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Lecture Outline

Path entangled states.
Generation of path entangled states.
Characteristics of the entangled state:

Super Resolution
Beating classical limits:

Super Phase sensitivity
Quantum Lithography



Entanglement

Entangled state:  

Optical mode - physical state (polarization, frequency,  
direction)

Types of Entanglement:
Polarization (eg. down conversion)

Frequency (not very useful)

Direction  = Path Entanglement

Path (number) entangled states:
P photons in A          Q photons in B

Most interesting : NOON states



Optical Quantum Systems
Input State:
Output State:
The total photon number is preserved,                     .
Operation of elements is described by a unitary 
matrix U.
U operates on the modes’ creation operators.
U determines creation operators for output modes.

Element 



Beam Splitter
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0,45 == φθ o50-50 beam splitter:

0,45 == φθ o
BS



Beam Splitter – 1 Incident Photon

Photon appears at b’
Probability: 0.5

0,45 == φθ o
BS

Photon appears at a’
Probability: 0.5



Beam Splitter – 2 Incident Photons

0,45 == φθ o
BS

2 photons appears at a’
Probability: 0.25

2 photon appears at b’
Probability: 0.25

1 photon appears at a’
1 photon appears at b’
Probability: 0. 5



Beam Splitter – Two Bunching Photons

0,45 == φθ o
BS

The photons “bunch” (No 11 state) !!! 

2 photon appears at b’
Probability: 0.5

2 photons appears at a’
Probability: 0.5



Purpose: Measure time interval between two photons

Output: 
Coincidence in D1 and D2:

Two Photon Bunching - Hong Oh Mandel (HOM)



Two Photon Bunching - Hong Oh Mandel (HOM)
Down converted photons are not monochromatic.

is largely determined by band pass of filters.
Coincidence rate is determined by distribution of frequencies.

Gaussian

Nc
0.9Nc

bunching



Coherence Length
A light beam is divided in an interferometer and reunited 
after      . 
Fringes are formed if               .
Coherence length:

Coherence time – time interval in which the phase of a EM 
wave is considered predictable.

different spatial periodicities. 
Increasing time delay maxima becomes out of step 
less well-defined fringe pattern. 



Two Photon Bunching - Hong Oh Mandel (HOM)
Dip width provides measure of coherence time
Coherence time is consistent with filter band pass

Nc
0.9Nc



Characteristics of Entangled Photon Pair

Counting rates at output ports:

One photon interference:

Two-photon interference:

Super Resolution

oscillation period λ/2

oscillation period λ



Characteristics of Entangled Photon Pair
Reduced oscillation period in       : 

Photonic de Broglie wavelength λ/N (N=2) for biphoton state 

Is not observed for a coherent state

Quantum nature of light

Reduced oscillation period in       : 
Not a quantum effect (the two photons are split)

Can be observed for classical states:

1 photon

2 photons



Coherence Length of Bi-photon
Bi-photons have a much longer coherence length

Single photon

Biphoton



Input state (PDC):

Measurement on mode a entangled state in mode b.

Coincidence counts arise from                 and               .  

Multi-photon Path Entanglement by Non-
local Bunching

H V



Multi-photon Path Entanglement by Nonlocal Bunching

Photon number entanglement is between polarization modes.

Beam splitter operation on two spatial modes            
Wave plate operation on two polarization modes.

PBSλ/2 @ 22.5
mode c

mode d

2 H photons

2 V photons

mode b

2 polarization modes2 polarization modes 2 spatial modes2 spatial modes



Multi-photon Path Entanglement by Nonlocal Bunching

Equivalent setup:

modes  bunch when rotated to 45o linear or right-left 
circular polarizations No coincidence

Going backwards:



Multi-photon Path Entanglement by Nonlocal Bunching

Mode a: RLMode a: RL

Mode a: PMMode a: PMMode a HVMode a HV

Mode a PMMode a PM

Mode b: HV PM
Path Entanglement

Mode b: HV
Coherence



Expandable to N photons.
Bunching in p basis requires N 
photons residing equidistant on the 
great circle perpendicular to p.

Multi-photon Path Entanglement by Nonlocal Bunching

4-photon 8-photon



Path entangled states:

Sources for NOON states:
Bunching (HOM): 

Non scalable

Non Local Bunching (measurement in a bunching in b)

Heralded generation of entangled state

Expandable to large N

Unique traits of bi-photons
Super Resolution – oscillations at twice the frequency 
of a single photon.

BS

BS

BS

So far…



And Now…
Super Phase Sensitivity

Enhancing measurement accuracy (beating the 
Standard Quantum Limit).
Reaching limits imposed by Heisenberg 
uncertainty laws.

Super Resolution
X N  faster oscillations
Beating the  Rayleigh limit

Quantum Lithography



Accuracy of phase measurement is limited:
Heisenberg uncertainty relation (fundamental)

Other non fundamental:
Shot-noise – fluctuations due to discreteness of 
photons and Poisson statistics.
Standard Quantum Limit (SQL)

Entangled Fock states  Heisenberg limit.

number of photons phase

Super Phase Sensitivity



Sensitivity of Mach-Zehnder Interferometer

a

b

d

c
upper path

lower path

50-50 beam splitter

detector

mirror

The phase to be measured:



Super Phase Sensitivity

The Number of photons at the output ports:

Let us define:

Quantum phase fluctuations:

a

b

d

c

Phase information

Conservation of particles



Super Phase Sensitivity

Defining:

Phase Fluctuations:

Difference operator:

Exchange operator:

a

b

d

c



One Input Port – Fock State Input
N Fock-state particles are incident upon port A:

Phase uncertainty:

a

b

d

c

Standard Quantum Limit



Two Input Ports – Fock State Input
Fock-state particles are incident upon both ports

Minimum at Φ=0:

Phase uncertainty:

Entangled Fock states Heisenberg limit.

a

b

d

c

Heisenberg Limit!

order of unity



One Input Port  - Coherent State Input

Input State:

Fluctuations in photon number:

Phase uncertainty is dependent on choice of phase

Minimal phase uncertainty:

So far, equivalent to Fock state input.

Standard Quantum Limit



Two Input Ports  - Coherent State Input
Input State:

Coherent-state number fluctuations are of the same order

as       :  

Minimal phase uncertainty: 

Fluctuations in photon number Standard Quantum Limit 
cannot be beaten with coherent states.

Standard Quantum Limit

Path entangled states increase sensitivity



Super Resolution
A NOON state can be made to oscillate N times 
faster than single photon:

PhasePhase

BSBS

NOONNOON

Φ for every photon



Super Resolution & Super Sensitivity

Phase uncertainty:

Super Resolution can improve phase 
sensitivity!
Super Resolution Super Phase Sensitivity

Denominator is increased 
by super resolution



Fringe visibility     :

Sharpness of interference fringes

A measure of coherence.

Experimentally fringes show: 

The phase uncertainty:

SQL is beat if 

Requirement for Beating the SQL



Probability for four-photon path entangled state:

Beating the SQL with Four-Entangled Photons

BSI

BSII



Input: Input:

SQL is beat
SQL is beat

Cannot beat SQL

Cannot beat SQL



Rayleigh Criteria for Minimum Resolvable Detail
Light with two monochromatic components.
Two displaced maxima in the interference pattern.

Best resolution when principal maximum of one component 
coincides with the first minimum of the other.

xmin

Resolved
Rayleigh 
Criteria

Unresolved

Quantum Interferometric Optical Lithography



Quantum Interferometric Optical Lithography
Classical Lithography: 

Exposure dose at the substrate

Number of elements writable on a surface ~            .
Super Resolution enables a resolution N times better (λ/N).



Quantum Interferometric Optical Lithography
Can be used to better approximate functions.

A Basis is formed:

An arbitrary function can be expanded in terms of

10 photon entanglement

function
best classical 
approximation



Conclusion
Creation of Path Entangled States 
(Bunching/Non-local Bunching)
Characteristics of N-entangled photons:

Super Phase sensitivity – Beating the SQL
Super Resolution 

Can enhance phase sensitivity 
Quantum Lithography 



Dual nature of light: 
Particles - number of photons, 
Waves – phase,

Electromagnetic field quantization  
Annihilation & creation operators:                  where

A single mode phase can be defined as (Dirac):

- Number operator with eigenstates

Heisenberg Limit:



is the Number operator (If      is hermitian): 

The requirement                         constitutes  

If                                  

Using  

Heisenberg Limit:
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