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Why Study Positronium? 

Positronium is intrinsically interesting.  It is the simplest bound system.  
It’s constituents are structureless pointlike particles.  Many fundamental 
aspects of quantum field theory enter into its description.  It differs 
from other exotic atoms in having large recoil effects, little sensitivity 
to hadronic physics, and is subject to real and virtual annihilation. 
 
Positronium is accessible both to high precision experiments and to 
detailed calculations, so its study allows for a stringent test of the  
theory of bound states in QED (quantum electrodynamics) and quantum 
field theory generally. 
 
Positronium is ideal for tests of fundamental symmetries and is useful 
in searches for “new physics”. 
 



Positronium Spectrum 

The n=1 and n=2 levels of positronium 
are shown.  (Transition energies are in 
units of MHz.) 
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Positronium Spectrum 

The n=1 and n=2 levels of positronium 
are shown.  Transitions of experimental 
interest are the 
 
(1) n=1 hyperfine splitting 
 
(2) n=2 fine structure 

(3) 2S-1S transition    
 
All of the measurements have 
uncertainties on the order of 1MHz  
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Hyperfine Structure 

This table shows the two main periods of experimental 
work on the positronium hyperfine interval: the 1950s 
and the 1970s.  The present era promises to be a third 
such exciting period of progress. 
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TABLE I: Experimental Results for the Positronium Hyperfine Interval

Year Frequency Shift Precision Experimenters

1951 227(34) GHz 15% Deutsch and Dulit
1952 203.2(3) GHz 1477 ppm Deutsch and Brown
1954 203350(50) MHz 246 ppm Weinstein, Deutsch, and Brown
1955 203380(40) MHz 197 ppm Weinstein, Deutsch, and Brown
1957 203330(40) MHz 197 ppm Hughes, Marder, and Wu
1970 203403(12) MHz 59 ppm Theriot, Beers, Hughes, and Zioch
1972 203396(5) MHz 25 ppm Carlson, Hughes, Lewis, and Lindgren
1975 203387.0(1.6) MHz 8 ppm Mills and Bearman
1977 203384(4) MHz 20 ppm Carlson, Hughes, and Lindgren
1977 203384.9(1.2) MHz 6 ppm Egan, Hughes, and Yam
1983 203387.5(1.6) MHz 8 ppm Mills (“Line-shape e↵ects”)
1984 203389.10(74) MHz 3.6 ppm Ritter, Egan, Hughes, and Woodle
2014 203394.2 (1.6)stat(1.3)sys MHz 10 ppm Ishida, Namba, Asai, Kobayashi, Saito, Yoshida, Tanaka, and Yamamoto

13. A. Ishida et al., “Precise measurement of the positronium hyperfine splitting using the Zeeman method”, Hy-
perfine Int. 212, 133-140 (2012).

Reports progress on a Zeeman-based measurement of the ps hfs. “A measurement with a precision of O(ppm)
is expected within a year.”

14. D. B. Cassidy, T. H. Hisakado, H. W. K. Tom, and Mills, A. P., Jr., “Positronium hyperfine interval measured
via saturated absorption spectroscopy”, Phys. Rev. Lett. 109, 073401 (2012).

Reports progress on a method of measurement that might lead to an O(ppm) measurement of the ps hfs.

15. A. Ishida, T. Namba, S. Asai, T. Kobayashi,H. Saito, M. Yoshida,K. Tanaka, and A. Yamamoto“New precision
measurement of hyperfine splitting of positronium”, Phys. Lett. B 734, 338-344 (2014).

The authors report a new measurement of the hfs with result

�E = 203 394.2± 1.6(stat., 8.0ppm)± 1.3(sys., 6.4ppm)MHz. (55)

IV. THEORETICAL WORK ON THE FINE STRUCTURE

1. R. A. Ferrell, “The positronium fine structure”, Phys. Rev. 84, 858-859 (1951).

Brief note on the result of Ferrell’s calculation of the positronium energy levels at order m↵4.

2. T. Fulton and P. C. Martin, “Two-body system in quantum electrodynamics. Energy levels of positronium”,
Phys. Rev. 95, 811-822 (1954).

Fulton and Martin calculate the energy levels of the 2S and 2P state of positronium to O(m↵5). Although
technically this is not a contribution to the hfs calculation, it is an interesting extension of the methods to the
full fine structure at this order.

3. T. Fulton, “Corrections to the Balmer-energy di↵erences in positronium”, Phys. Rev. A 26, 1794-1975 (1982).

Calculates the S-state energy levels for positronium to order m↵5. Obtains a result that is almost correct for
n = 2 (with a change 930 ! 931), but is incorrect for other values of n. The error was noted by Gupta, Repko,
and Suchyta.

4. S. N. Gupta, W. W. Repko, and C. J. Suchyta III, “Muonium and positronium potentials”, Phys. Rev. D 40,
4100-4104 (1989).

The authors derive e↵ective potentials for use in calculating positronium energy levels. They evaluate the
expectation value of the energy shift for states with quantum numbers n, ` = 0, s.
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Hyperfine Structure 
Experiment vs. Theory 

A recent result by the Tokyo group throws perhaps a new light on 
the situation.  Additional experimental work with the promise of 
new ppm measurements is ongoing. 
 
 
              



Measured Transitions 

Transition  Common Name  Natural Linewidth  Expt. Uncert. 
 

   n=1 hyperfine   ≈1300MHz    ≈1MHz 
 

   n=2 fine structure   ≈50MHz    ≈2MHz 
   
   2S-1S      ≈1.3MHz    ≈3MHz 
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13S1 � 11S0

23S1 � 2P



Measured Transitions 

Transition  Common Name  Natural Linewidth  Expt. Uncert. 
 

   n=1 hyperfine   ≈1300MHz    ≈1MHz 
 

   n=2 fine structure   ≈50MHz    ≈2MHz 
   
   2S-1S      ≈1.3MHz    ≈3MHz 

 
 

      
  2S-1S  ΔE=1233607216.4(3.2) MHz (2.6ppb) 

   seems to have the greatest potential for improvement. 
 
 

23S1 � 13S1

13S1 � 11S0

23S1 � 2P



  Hyperfine Structure 
  Status as of 2000 

 
The theoretical formula for the hyperfine splitting can be written as 
 
 
 
 
 
 
 
where all terms through the order α3 logarithmic corrections were 
known by 2000.  The numerical value was found to be 
 
 
 
with an uncertainty variously estimated to be 0.16MHz to 0.6MHz.  
This uncertainty is comparable to the experimental uncertainty, and 
should be reduced by computing the α3 non-log contributions. 
 

�E = m↵4
n

C0 + C1
↵

⇡
+ C21↵

2 ln

✓

1

↵

◆

+ C20

⇣↵

⇡

⌘2

+C32
↵3

⇡
ln2

✓

1

↵

◆

+ C31
↵3

⇡
ln

✓

1

↵

◆

+ C30

⇣↵

⇡

⌘3
+ · · ·

o

�E = 203389.69MHz



  Hyperfine Structure 
  Status as of 2000 

 
The natural order of (“hard”) three-loop corrections is 
 
 
 
 
 
None of the C’s is particularly big—the largest being C20=-3.877. In 
order to describe a correction that amounts to 0.6MHz, C30 would 
have to be quite large—about 14π2≈138. Such large contributions to C 
have indeed been found. 
 
 
 

m↵7

⇡3
⇡ 0.00439MHz



        Energy Level 
Contributions at Order mα7  

 
The present challenge is to complete the calculation of all corrections of 
order mα7. We use an approach to this problem based on Non-Relativistic 
QED: NRQED.  NRQED is an effective quantum field theory constructed to 
match the full QED at low energies (much smaller than the electron rest 
energy).  The fundamental degrees of freedom of NRQED are the electron 
field 𝜓(x), (which is a 2-component Pauli spinor field), a similar but 
independent positron field, and the usual photon field. 
 
The NRQED Lagrangian contains coefficients that are determined by 
“matching”: making sure that predictions for low-energy effects—such as 
low energy electron-positron scattering—that can be calculated using 
NRQED, agree with predictions for the same processes obtained using QED. 
 
                                      



  Lagrangian of NRQED 

Energies at O(↵4) for nonrelativistic Coulombic bound states using NRQED

Gregory S. Adkins

⇤

Franklin & Marshall College, Lancaster, Pennsylvania 17604

(Dated: May 17, 2016)

These are operators that contribute to the energy shift of a nonrelativistic Coulombic bound state

at order ↵4
.

PACS numbers:

I. INTRODUCTION

L =  †
n

iDt +

~D 2

2m
+

~D 4

8m3
+ cF

q

2m
~� · ~B + cD

q

2m2
[

~r · ~E]

+ cS
iq

8m2
~� ·

⇣

~D ⇥ ~E � ~E ⇥ ~D
⌘

+ · · ·
o

 

+ positron terms

+ four�fermion contact terms + photon terms (1a)

L =  †
n

iDt +

~D 2

2m
+

~D 4

8m3
+ cF

q

2m
~� · ~B + cD

q

2m2
[

~r · ~E]

+ cS
iq

8m2
~� ·

⇣

~D ⇥ ~E � ~E ⇥ ~D
⌘

+ · · ·
o

 

+ positron terms

+ four�fermion contact terms

+ photon terms

with

Dt =
@

@t
+ iqA0, ~D =

~r� iq ~A, ~E = �~rA0 � @ ~A

@t
, ~B =

~r⇥ ~A

II. FINE STRUCTURE OPERATORS

What follows is the complete list of terms that contribute to the energies at O(↵4
). I have also given some results

for energies, but the powers of Z in the energies are unconfirmed and incorrect in places.

1. Contribution of transverse photon exchange with two convective vertices.

X1(~p
0, ~p ) =

�4⇡Z↵

m1m2

p0ip
0
j�

T
ij(~q )

~q2

X1(~x ) =

�Z↵

2m1m2

1

r

�

p2 + p2r
�

(2a)

where ~q = ~p 0 � ~p and p2 = ~p 2
= (�i~r)

2
= �r2

, pr = x̂ · ~p.

⇤gadkins@fandm.edu

The electron charge and mass are q and m
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Compare with the usual QED:

L =

¯ (i�µDµ �m) + photon terms



  NRQED Feynman Rules 

Propagators: 
 
 
 
 
 
 
 
 
 
 
 
 
Interaction vertices:	

Coulomb photon

Transverse photon

Relativistic kinetic energy

i

~q 2

i�Tij(~q )

q 2 + i✏
where �Tij(~q ) = �ij � q̂iq̂j

i

p0 � ~p 2

2m + i✏

i

8m3
~p 4

(electron or positron)

Fermion



  NRQED Feynman Rules 
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.

PACS numbers:

I. INTRODUCTION
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+ positron terms

+ four�fermion contact terms + photon terms (1a)
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+ positron terms
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+ photon terms
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II. FINE STRUCTURE OPERATORS

What follows is the complete list of terms that contribute to the energies at O(↵4
). I have also given some results

for energies, but the powers of Z in the energies are unconfirmed and incorrect in places.

1. Contribution of transverse photon exchange with two convective vertices.

X1(~p
0, ~p ) =

�4⇡Z↵

m1m2

p0ip
0
j�

T
ij(~q )

~q2

X1(~x ) =

�Z↵

2m1m2

1

r

�

p2 + p2r
�

(2a)

where ~q = ~p 0 � ~p and p2 = ~p 2
= (�i~r)

2
= �r2

, pr = x̂ · ~p.

⇤gadkins@fandm.edu

The matching coe�cients have the values cF = 1 +
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Contact Term 

The contact interaction includes the effects of all annihilation contributions: 
 
 
 
 
 
 
plus the relativistic (short distance) parts of the exchange contributions: 
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NRQED Kernels for the Fine Structure 

DarwinSpin� orbit

Relativistic
kinetic energy

Fermi spin-spin
Fermi spin-orbit

Transverse
Contact

The kernels that contribute to energies at order mα4 are shown below:                    



Order α7 Energy Corrections 

Contributions to energies at order mα7 can be organized by the number 
of photon involved (at least for hard, i.e. high energy photons).  Terms 
with four hard photons contribute at order mα7: α4 from the explicit 
photons and α3 from the wave function at spatial contact.  The 
relevant graphs are shown below.  (Shaded blobs indicate fully 
corrected vertex parts, fully corrected propagators, etc.) 
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Order α7 Energy Corrections 

Marcu (2011) evaluated the contribution of ultrasoft photon exchange to 
the hyperfine splitting using the effective non-relativistic field theory 
pNRQED (“potential”—NRQED).  Her anomalously large result was 
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m↵7
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= 0.477MHz



Order α7 Energy Corrections 

Adkins and Fell (2014) evaluated the contributions to the hyperfine 
splitting from light-by-light scattering in the exchange channel with 
the result 
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Order α7 Energy Corrections 

Eides and Shelyuto (2014) evaluated the contributions to the hyperfine 
splitting from two-photon-exchange graphs involving “hard” photons 
exclusively.  Their result is 
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Order α7 Energy Corrections 

Baker, Marquard, Penin, Piclum, and Steinhauser (2014) obtained the 
complete result for the one-photon-annihilation contribution—including 
the ultrasoft part: 
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Order α7 Energy Corrections 

Parts of the two-photon-annihilation contribution [graphs (b) and (c)] 
and the complete three-photon-annihilation contribution [graph(d)] have 
been done: 
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Two-photon-annihilation contributions 
    to positronium energy levels 

The generic two-photon-annihilation 
graphs are shown above.  In 
expanded form, they are shown at 
right as the 
(a)  light-by-light 
(b) vacuum polarization 
(c)  product (of two one-loop terms) 
(d)  two-loop terms    

So far, parts (a), (b), and (c) are 
complete. 

!a"!b"!c"!d"!e"

!f"!g"!h"!i"!j"

(a) (b), (c), (d)



Two-photon-annihilation contributions 
    to positronium energy levels 

The generic two-photon-annihilation 
graphs are shown above.  In 
expanded form, they are shown at 
right as the 
(a)  light-by-light 
(b) vacuum polarization 
(c)  product (of two one-loop terms) 
(d)  two-loop terms    

Result for (a): 

!a"!b"!c"!d"!e"

!f"!g"!h"!i"!j"

(a) (b), (c), (d)

�E = {1.583� 1.016 i} m↵7

⇡3
= �6.95kHz + · · ·

(Adkins, Fell, Parsons, Salinger, and Wang, 2014)



Two-photon-annihilation contributions 
    to positronium energy levels 

The generic two-photon-annihilation 
graphs are shown above.  In 
expanded form, they are shown at 
right as the 
(a)  light-by-light 
(b) vacuum polarization 
(c)  product (of two one-loop terms) 
(d)  two-loop terms    

Result for (b): 

!a"!b"!c"!d"!e"

!f"!g"!h"!i"!j"

(a) (b), (c), (d)

�E = �0.153095(3)
m↵7

⇡3
= 0.67kHz + · · ·

(Adkins, Parsons, Salinger, and Wang, 2015)



Two-photon-annihilation contributions 
    to positronium energy levels 

The generic two-photon-annihilation 
graphs are shown above.  In 
expanded form, they are shown at 
right as the 
(a)  light-by-light 
(b) vacuum polarization 
(c)  product (of two one-loop terms) 
(d)  two-loop terms    

Result for (c): 

!a"!b"!c"!d"!e"

!f"!g"!h"!i"!j"

(a) (b), (c), (d)

�E = {�0.5620� 1.259 i} m↵7

⇡3
= �2.47kHz + · · ·

(Adkins, Tran, and Wang, 2016)



Two-photon-annihilation contributions 
    to positronium energy levels 

The generic two-photon-annihilation 
graphs are shown above.  In 
expanded form, they are shown at 
right as the 
(a)  light-by-light 
(b) vacuum polarization 
(c)  product (of two one-loop terms) 
(d)  two-loop terms    

The result for (d) is not yet 
complete. 
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Three-photon-annihilation contributions 
    to positronium energy levels 

The generic three-photon-annihilation 
graph shown above expands into the 
graphs shown to the right when 
evaluated to order mα7. The graphs 
shown are only representative of 
the actual contributions.    
 
The total three-photon-annihilation 
contribution is: 

!a" !b" !c" !d" !e"

!f" !g" !h" !i" !j"
�E = {2.622 + 3.123 i} m↵7

⇡3
= 11.5kHz + · · ·

(Adkins, Fell, Kim, and Parsons, 2016)



Order α7 Energy Corrections 

 
Summary of completed contributions (solid line boxes) and partially 
completed contributions (dashed line boxes): 
                                      

!a" !b" !c" !d" !e"
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 Order α7 Contributions to 
  the Hyperfine Splitting 
 
      Summary 

Ultrasoft: annihilation channel         204.4 kHz 
Additional one-photon-annihilation contributions     12.8(1.3) kHz 
Two-photon-annihilation contributions       3.1 kHz 
Light-by-light: annihilation channel      -6.9 kHz 
Three-photon-annihilation contributions     11.5 kHz 
 
Ultrasoft: exchange channel          272.5 kHz 
Anomalous moment in one-photon-exchange     3.0 kHz 
Light-by-light: exchange channel          -1.0 kHz 
Other two-photon-exchange contributions        -4.7 kHz 
 
Total (very incomplete)            494.7 kHz 



Thank you! 

Greg Adkins 
Franklin & Marshall College 



  NRQED Feynman Rules 

Dressing the fermion propagator: 
 
The bare fermion propagator             corrected by multiple insertions 
 
of the relativistic kinetic energy vertex         gives a series that can 
 
be summed as a geometric series:  
 
 
 
 
building up the full propagator with the correct relativistic kinetic energy: 
 
 
 
 
 
 
 
 
 
 
 
 
Interaction vertices:	
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