
Quantum Optics

Wigner function, Quantum Tomography, Homodyne Detection

Wigner Function

Definiton:

W (x, p) =

∫

dξ

2πh̄
e−ipξ/h̄〈x + 1

2ξ|ρ̂|x − 1
2 ξ〉

Using Coherent-Basis:

W (α) =

∫

d2λ

π2
eλ∗α−λα∗

Tr
(

eλa†−λ∗aρ̂
)

Marginals:

〈x|ρ̂|x〉 =

∫

dpW (x, p)

〈p|ρ̂|p〉 =

∫

dxW (x, p)

Joined Trace:

Tr
(

ρ̂1ρ̂2

)

= 2πh̄

∫

dxdpW1(x, p)W2(x, p)

Quantum Mechanics in Phase Space

Wigner-Weyl Symbol

A(x, p) =

∫

dξ

2πh̄
e−ipξ/h̄〈x + 1

2ξ|Â|x − 1
2ξ〉

Expectation Values:

Tr
(

ρ̂Â
)

= 2πh̄

∫

dxdpW(x, p)A(x, p)

Dynamics:
[ ∂

∂t
+

p

m

∂

∂x
− ∂U(x)

∂x

∂

∂p

]

W (x, p) =

∞
∑

n=1

(−1)n(h̄/2)2n

(2n + 1)!

∂2n+1U(x)

∂x2n+1

∂2n+1W (x, p)

∂p2n+1

Vaccum State: ρ̂ = |0〉〈0|

W (x, p) =
1

πh̄
exp

{

−
[

(κx)2 + (p/h̄κ)2
]}
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Coherent State: ρ̂ = |α〉〈α|

W (x, p) =
1

πh̄
exp

{

−
[

(κx −
√

(2)Reα)2 + (p/h̄κ −
√

(2)Imα)2
]}
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Squeezed State: ρ̂ = |α, s〉〈α, s|

W (x, p) =
1

πh̄
exp

{

−
[

s(κx −
√

(2)Reα)2 + s−1(p/h̄κ −
√

(2)Imα)2
]}
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Thermal State: ρ̂ = (1 − e−h̄ω/kBT )
∑∞

n=0 e−nh̄ω/kBT |n〉〈n|

W (x, p) =
tanh(h̄ω/2kBT )

πh̄
exp

{

− tanh(h̄ω/2kBT )ω
[

(κx)2 + (p/h̄κ)2
]}
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Fock State: ρ̂ = |n〉〈n|

W (x, p) =
(−1)n

πh̄
exp

{

−
[

(κx)2 + (p/h̄κ)2
]}

Ln

{

2
[

(κx)2 + (p/h̄κ)2
]}
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Schrödinger Cat State: ρ̂ = N2[|α〉 + |β〉][〈α| + 〈β|] N2 = 2
[

1 + e−(|α|2+|β|2)/2 coshα∗β
]

W (x, p) =
N2

πh̄
exp

{

−
[

(κx −
√

(2)Reα)2 + (p/h̄κ −
√

(2)Imα)2
]}

+
N2

πh̄
exp

{

−
[

(κx −
√

(2)Reβ)2 + (p/h̄κ −
√

(2)Imβ)2
]}

+
2N2

πh̄
exp

{

−
[

(κx − Re(α + β)/
√

(2))2 + (p/h̄κ − Im(α + β)/
√

(2))2
]}

× cos
[√

2Im(α − β)κx −
√

2Re(α − β)p/h̄κ + Imα∗β
]
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Localised States:

ρ̂ =|x0〉〈x0| W (x, p) =
1

2πh̄
δ(x − x0)

ρ̂ =|p0〉〈p0| W (x, p) =
1

2πh̄
δ(p − p0)

ρ̂ =|Xθ〉〈Xθ| W (x, p) =
1

2πh̄
δ
[

Xθ − (cos θκx + sin θ(h̄κ)−1p)
]
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Quantum Tomography

The Quadrature operator:

X̂θ = cos θκx̂ + sin θ(h̄κ)−1p̂ =
1√
2

[

e−iθa + eiθa†
]

With conjugate momentum P̂θ = X̂θ+π/2. Here κ = (mω/h̄)1/2. The overlap with the x coordinate:

〈x|Xθ〉 =
( κ

2π sin θ

)1/2

exp
[

− i
(Xθ − cos θκx)2

2 sin θ cos θ

]

The marginal in the direction nθ is a Radon Transform

R(Xθ, θ) = 〈Xθ|ρ̂|Xθ〉 =

∫

dxdpδ
[

Xθ − (cos θκx + sin θ(h̄κ)−1p)
]

W (x, p)

And can be inverted by

W (x, p) =
1

4π2h̄

∫ ∞

−∞

dt|t|
∫ π/2

−π/2

dθ

∫ ∞

−∞

dXθe
it(Xθ−cos θκx−sinθ(h̄κ)−1p)R(Xθ, θ)

By knowing the wigner function one can get the density matrix by inverse Fourier transform

ρ̂ =

∫

dx

∫

dx′

∫

dpeip(x−x′)/h̄W
(x + x′

2
, p

)

|x〉〈x′|

Homodyne Detection

50%/50% Beam Splitter:
(

b1

b2

)

=
1√
2

(

1 1
1 −1

) (

a1

a2

)

a2

a1

b2

b1

LO

The difference of photon counting

N1 − N2 = b†1b1 − b†2b2 = a†
2a1 + a†

1a2

which for an classical input a2 → |α|eiθ is

N1 − N2 = |α|
[

e−iθa1 + eiθa†
1

]

=
√

2n̄LOX̂θ
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Images taken from work of J. Mlynek et al., Nature 387, 471 (1997)

Experiments

Sagnac Interferometer:
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