j and the wave vectors k j satisfy the dis-

共40兲

Two competing effects play a role in the nonlinearity coefficient , where the first term describes a small thermal contribution, while the second term is a weak relativistic correction. Here we focus on the forward scattering case, where
typically the relativistic term plays a major role. Also, in the
forward SRS, we neglect the Landau damping and electron
trapping by the plasma wave because of its large phase velocity. Nevertheless, in the case of the backward scattering
共not considered in this work兲, the trapped particles may
change the form of the nonlinearity in the problem 共see Ref.
20, where a similar autoresonant SBS with the nonlinearity
due to trapped particles is described in detail兲. In this case,
we expect a significant change in the scaling of the associated threshold for autoresonance, but leave the discussion of
this effect in both SBS and SRS for future work.
The SRS system 共38a兲–共38c兲 can be reduced to Eqs.
共5兲–共7兲 studied above via substitutions,
A1,2 =

=

1/4
1,2
1/4 a1,2,
2,1

1/2
3
 ⬘,
共12兲1/4

A3 =

1/2
3
a3 ,
共12兲1/4

共41兲

共12兲1/2
.
3

共42兲

C3 =

This yields the threshold condition 共33兲 in the SRS case,
兩⬘a1a2兩 ⬎ 0.41兩兩−1/2兩兩3/4共q · V3兲3/2 .

3
L2⬘a2 = ⬘ a1a3*ei⌿ ,
2

Ex =

ck3 p

共43兲

Note that in contrast to the 共x , y兲-dependent examples discussed above, in the present 共t , x兲-dependent case, V3
= 共1 , V3兲 is a vector in 共t , x兲 space, where V3 is the group
velocity of the plasma wave. The value of  and the unit
vector q normal to the resonance line in Eq. 共43兲 can be
found as described in Appendix A. In a simpler 1D but stationary plasma case,37 one finds  = d共k1 − k2 − k3兲 / dx
⬇ 2p共6k3Lv2th兲−1 共 is the same as parameter ␣ in the notations of Ref. 37兲, where the inverse nonuniformity scale
length is defined via L−1 = n−1
0 dn0 / dx, n0 being the central
density. Then the threshold condition 共A1兲 reduces to

冉 冊冉 冊

c
 3L
共k3L兲1/4
vth
vth

1/2

兩兩
3

1/2

a 1a 2
⬎ 1.
4.44

共44兲

The left-hand side of this inequality is smaller by a factor of
冑8 than that in Eq. 共11兲 in Ref. 37, where this factor was
omitted mistakenly in algebraic manipulations.
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VI. CONCLUSIONS

 = 兵ij其 =

In conclusion, we make the following remarks:
共i兲

共ii兲

共iii兲

共iv兲

共v兲

共vi兲

We have developed a theory of multidimensional autoresonance in three-wave interactions in a weakly
nonlinear medium with slow space-time nonuniformities. The autoresonance is due to a self-sustained balance between the spatial/temporal nonuniformities
and nonlinear dispersion effects in the medium and is
manifested as a phase-locking between the three
waves in the extended region of space-time.
We have focussed on the three-wave resonance problem, where the two waves 共pumps兲 are launched externally and propagate toward the resonance hypersurface, where the three-wave resonance condition is
satisfied exactly, while the third wave is excited internally in the vicinity of the resonance surface.
We have shown that the autoresonance in the system
takes place if the pump waves’ amplitudes satisfy a
threshold criterion 关see Eq. 共32兲兴 on the resonance
surface. The autoresonance may enhance the efficiency of the wave interaction and lead to complete
depletion of the pump waves as the spatial/temporal
width of the nonlinear resonance region increases significantly.
The amplitudes of the waves in autoresonance, on the
one hand, vary adiabatically in space-time to selfpreserve the phase-locking in the system, and, on the
other hand, satisfy local Manley–Rowe relations. This
conditions allowed us to find approximate analytic expressions for the autoresonant wave amplitudes in the
region adjacent to the resonance surface.
The multidimensional autoresonance was illustrated
in numerical simulations in the case of a 2D spatially
varying background, and the effects of dissipation, ray
divergence, and nonuniformity of the pumps amplitudes at the boundaries were discussed. The results of
the simulations were in very good agreement with the
theoretical predictions.
The threshold phenomenon was further discussed 共see
Sec. V兲 in application to the forward SRS problem in
a 1D, time-dependent plasma case.
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APPENDIX A: RESONANT LINE IN 2D

Consider the simplest 2D three-wave interaction problem, where the linear phase mismatch ⌿ 关see Eqs. 共1兲–共3兲兴 is
⌿ = 21 ax2 + 21 by 2 + dxy,
i.e.,

共A1兲

冉 冊

a d
.
d b

共A2兲

In this case, both ⌿x = k1x − k2x − k3x = ax + dy and ⌿y = k1y
− k2y − k3y = dx + by vanish on the resonance surface, i.e.,
 · r = 0 yielding a nontrivial solution if 兩兩 = ab − d2 = 0. Thus,
at least one eigenvalue of  vanishes and
d = 冑ab.

共A3兲

Note that a and b in the last equation must have the same
sign for consistency, and we have chosen a positive value for
a, b, and d for definiteness. Furthermore, after the substitution of Eq. 共A3兲 into 共A1兲, we obtain
⌿ = 21 2 ,

共A4兲

where

 = a1/2x + b1/2y.

共A5兲

Obviously,  = 0 corresponds to the resonance surface 共a line
in 2D兲 in the problem. Finally, for use in the threshold formula 共33兲, the nonzero eigenvalue of  in our 2D case is 
= a + b, while the unit vector normal to the resonance line
q=

1

冑a + b

冉冑冑 冊
a
b

.
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