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Abstract: Since Poincaré, the three-body problem is known to be chaotic and is believed
to lack a general deterministic solution. Instead, decades ago a statistical solution was
marked as a goal. Yet, despite considerable progress, all extant approaches display two
flaws. First, probability was equated with phase space volume, thereby ignoring the fact
that significant regions of phase space describe regular motion, including post-decay motion. Secondly and relatedly, an adjustable parameter, the strong interaction region, which
is a sort of cutoff, was a central ingredient of the theory.
This paper introduces remedies and presents for the first time a statistical prediction
of decay rates, in addition to outcomes. Based on an analogy with a particle moving
within a leaky container, the statistical distribution is presented in an exactly factorized
form. One factor is the flux of phase-space volume, rather than the volume itself, and it is
given in a cutoff-independent closed-form. The other factors are the chaotic absorptivity
and the regularized phase space volume. The situation is analogous to Kirchhoff’s law of
thermal radiation, also known as greybody radiation. In addition, an equation system for
the time evolution of the statistical distribution is introduced; it describes the decay rate
statistics while accounting for sub-escape excursions. Early numerical tests indicate a leap
in accuracy.
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1

Introduction

The three body problem is concerned with the study of the motion of three point masses
influenced by their mutual gravitational attractions.
This problem has a long and venerable history. Newton, Euler, Lagrange, Jacobi,
Poincaré and others worked on it [1 – 6]; perturbation theory, chaos, topology and other
theories grew out of it.
Poincaré’s conclusion that the problem does not have a general solution was first
interpreted to mean that the problem is unsolvable. However, it still makes sense to ask
what would be the likely result of any given initial conditions. This suggests to seek a
statistical solution of the general type advocated by Gibbs [7]. In general, the more chaotic
a system is, the shorter is the validity of a single predicted trajectory, while at the same time
the statistical analysis becomes more accurate. In this way, the non-integrability evolves
from a liability into an advantage. Hence, once we ask the correct question, namely, “what
is the statistical prediction”, the problem should be solvable.
The development of computers and computational physics allowed to integrate the three-body equations of motion numerically [8, 9, 10] and to do so
for large numbers of sets of initial conditions. Motion with negative total energy
was found to generally result in an escape of one of the masses. This need not be a surprise
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since such an outcome is allowed by conservation laws, and the chaotic nature suggests
that it would indeed be realized. The possible end-states, or outcomes, are parameterized
by several variables.
In 1976 Monaghan [11] suggested applying the statistical approach to the three-body
problem, and within the ergodic approximation defined the outcome probability distribution in terms of appropriate phase space volumes. This approach was developed in [12, 13]
and elsewhere, see the wonderful books [14, 15], the review [16] and references therein.
Recently, Stone and Leigh [17] presented an outcome distribution in closed-form by improving the evaluation of phase space volumes using canonical transformations to Delaunay
elements.
Apart from being a leading example for chaotic dynamics, the system is linked to
numerous astrophysical phenomena, see e.g. the last paragraph of [17] and references
therein. In particular, it is involved in a mechanism suggested to produce some of the tight
binaries detected by gravitational wave observatories.
Despite considerable progress, all extant approaches are afflicted by certain flaws and
incompleteness. First, the identification of probability with phase space volume ignores
the fact that a considerable part of phase space describes regular, predictable motion. In
particular, the generic motion is not bounded, but rather leads to decay, and once the
system separates into a single and a binary flying away from each other, the motion is
regular. In fact, it even becomes free once they are sufficiently far away. Secondly, the
extant approaches introduce a spurious parameter, the strong interaction region, which
prevents infinite phase volumes from appearing and limits the contamination of phase
space volumes by regions of regular motion. Finally, extant approaches attempt to model
the outcome distribution, but not the decay time, and in this sense are incomplete.
This paper’s research objective is to formulate a comprehensive statistical prediction,
free of the above described flaws and incompleteness. Such a prediction would address not
only the outcome distribution, but also the decay time and its statistics, while accounting
for regions of regularity and the unbounded nature of the motion without introducing a
spurious parameter.
The first main idea of this paper is that the chaotic decay of three-body motion is
similar to a particle moving inside a container with a perfectly reflecting wall that has
a small hole in it. Here also, one expects that general trajectories would be chaotic and
would eventually escape from the container. In fact, the decay rate is given by the flux
of phase space volume (or phase-volume) throughout the hole, divided by the total phasevolume within the container. This clarifies that the phase-volume element is not the correct
measure of probability outside the container. In order to implement the analogy, we need
to define the phase-volume flux and the total phase-volume for the three-body problem,
which, unlike the container, is an unbounded system.
The second main idea is to account for regular trajectories through a factorization of
the flux out of the chaotic region into the total outgoing flux and the chaotic emissivity.
It is analogous to Kirchhoff’s law of thermal radiation (∼1860) which equates emissivity
with absorptivity (the greybody factor is another, equivalent, term). In fact, we believe
ergodic factorization implies it.
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Thirdly, we account for sub-escape excursions through a statistical evolution model. In
it, the distribution is divided into several compartments, represented by a piping diagram
where the main compartments are the chaotic region, sub-escape excursions and escapes.
The time evolution of the distribution is shown to satisfy an equation system, where the
differential decay rate is central.
Section 2 sets up the problem and presents the main results which are the interconnected expressions for the total outgoing flux, the differential decay rate and the statistical
evolution. Section 3 presents motivations and derivations. On the way, we present a new
method for integration of micro-canonical phase-volumes over phase space momenta. Section 4 presents more predictions in preparation for a comparison with numerical integration.
We conclude in section 5 with a summary and discussion.

2
2.1

Flux-based statistical prediction
Setup and outcome parameters

The gravitational three-body problem consists of the motion of three point masses m1 , m2 , m3
influenced by their mutual gravitational interaction. The system can be defined through
the Hamiltonian

H {~rc , p~c }3c=1 := T + V
T :=

3
X
c=1

V := −

(2.1)

p~c2
2mc

G m1 m2 G m1 m3 G m2 m3
−
−
r12
r13
r23

where ~rc , c = 1, 2, 3 are the bodies’ position vectors, p~c are their momenta, G is Newton’s
gravitational constant, and rcd = |~rc − ~rd |. The total mass is denoted by
M := m1 + m2 + m3 .

(2.2)

The system is invariant under translations and hence the total linear momentum
P~ := p~1 + p~2 + p~3

(2.3)

is conserved and the center of mass
~ CM :=
R

3
X
1
mc ~rc
m1 + m2 + m3

(2.4)

c=1

is in uniform motion. Therefore, we shall work in the center of mass frame, where the
system has 6 degrees of freedom. The remaining conserved quantities are the total energy
given by the value of the Hamiltonian (2.1) and the total angular momentum
3
X

3
~
J {~rc , p~c }c=1 :=
~rc × p~c .
c=1

–3–

(2.5)

Binary

3-body

ε, l,⃗ ϕP

Hierarchical
effective system

εF, l F⃗ , ϕF

Figure 1. The system (middle) and its effective description. Left: the binary subsystem, together
with its parameters. Right: the hierarchical effective system.

Their values are denoted by
~ ,
E, L

(2.6)

respectively.
Outcome parameters. Unlike positive E trajectories, the negative E trajectories,
E<0 ,
(2.7)
cannot decay into three free bodies and can only decay into a single + binary.
The more limited decay modes suggest that negative E trajectories are longerlived and hence more ergodic than positive E trajectories, and we shall assume
negative E in this paper.
The final state of decay is an escaper, ms , where s is either 1, 2 or 3, moving away
freely from a binary consisting of the masses ma , mb . This motion decouples into the
binary motion and the effective motion where the binary is replaced by an effective point
particle, see fig. 1.
For the Keplerian binary motion one defines
mB := ma + mb
µB :=

ma mb
mB

αB := G ma mb

(2.8)
(2.9)
(2.10)

which are the binary mass, binary reduced mass, and the potential strength constant.
The binary’s conserved quantities are
, ~l, φp ,
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(2.11)

which denote the binary energy, angular momentum and the azimuthal angle for pericenter
in the plane orthogonal to ~l. , ~l take values in the domain defined by the inequalities
≤E

(2.12a)

−2  l2 ≤ k

(2.12b)

where the binary constant is given by
2
k := µB αB
.

(2.13)

In the context of the 3-body problem, the identity of the escaper s defines the binary under
consideration and hence all binary parameters can display an s index, e.g. ks . Inequality
(2.12b) saturates for circular motion.
The effective motion replaces the binary by an effective point particle of mass mB
located at the binary center of mass
~rB :=

1
(ma ~ra + mb ~rb )
mB

(2.14)

The reduced effective motion describes a particle of reduced mass
µF =

ms mB
,
M

(2.15)

position
~rF = ~rs − ~rB

(2.16)

αF := G ms mB .

(2.17)

F , ~lF , φF ,

(2.18)

and an effective potential constant

The conserved quantities are
which denote the energy, the angular momentum vector and the azimuthal angle for pericenter within the plane orthogonal to ~lF . The effective k-constant is
kF := µF αF2 .

(2.19)

If F is positive and ~rF is large enough than the effective motion is free and describes
an escape. The effective motion is also useful for F < 0 where it describes a sub-escape
excursion.
The conservation of energy and angular momentum and the , ~l domain are illustrated
in figure 2.
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l F⃗

0
E
εF

L⃗

l⊥

θ

ε

(a)

ε
0
E

l
SUB-ESCAPE
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l⃗

(b)

(c)

Figure 2. Energy and angular momentum space. (a) Conservation of energy. (b) Conservation of
angular momentum. (c) The allowed region in the , l space (2.12b).

2.2

Presentation of the prediction

We turn to present the flux-based statistical prediction. Motivation and derivation will be
given in section 3.
Phase space volume flux. Consider the motion of a uniform density gas which fills the
~ The flux of phase-space volume (or phaseregion in phase space with prescribed E, L.
volume in short) is distributed over outcome parameters. Due to time reversal symmetry
the incoming and outgoing flux distributions coincide and need not be distinguished. In
the next section (after eq. 3.28) it will be shown that the flux distribution is given by
dF = 2π dls ()



1 3 3
~ dφF dφp
d l d lF δ (3) ~l + ~lF − L
l lF

where ls is the maximum l for given , which is read from (2.12b) and is given by
s
√
ks
ks d
ls () :=
and hence dls () =
(−2)
(−2)3/2

(2.20)

(2.21)

and where , ~l belong to the domain (2.12b).
The derivation of the phase-space flux involves only the asymptotic states,
namely the binary and the single, and hence it is independent of three-body
dynamics. To gain some insight into this expression, we note that the fac√
tor 2π ks /(−2)3/2 is the binary period, and the denominator factors l, lF each
originate in the central force nature of the respective systems.
Chaotic absorptivity. The phase-space of the three-body problem is known to be divided
between regular and chaotic regions.
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The outcome states can also serve as initial conditions, so they can also be called
asymptotic states. Given asymptotic state parameters F , ~lF , , ~l, φp (due to symmetry
there is no dependence on φF ) we define the chaotic subset
χ = {ψB ∈ [0, 2π] : ψB trajectory is chaotic}

(2.22)

and the chaotic absorptivity
1
µ(χ)
(2.23)
2π
where ψB is the binary phase which defines the initial state of the binary within its given
orbit, more precisely, the so-called mean anomaly which is proportional to the time shift
within the binary orbit, see (3.17), and where µ(χ) denotes the measure (or mass) of the
set χ. E lies within the range 0 ≤ E ≤ 1 and it describes the probability for an initial state
of given parameters and having a random binary phase ψB to evolve into an irregular,
namely chaotic, trajectory.
By definition the phase-volume flux into the chaotic region is given by
E=

dFχ = E dF

(2.24)

Thus, dFχ factorizes into two factors: dF which is given in closed-form in (2.20) and E
which is bounded. The conditions for E to vanish will be studied in section 4.
When considering outgoing states, (2.24) continues to hold by time reversal,
only now E represents the emissivity, which is necessarily equal to the absorptivity. This is analogous to Kirchhoff ’s law of thermal radiation, originally
formulated for thermal radiation.
Ergodic approximation. The ergodic approximation assigns equal probabilities to equal
volumes in phase space, or equivalently, replaces time averages by ensemble averages over
a fluid which fills phase space. This means that all ergodic trajectories have practically the
same statistics, dictated by (2.24), independent of their initial conditions.
Subsection 3.3 mentions numerical evidence implying that the chaotic region of the
three-body problem is indeed ergodic to a good approximation. On the other hand, since
the motion is not bounded, but rather has a finite decay time, the validity of the approximation is limited and would be interesting to study further.
Differential decay rate. A decay rate is the probability per unit time to decay. A
differential decay rate is a decay rate into outcomes which lie within a prescribed differential
element of outcome parameters.
In section 3, we shall motivate through the container analogy that within the ergodic
approximation the differential decay rate is given by
dΓs =

dFχ
σ̄χ

(2.25)

~ denotes the regularized chaotic phase-space
where dFχ is given by (2.24), and σ̄χ (E, L)
volume to be defined in (2.30).
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Regularized phase space volume. The element of phase space volume (or phase~ is given by
volume, in short) for a three-body problem with given E, L
~ =
dσ(E, L)

3
Y


~ CM ) δ (3) (P~ ) δ (3) (J~ − L)
~ δ(H − E) ,
d3 rc d3 pc δ (3) (R

(2.26)

c=1

~ CM , P~ , H, J~ are functions of the phase space variables {~ra , p~a }3 given at (2.1 –
where R
a=1
2.5). Its integration,
Z
~ ,
σ(E, L) = dσ(E, L)
(2.27)
leads to a long distance divergence. This is regularized by choosing as reference the hierarchical effective description of the possible decay channels, consisting of one term for each
possible escaper, through
~ =σ−
σ̄(E, L)

3
X

(σ /. {V → Vs })

(2.28)

s=1

where a /. r denotes the expression a after performing a replacement according to rule r
(in the notation of the Mathematica computing system [18]) and the hierarchical effective
potential is given by
G ma mb G ms mB
−
(2.29)
Vs := −
rab
rF
where ~rF was defined in (2.16) and it depends on s. In addition, the integration region
for the reference is restricted to F ≥ 0. We note that in a 1d scattering problem the
regularized phase-volume is nothing but the scattering delay time, as discussed around
(3.11).
The chaotic regularized phase-volume is obtained by restricting the integration in (2.27)
to the chaotic region
σ̄ → σ̄χ
(2.30)
Since the regular trajectories are expected to have modest delay times, it might be reasonable to approximate σ̄χ ' σ̄.
Integration over momenta. We developed a method to perform the momenta integrations in (2.26), see subsection 3.4, and we find
~ = 4π
σ(E, L)

Q

c mc

3/2 Z

M

Y

3

d rc δ

(3)



~ cm
R

Teff ≥0

  2 T 1/2
eff
det I ij

(2.31)

where
I ij =

X

mc rc2 δ ij − rci rcj



c

1
Teff := E − V − Iij−1 Li Lj .
2
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(2.32)

SUB
-

ESC

APE

dGin

REGULAR

Mixer

dGo u t
PE

CA
ES

PE
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Figure 3. Piping diagram for the three-body system. E denotes the ergodic region, or compartment, while R denotes the regular region. The stay time in the E region is significantly longer than
in the R region. Ejections are channeled through a mixer into either an escape or a sub-escape
(excursion). Sub-escape durations are distributed over a range of values. Upon re-entry they may
reach either the E or R regions.

I ij is the moment of inertia tensor for a three body configuration, 21 Iij−1 Li Lj is the centrifugal energy, which is the minimal kinetic energy for momenta satisfying conservation
of angular momentum, and finally, Teff , the effective kinetic energy, is the available kinetic
energy after accounting for a centrifugal energy.
The method is based on representing the δ-functions for the conserved
charges through an integral over an exponential function involving auxiliary
conjugate variables. The integration over momenta becomes Gaussian, and after it is performed, it is found that the integrations over the conjugate variables
can be performed as well.
The determination of σ̄ is the subject of work in progress where further analytic integration was found to be possible.
Statistical evolution. In addition to ejections of a single body into an escape trajectory,
the system also displays ejections into sub-escape excursions. These different population
compartments can be represented by the piping diagram in figure 3.
We represent the different populations by the following time dependent variables
PE , dGout , dGin

(2.33)

where PE represents the probability that the system is in the ergodic region; dGout is
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the probability flux outgoing into hierarchical effective motion, distributed over outcome
parameters which are denoted here collectively by u
u = {, ~l, φp , F , ~lF , φF } ;
and dGin is the probability flux incoming from the hierarchical effective motion.
These variables satisfy the following system of statistical evolution equations
Z
ṖE = −Γtot PE + E(u) dGin (u)
Z
dGout (u) = dΓ(u) PE + du ER (u, v) dGin (v)
(
dGin,∞ (u, t)
F ≥ 0
dGin (u, t) =
0
dGout (u , t − T ) F < 0

(2.34)

(2.35)

This equation system is explained in subsection 3.5. The notation is as follows. The total
decay rate Γtot is given by
Z
Z
Z
Γtot = dΓ =
dΓ +
dΓ;
(2.36)
F ≥0

F <0

a dot denotes a derivative with respect to time δ/δt where we reserve the notation d for
differentials in the space of outcome parameters, e.g. du; dΓ is the differential decay rate
(2.25) only now its definition domain is extended to  < 0 so as to include also the subescape ejections; ER (u, v) is the differential absorptivity from an incoming motion
parameterized by v to proceed via regular scattering into an outgoing motion
parameterized by u and lying within du; dGin,∞ is the asymptotic incoming probabil√
ity flux, if any; u0 (u) is the excursion re-entry mapping and T = T (u) = 2π ks /(−2F )3/2
is the excursion duration.
The system requires as boundary conditions PE (0) as well as dGout (u) for −T (u) ≤
t ≤ 0 and dGin,∞ (u, t) for t ≥ 0. These are not standard ordinary differential equations
with respect to time, due to the dependence on t − T , and may be termed “a differential
equation system with memory” (alternatively, it can be recast as an integral equation).
By definition, a solution contains full information about the statistics of decay times.
This equation system does not account for the delay times and this is improved upon
in subsection 3.5.
Numerical evidence. Recently, outcome distributions were determined through numerical simulation for some initial conditions in [37], and in particular, the escape probabilities
were determined for 3 mass sets.
The dependence on absorptivity is likely to cancel out in an averaged quantity such
as the escape probability. This suggests to evaluate the escape probability while ignoring
E. The relevant unnormalized probabilities are derived in subsection 4.2, and according to
(4.21), they are given by
l3
Ps = 0 ∝ ks3/2 .
(2.37)
3L
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Masses(M )
15,15,15

12.5,15,17.5

10,15,20

Ejection Mass(M )
15 (0)
15 (1)
15 (2)
12.5
15
17.5
10
15
20

Measured [37]
0.331(2)
0.334(2)
0.335(2)
0.575(2)
0.271(1)
0.154(1)
0.770(1)
0.167(1)
0.063(1)

Prediction 1
0.333

Pred. 2 [17]
0.333

Pred. 3 [14]
0.333

0.563
0.279
0.158
0.783
0.159
0.058

0.639
0.247
0.114
0.872
0.103
0.025

0.454
0.315
0.231
0.590
0.262
0.148

Table 1. Ejection probabilities for ergodic trajectories measured in numerical simulations compared
to the current prediction, as well as the predictions of [17] and [14]. This table is based on table 12
of [37] where further information can be found.

Table 12 of [37] compares the values determined by simulations against predictions
based on two different frameworks. The first prediction is based on the current paper,
namely on (2.37). The second prediction is based on [17].
Here, we add a comparison to a third prediction which appears in the book [14], eq.
(7.23), according to which the unnormalized probabilities are 1
Ps =

1
.
m2s

(2.38)

The numerical data and the three predictions are shown in table 1. It can be seen that
prediction 1 is accurate at the 1% level (absolute accuracy), while prediction 2 overshoots
the probability inequality and prediction 3 undershoots.
It might be worth pointing out that agreement is reached even though each of the
two methods, the statistical prediction and the numerical integration, requires altogether
different calculations and concepts.

3

Derivation

The previous section stated the statistical prediction for the outcomes and this section
describes its derivation and the physical motivation behind it.
3.1

Decay rate and phase-volume flux

In the ergodic approximation the probability density dP is taken to be proportional to the
phase space volume density
dP ∝ dσ
(3.1)
1

We note that [14] includes also the empirical expression Ps = m1q with q = 3/(1 + 2L2 /L2max ), Lmax =
s
√
5/2[(m1 m2 + m2 m3 + m3 m1 )/3]5/4 / E, see equations (7.30, 7.33, 2.67, 7.28) there. We find it appropriate
to compare our derived expression with a derived expression, rather than an empirical one. In addition, a
comparison to the empirical expression can be found in table 2 of [38], which leads to similar
conclusions.
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This relation was the basis for all previous studies of the statistical theory of the three-body
system. However, once the system has decayed, its motion is free, and definitely not chaotic.
Therefore the basic relation needs to be adapted. This becomes particularly necessary
when one wishes to obtain cutoff independent predictions by sending the long distance
cutoff (strong interaction radius) to infinity, thereby including more and more of the free
motion phase space. Moreover, while a probability distribution is the natural observable
for bound motion, in cases where decay is possible the natural observable becomes the
decay time.
In order to formulate a more fitting theory, let us consider as a leading example a
particle of energy E moving in a container of some arbitrary shape, which has perfectly
reflecting walls with a small hole. The escape of the particle out of the hole is analogous
to a system decay: inside the container the motion is chaotic, while outside it is free. We
are interested in the differential decay rate, namely the fractional probability of escape per
unit time distributed over the exit direction.
From the perspective of Statistical Mechanics, the system’s probability distribution
can be considered to be a gas in phase space. According to the kinetic theory of gases the
differential decay rate can be expressed by
R
d3 p δ(H − E) d3 r δ(z − z0 ) (ż)+
dF
R
dΓ =
=
,
(3.2)
σ
dσ
R
where dF = d3 p δ(H − E) d3 r δ(z − z0 ) (ż)+ is the outgoing phase-volume flux through
the hole distributed over outgoing momenta; z is a coordinate defined such that the hole
is at z = z0 ; dσ = d3 r d3 p δ(H − E) is the micro-canonical distribution; the integration is
over the hole’s surface; (x)+ denotes the ramp function defined by
(x)+ :=

(
x

0≤x

0

x≤0

≡

x + |x|
≡ x Θ(x)
2

(3.3)

where Θ is the Heaviside Θ-function; accordingly, (ż)+ is the outgoing normal velocity;
R
and finally σ = dσ is the total phase-volume within the container.
dΓ has 1/time dimensions as is appropriate for a decay rate, and it is distributed over
the outcome parameters. The total decay rate is given by
Z
Γ = dΓ
(3.4)
and the outcome probability distribution is
dP =

dΓ
.
Γ

(3.5)

Γ−1 is proportional to the average decay time, τD . The proportionality constant depends
on the distribution of decay times: an exponential distribution, which is typical of random
processes, implies
Γ−1 = τD ,
(3.6)
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while a uniform distribution implies Γ−1 = 2τD . τS , the average scattering time, is related
through
τS = 2 τD
(3.7)
as a result of time reversal symmetry.
Led by these examples we consider (3.2) to be the starting point of this paper, replacing
(3.1). However, since the three-body problem is unbounded, it may not be immediately
clear where the location of the hole is, where the phase-volume flux dF is defined, and why
would σ not be infinite. This will be answered in the following two subsections.
3.2

Three-body phase-volume flux

The asymptotic states of a negative E three-body system are made of a bound binary
moving away from a single body. Hence, in order to determine the three-body phasevolume flux, we shall start with 1d motion, then turn to the central force problem, and
finally specialize to Kepler’s problem. On the way, we shall build our understanding of the
micro-canonical phase-volume and flux.
1d motion. Let us denote the generalized coordinate by x, the momentum by p and the
Hamiltonian by
p2
H = H(x, p) =
+ V (x) .
(3.8)
2m
The micro-canonical phase-volume element is given by
dσ(E) := dx dp δ(H − E) = dx (∂H/∂p)−1 =

dx
= dt
ẋ(x; E)

(3.9)

where in the second equality we have integrated over p and the third equality uses Hamilton’s equations. In words, the phase space element for fixed E per dx is the time element
dt of a trajectory with energy E going through x (either to the right or to the left).
For bound motion (3.9) implies
σ(E) = T (E)

(3.10)

H
d
where T (E) is the time-period, thereby reproducing dE
p dx = T (E), see e.g. [19].
For scattering motion, we require limx→±∞ V (x) = 0 and E > 0. While the total time
of a trajectory is infinite, a meaningful finite, regularized time can be defined, namely the
scattering delay time
Z +∞ 

Tdelay :=
dx (∂H/∂p)−1 − (2 E/m)−1/2 ≡ σ̄(E)
(3.11)
−∞

In words, the delay time is defined by considering a particle arriving from −∞ with energy
E, moving under the influence of the potential V (x), and a reference particle with the same
initial conditions but free and unaffected by the potential. After the particle crosses the
potential it returns to the initial velocity, but in general it becomes separated in position
from the reference particle, a separation that translates to a time delay (or advance). On
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the other hand, according to (3.9) Tdelay can be interpreted as a regularized phase-volume
σ̄ gotten by subtracting a reference of free motion. These concepts were already discussed
in [20].
For σ̄ ≡ Tdelay to be finite, V (x) must tend to infinity faster than 1/x. Otherwise, the

reference potential should retain the O x1 part of V (x).
The phase-volume flux for scattering motion, defined in (3.2), is given by
Z
F (E) = dσ(E) δ(x − x0 ) ẋ(x) = 1
(3.12)
where the second equality uses (3.9). Namely, the phase-volume flux of 1d motion is simply
unity and is independent of the location x0 , where it is evaluated.
Central force. Consider now a central force problem
H = H(~r, p~) =

p~ 2
+ V (|~r|) .
2µ

We start with two lemmas.
Lemma 1. Denote the direction of J~ := ~r × p~ by the z axis: J~ = J ẑ. Then
Z
1
dz dpz δ(Jx ) δ(Jy ) = .
J

(3.13)

(3.14)

Proof:
Z
dz dpz δ(Jx ) δ(Jy ) =
Z
dz dpz δ(px Jx ) δ(py Jy ) |px py | =

=
Z

dz dpz δ(px Jx ) δ(−pz Jz ) |px py | =
Z
1
=
dz δ(−z px py ) |px py | =
|Jz |
1
=
J
=

(3.15)

where in passing to the third line we used δ(a)δ(b) = δ(a)δ(b+a) and px Jx +py Jy = −pz Jz ,
and in passing to the next line we integrated over pz and used px Jx |pz =0 = −z px py .
Lemma 2. The 2d planar phase space element transforms from Cartesian to polar coordinates as follows
dx dy dpx dpy = dr dφ dpr dJz
(3.16)
Proof: in polar coordinates dx dy = dr rdφ while the momenta transform with the inverse
Jacobian: dpx dpy = dpr dpφ /r and pφ ≡ Jz . Substituting these completes the proof.
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The lemmas allow us to reduce micro-canonical phase-volumes for a central force into
an effective radial problem as follows
Z
~
~ =
dσ(E, L) :=
d3 r d3 p δ(H − E) δ (3) (J~ − L)
Z
δ(Jz − Lz )
=
d2 r d2 p δ(H − E)
=
|Jz |
Z
dφ
=
dr dpr δ(Heff − E) =
L
dφ
=
dtr
(3.17)
L
where the first line defines dσ in the central force context to be distributed over both E and
~ passing to the second line uses lemma 1; the next uses both lemma 2 and integration
L;
over Jz ; Heff := p2r /(2µ) + L2 /(2µ r2 ) + V (r) where the second term is called the centrifugal
potential; and finally, dtr is the time element for the radial problem.
For bound motion, integrating (3.17) over dtr , we have
~ =
dσ(E, L)

dφ
Tr (E) .
L

(3.18)

For a scattering motion, the integration over dtr diverges. Our experience with 1d motion
(3.11) leads us to define a regularized phase-volume as follows
dφ
Tdelay
L
Z ∞
:=
dr

~ =
dσ(E, L)
1
Tdelay
2

rmin

1
1
−p
vr (r; E)
2E/m

!

Z

rmin

−
0

dr
p

2E/m

.

(3.19)

Generalizing the 1d definition of the flux at infinity (3.2) we have
~ := lim dσ δ(r − R) ṙ = dφ .
dF (E, L)
R→∞
L

(3.20)

The determination of the phase-volume (3.18) and flux (3.20) of a central force problem can also be derived via the method to be introduced in subsection 3.4 in a rather
straightforward manner.
Next we specialize to two kinds of central force problems that are relevant to the
gravitational three-body problem. It would be convenient to repackage dσ, dF into dσ̃, dF̃
defined by
~ := dσ(E, L)
~ dE d3 L
dσ̃(E, L)
~ := dF (E, L)
~ dE d3 L
dF̃ (E, L)

(3.21)

Free 3d motion. For free motion with reduced mass µF , energy F and angular momentum ~lF equation (3.20) implies that the asymptotic phase-volume flux is
d3 lF
dF̃F (F , ~lF ) = dφF dF
lF
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(3.22)

where φF is the azimuthal angle for the escaper momentum in the plane orthogonal to ~lF .
Kepler’s problem. Consider binary Keplerian motion as described in (2.8–2.12). The
expression for the phase-volume element, (3.18), requires an expression for the period T (E),
which is obtained by a variant of Kepler’s third law
√
 3 1/2
2π
µa
k
T (E) =
= 2π
= 2π
(3.23)
ω
α
(−2)3/2
where a denotes the semi-major axis of the reduced motion and the binary constant k was
defined in (2.13). Substituting back into (3.18) we obtain
dσ̃B (E, ~l) = 2π dφp

√
k

d3 l
d
.
(−2)3/2 l

(3.24)

where φp is the azimuthal angle for pericenter in the plane orthogonal to ~l. This result
essentially appeared in [11], with references to the books [21, 22].
In fact, Keplerian motion has an additional conserved quantity that should be men~ which satisfies the algebraic relationed, namely the Laplace-Runge-Lenz (LRL) vector A
tions
A2 = µ2B α2 + 2µB  l2
~
0 = ~l · A

(3.25)
(3.26)

~ adds a single independent conserved quantity beyond , ~l and
These relations imply that A
we chose to parameterize it by φp . Moreover, A2 ≥ 0 and (3.25) imply the inequality
(2.12b) in the , l plane.
Three-body flux. In the three-body problem the outgoing phase-flux can be defined
through the hierarchical effective motion
dF := lim dσ δ (rF − R) ṙF
R→∞

(3.27)

where ~rF , the relative position of free motion, was defined in (2.16).
As discussed in the previous section, the asymptotic states for negative energy threebody motion consist of a widely separated binary and a free body. Accordingly, the phasevolume flux into asymptotic states factorizes as
Z


~
dF = dF̃F dσ̃B δ( + F − E) δ (3) ~l + ~lF − L
(3.28)
where dF̃F denotes the flux for free motion and dσ̃B denotes the phase-volume of binary
Keplerian motion.
Substituting (3.22,3.24) into (3.28), completes the derivation of (2.20).
We note that the three-body flux depends on parameters only through the relevant
binary constant ks (2.13) which appears in both the period–energy relation (3.23) and the
, l relation (2.12b).
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3.3

Three-body decay rate

The general relation between decay rate and outgoing flux (3.2) relied on the ergodic nature
of the particle’s motion inside in the container. Simulations provide some evidence that the
chaotic region of the three-body problem is ergodic as well. First, decay times are known
to approximately obey an exponential distribution, which are the signature of a random
process. This is known at least since [23] and was demonstrated again recently in [37].
Secondly, [37] finds that in the equal mass case the escape probability is approximately
equal despite markedly different initial conditions. Independence of initial conditions is
another signature of an ergodic motion. Finally, comparison with simulations (see table 1)
are also supportive of this conclusion.
We would like to define a differential decay rate for the three-body problem in analogy
with the case of the container. Since the system is unbounded, the previous subsection
suggests that the definition (3.2) should be generalized by taking the flux from the chaotic
region dFχ and the regularized the phase-volume of the chaotic region, σ̄χ , namely
dΓ =

dFχ
.
σ̄χ

(3.29)

The chaotic absorptivity relates dFχ with the total flux dF through (2.24), and dF was
derived to be (2.20). We note that dF depends only on the asymptotic states which are
always simpler than the full interacting system.
Decay and scattering times are related, see (3.7), and hence chaotic decay is related
to chaotic scattering which is a well-studied theory, see e.g. [24, 25, 26]. The author
expects that the relation (3.29) is known, but so far was unable to find the reference for its
introduction and would appreciate correspondence on this matter. For a good numerical
study of the three-body problem from the perspective of chaotic scattering see [27]. For
related topics see also [28], a book on quasi-integrable systems including applications to
the perturbative limits of the three-body problem, as well as [29, 30], which discuss open
dynamical systems using the term “holes”, though in a somewhat different meaning than
here.
Regularization of phase-volume. In this part we motivate the expression for the regularized phase-volume of the three body system
σ̄ = σ̄(E, L; m1 , m2 , m3 ) .

(3.30)

The bare phase-volume, σ, is given by (2.26,2.27). Hierarchical configurations, namely
configurations with two nearby masses that are widely separated from a single, can have
V < E and hence contribute to σ. Moreover, since the separation between the binary and
the single can be arbitrary, the contribution of these configurations to σ diverges.
We have already encountered a similar divergence in 1d, where σ was regularized
in (3.11) by setting the asymptotic states as reference and subtracting them from the
integrand. Now, there are three kinds of asymptotic states corresponding to the three
possible escapers, and accordingly, there should be three reference systems, each defining
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a reference phase-volume σs , such that the regularized quantity takes the form
σ̄ = σ −

3
X

σs .

(3.31)

s=1

σs is defined by omitting the interaction potential between the binary and the single, while
retaining only the long-range, 1/rF component (in order to regularize the Kepler divergence
mentioned below (3.11)). This can done by the term Vs ⊃ −G ms mB /rF . In addition, the
“internal” potential between the binary components should certainly be retained, namely
Vs ⊃ −G ma mb /rab . Altogether, the reference potential Vs is defined by (2.29), and so the
reference phase-volumes are defined by
σs = σ /. {V → Vs } .

(3.32)

This completes the description of the motivation for the definitions (2.28,2.29).
We comment that we have seen in (3.11) that the 1d regularized σ is related to the
decay time. Similarly, we may think of the regularized three-body phase-volume as an
integrated average over decay times.
3.4

Determination of phase-volume through conjugate variables

In this subsection we present a method to perform phase space integrations over the momenta.
The definition of phase space volume (2.26,2.27) can be written as
!
Z Y
~ CM ) ρ
σ =
d3 rc δ (3) (R
c

Z
ρ = ρ({~rc }) :=

!
Y

d3 pc

~ .
δ (3) (P~ ) δ(H − E) δ (3) (J~ − L)

(3.33)

c

The δ-functions in momentum space can be interpreted geometrically as follows. The
positions ~r1 , ~r2 , ~r3 , define a plane. If we denote the orthogonal direction by z then the
momenta components transverse to to the plane, pz1 , pz2 , pz3 , satisfy three linear constraints
corresponding to Jx , Jy , Pz . The constraints are independent as long as the positions are
not collinear and hence these transverse momenta are uniquely fixed. These equations are
analogous to those in the statics problem of the three-legged table, where the three normal
forces are unknown. The planar momenta components are constrained by the Hamiltonian
to lie on a 5-ellipsoid. The Px , Py constraints intersect this ellipsoid with a codimension-2
plane passing through the origin thereby defining a 3-ellipsoid. Finally the Jz constraint
intersects this ellipsoid with a codimension-1 plane passing in general outside of the origin
(analogous to a non-zero latitude), thereby defining a 2-ellipsoid to integrate over.
This geometrical approach should allow to perform the integration, but we did not take
this way. Instead, we choose to express the δ-functions through the well-known identity
Z
δ(t) = dν exp 2πi ν t .
(3.34)
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The idea is to lift the argument of the δ-functions into an exponential function. Since all
of these arguments depend on the momenta p~c at most quadratically, the momentum integrations will reduce to Gaussian integrals. In this sense, this method resembles Schwinger
parameters in the evaluation of Feynman diagrams. Note that we have used a symmetrical
convention for the 2π factors, which differs from the more popular convention in the physics
literature.
More concretely, for the three-body problem we use (3.34) to replace
Z
δ(H − E) =
dβ exp 2πi β (H − E)
Z


~ · P~
δ (3) (P~ ) =
|β|3 d3 U exp −2πi β U
Z


(3) ~
~
~ · (J~ − L)
~
δ (J − L) =
|β|3 d3 Ω exp −2πi β Ω
(3.35)
Namely, we denote by β the variable conjugate to energy (this β is not the same as the
inverse temperature which appears in the canonical ensemble, but there is some similarity);
~ , where U
~ can be thought to represent a velocity
the vector conjugate to P~ is denoted by β U
~ where Ω
~ can
of the center of mass; and finally, the vector conjugate to J~ is denoted by β Ω,
be thought to represent an angular velocity.
Combining these replacements into (3.33) we obtain
!
Z +∞
Y
ρ =
dβ |β|6 d3 U d3 Ω
d3 pc exp 2πi β(H1 − E)
−∞

c

~ · P~ − Ω
~ · (J~ − L)
~ .
H1 := T + V − U

(3.36)

Since p~c appears quadratically in T and linearly in P~ , J~ the integration can be performed by the complex Gaussian integral


Z +∞

2πi
2
dx exp ±πi x = exp ±
(3.37)
8
−∞
derived by deforming the integration contour to x = exp(±2πi /8) y where y is real.
Q
The result of the Gaussian integration over c d3 pc is the determinant
Dp =

 Q
1/2
( c mc )3
|β|

9

exp 2πi

9
sgn β
8

(3.38)

while as a result of completing the square, H1 is replaced by
H2 = V −

M 2 1 ij
~ ·L
~
U − I Ωi Ωj + Ω
2
2

(3.39)

~ cm = 0 due to the δ-function
where M, I ij were defined in (2.2,2.32). In deriving H2 we set R
in (3.33).
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Now the dependence on U is quadratic and hence the d3 U integration can be performed
leading to
1/2


1
3
DU =
exp −2πi sgn β
8
M 3 |β|3
1
~ ·L
~ .
H3 = V − I ij Ωi Ωj + Ω
2


(3.40)

The dependence on Ω is quadratic as well and hence the d3 Ω integration can be performed to give


3
1
DΩ = 
1/2 exp −2πi 8 sgn β
3
ij
det I |β|
1
Veff = V + I −1
Li Lj ,
2 ij

(3.41)

where H3 is replaced by Veff , so denoted since it generalizes the effective potential of the
two-body problem by adding a centrifugal potential which accounts for the minimal kinetic
energy which must arise in the presence of the J~ constraint.
The final integration over is
Z ∞
p
3
dβ
exp 2πi exp (−2πi β Teff ) = 4π Re 2Teff
2 Re
3/2
8
β
0
Teff := E − Veff
(3.42)
and Teff denotes the available kinetic energy. The integral can be evaluated by setting
n = 3 in the following complex Γ-type integral

 

Z ∞
dβ
2−n
2−n
exp(±i
β)
=
exp
±2πi
Γ
(3.43)
8
2
β n/2
0
which is derived by deforming the integration contour to β = ±i β̂ where β̂ is real. The
4π factor in (3.42) can be interpreted as the area of the 2-ellipsoid that appeared below
(3.33).
Combining all integrations we obtain
" Q
ρ = 4π

c mc
M

3

2 Teff
det I ij

#1/2
(3.44)

within the domain Teff ≥ 0 thereby completing the derivation of (2.31). We note that in
Q
the context of the two-body problem, the factor ( c mc ) /M becomes the reduced mass
(2.9). Further reduction and evaluation of σ are currently in progress.
Summarizing, we presented a method to perform the momentum integration for the
phase space volume integral of the three-body problem, where each δ-function is represented as an integral over an auxiliary conjugate variable. Clearly, the method is general
and applies to any micro-canonical phase space integration where a δ-function depends
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quadratically (at most) on some integration variable. In particular, it immediately generalizes to the N -body case.
This method associates a phase with any point in phase space and then integrates
over all phases. In this way it is related to the thermal partition function, where each
point is assigned a Boltzmann factor (the two methods are related in the same way that
a Fourier transform is related to a Laplace transform). At the same time, the sum over
phases connects with the path integral, only here one integrates over phase space and not
over paths. In the language of probability theory this would be a characteristic function
of the energy distribution [31].
We found it instructive to use this method to calculate the area of an n-sphere, the
phase-volume of a two-body problem and that of a central force.
The author expects that this method is known, but was so far unable to find it in the
literature and would appreciate correspondence on this matter.
3.5

Statistical evolution

This subsection addresses the distribution of decay times. The distribution is known to
be approximately exponential, see the review [23], while the notion of a half-life appeared
already in [32, 33]. However, [34] argued that the average lifetime is infinite due to long
sub-escape excursions and this is not consistent with an exact exponential distribution.
Indeed, a late time correction to the exponential distribution, the heavy tail power law,
was described in [35] and detected by simulations shortly thereafter in [36].
In order to model the distribution of decay times, we should understand the time
evolution of a typical chaotic initial state. Some time after the motion begins, gravitational
attraction selects two bodies that rush towards each other and undergo a close encounter,
which can be summarized as a sort of elastic collision. Next, the observing body selects one
of the bodies which emerges from previous encounter and a second close encounter unfolds.
After several rounds of close encounters an outgoing body may have enough energy as to
be ejected, leaving behind a binary. If the total effective energy is negative, namely F < 0,
the ejected particle will turn back at some point, moving on an eccentric ellipse. This is a
sub-escape excursion. Next it re-approaches the binary with the result of either a return to
a chaotic state, with probability E, or a regular motion resulting in another ejection, not
necessarily of the same body. The motion alternates between chaotic close encounters and
sub-escape excursions until it ends in an escape, that is, an ejection event with F > 0.
In order to model this system we construct a sort of population dynamics based on the
piping diagram in figure 3. The notations are defined in (2.33) and the associated equation
system is given in (2.35).
We comment that probability fluxes are denoted by G, while phase-volume fluxes are
denoted by F . The G fluxes describe more special ensembles which are determined by initial
conditions. We mention that the three-body problem is known to exhibit also hierarchical
long-lived trajectories, not mentioned thus far, but it is so far unclear whether those are
significantly coupled to the ergodic region.
Let us discuss the equation system (2.35). The first equation expresses the rate of
change of the probability within the ergodic region: probability is lost to ejections, con-
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sisting of either escapes or sub-escapes, while it grows due to the absorbed incoming flux.
The second equation describes the two contributions to the outgoing hierarchical flux: the
first term describes the flux leaving the ergodic region, while the second term describes
the redistribution of flux which undergoes regular scattering and is characterized by the
regular absorptivity mapping ER . The final equation describes the sources of the incoming
hierarchical flux: the first contribution is from asymptotic incoming states while the second
contribution describes the return from sub-escape excursions.
The equation system must satisfy two expected properties. First, it must conserve the
total probability
Z
Z ∞
Z Z t
0
0
0
δt
dGin,∞ (t0 ) .
(3.45)
Ptot = PE +
δt dGout (t ) +
t

t−T

This holds once one assumes that ER (u, v) satisfies
Z
du ER (u, v) = ER (v) := 1 − E(v) ,

(3.46)

which means that ergodic and regular absoprtivities must sum to unity. Given that the
system is linear, Ntot can always be normalized to 1.
Secondly, the phase-space filling flow must be a solution. This holds once one requires
ER (u, v) to satisfy
Z
ER (u, v) dF (v) = ER (u) dF (u)

(3.47)

where dF is the asymptotic flux distribution defined in (2.20).
An initially ergodic state is described by the initial condition PE (0) = 1 while the
initial fluxes vanish. The corresponding solution to the equation system (2.35) describes
both the process of escape and that of sub-escape excursion and hence I believe it will
display both the initial exponential distribution and the power law tail.
Statistical evolution with delay time. The equation system (2.35) does not account
for the delay time in the process of absorption into either the ergodic or the regular region.
This is improved upon by the following equation system.
We generalize E(u) → E(u, t) δt which denotes the absorption fraction whose delay
time lies between t and t + δt. Similarly, we generalize ER (u, v) → ER (u, v, t) δt. The
resulting equation system is
Z t Z
ṖE = −Γtot PE +
δt0 E(u, t − t0 ) dGin (u, t0 )
Z t Z
dGout (u) = dΓ(u) PE + du
δt0 ER (u, v, t − t0 ) dGin (v, t0 )
(
dGin,∞ (u, t)
F ≥ 0
dGin (u, t) =
.
(3.48)
0
dGout (u , t − T ) F < 0
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4

Emissivity-independent predictions

In this section we provide two predictions which are emissivity-independent:
the critical exponent for escapes by a small margin, and the escape probabilities
which average over emissivities and hence are approximated to be emissivityblind. As a preparation, we start by discussing the dimensionless parameters
and the gross features of the absorptivity function.
Dimensionless parameters and limits. The decay rate distribution (2.25) depends on
~ the masses m1 , m2 , m3 and G. We
the following parameters: the conserved quantities E, L,
define the following 3 dimensionless parameters
x2s :=

−2E L2
ks

(4.1)

These dimensionless quantities are independent and complete (any other dimensionless
quantity must be a function of these).
The problem has two limits in which the problem simplifies. The first limit is defined
by L = 0 and hence xs = 0, s = 1, 2, 3. In this limit, the conserved quantities are
enhanced. Indeed, a generic configuration of the three bodies defines a plane. Denoting
this plane by the x, y coordinates, one finds that {pz,c }3c=1 , the orthogonal components of
~ = 0 these constraints
the momenta, satisfy 3 constraints associated with Pz , Jx , Jy . For L
are homogeneous and hence they enforce pz,c = 0 for all bodies. This means that the motion
will remain limited to the original plane and that {zc , pz,c }3c=1 are conserved quantities.
Note that the equation system for {pz,c }3c=1 is completely analogous to (the homogeneous
part of) the equation system of the three-legged table (for the three static normal forces).
In the degenerate case of an initially collinear configuration, one can show that the motion
is still planar.
The second limit is defined by xs  1. High L2 suggests that the impact parameter
would be significantly larger than the binary orbits size, and hence, a regular motion, rather
than a chaotic one, would likely take place, see also around (4.3). In fact, whenever, xs
crosses 1, a change in various analytic expressions can be detected, see e.g. (4.8,4.27).
Model of absorptivity. The chaotic absorptivity, defined in (2.23) lies in the range
0 ≤ E ≤ 1.

(4.2)

It is interesting to find the domain where E = 0 because outside (a neighborhood) of it, the
(logarithm of the) absorptivity would be bounded, and hence the differential decay rate,
dΓ, would be bounded as well, according to (2.24-2.25).
The vanishing of E means that the motion is regular with certainty. There are several
known types of regular motion: the flyby, where the original binary survives the scattering;
the exchange, where the incomer undergoes a close encounter with one of the binary components, which then gets ejected; and more. A weak enough scattering guarantees flyby

– 23 –

and E = 0. This happens whenever
ρ :=

Rmin,F
≥ ρc ∼ 1
Rmax,B

(4.3)

where Rmin,F is the pericenter for the effective motion of the single body with respect to
the binary, namely, the minimal distance between the single and the binary, Rmax,B is the
apocenter of the lighter binary component relative to the the binary center of mass, and
ρc is a critical value of order 1 which depends on the outcome parameters.
Moreover, it appears reasonable that this domain of flyby certainty is the only place
where E vanishes.
For ρ ≤ ρc we have a phase transition into E > 0, and for small sub-critical ρ a flyby
critical exponent pf is expected
p
(4.4)
E ' (ρc − ρ)+f
where (x)+ denotes the ramp function defined in (3.3). Moreover, on general grounds pf
should be determined by a linearized analysis of a critical flyby trajectory.
Tight enough binaries do not absorb. Let us see that for L > 0 tight enough binaries
imply vanishing chaotic absorptivity.
Given L > 0, the following minimal binding energy (−2) > ks /L2 implies ls () < L,
where ls () was defined in (2.21), and hence lF is bounded away from 0: lF ≥ L − ls () > 0.
Furthermore, for large enough F , we have eF  1, where eF is the eccentricity of the
effective motion, and Rmin,F can be approximated by
Rmin,F ' √

lF
.
2µF F

(4.5)

At the same time Rmax,B can be bounded from above by
Rmax,B =

max{ma , mb }
αF
(a + c) ≤ 2a =
mB
(−)

(4.6)

Combining the last two relations we get
ρ2 ≥

(L − l())2 2
2
F
2µF αB

(4.7)

At tight binding − ' F  |E|, and the RHS can be increased such that RHS ≥ ρc2
thereby implying certain flyby (4.3). This completes the argument.
4.1

Escapes by a narrow margin

For small values of lF the flyby fraction decreases (4.3) and the distribution would be
expected to be somewhat independent of E. In fact, for lF = 0 the flyby fraction vanishes
and the system always experiences an irreducible three-body episode. However, other forms
of regular motion are still possible, including exchange, see e.g. [37].
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Having in mind the simulations of [37], we shall assume the xs ≥ 1 limit. In this case
there exists a threshold (lower bound) for lF , namely
lF ≥ lF,c := L − l0 > 0
where

s
l0 := ls (E) ≡

ks
.
(−2 E)

(4.8)

(4.9)

For lF just above threshold we expect the distribution to be independent of E. Therefore we consider the unnormalized outcome distribution
dPs = dFs

(4.10)

where dFs is the flux distribution (2.20), approximating E to be constant. Integrating over
 and the angular variables of ~lF we find
dPs ∝ (lF − lF,c )2+ dlF /l03 .

(4.11)

This means that the a critical exponent with value 2 is predicted just above the lF threshold.
4.2

Emissivity-blind marginalization

In this subsection, we present the marginal outcome distributions while ignoring absorptivity, namely setting E = 1. While in general, this a crude approximation, the integrated
escape probabilities for each body were found to be in excellent agreement with simulations.
This was expected since E averages away.
Marginal distributions. The distribution of decay rates is given by (2.25). After inte~ (see figure 2 (b)) as well as over φF φp ,
grating over the azimuthal angle with respect to L
all three of which are uniformly distributed, we arrive at
σ̄χ
dΓs
(2π)4


l⊥ 2 2
~
= dls ()
d l d lF δ (2) ~l + ~lF − L
l lF

dΓ̄s =

(4.12)
(4.13)

where dΓ̄s is related to dΓs by a constant which cancels out in probabilities (3.5); d2 l :=
~ and l⊥ is the magnitude of the
dlk dl⊥ ; lk is the component of ~l in the direction of L
perpendicular component (see figure 2 (b)), and similarly for d2 lF .
Before we study the general distribution it is instructive to start by studying the limits
mentioned in section 4 where the marginal distributions simplify.
L = 0 case. Here the distribution of ~l is isotropic and we have
dΓ̄s = 2 dls () dl .
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(4.14)

Marginalizing through elementary integrations we obtain
dΓ̄s = 2 ls () dls ()
= 2 (l0 − l) dl
Γ̄s = l02

(4.15)

where the first line gives the binary energy distribution in the range −∞ ≤  ≤ E gotten by
integration dl; the second line is the distribution of binary angular momentum magnitude in
the range 0 ≤ l ≤ ls where l0 is defined in (4.9); and the third line is the escape probability
gotten by double integration.
The average binary energy for escaper s is determined from the energy distribution
through
R
 dΓ̄
hi = R
.
(4.16)
dΓ̄
In the L = 0 limit is diverges logarithmically
Z E
d
hi ∼
→ −∞ .
−∞ 

(4.17)

In order to determine the distribution over binary eccentricity e, we first note that
e2 = 1 − x2

(4.18)

where x2 = (−2  l2 )/ks and we have suppressed the dependence of e, x on s. This way the
definition of xs (4.1) becomes xs = xs ( = E, l = L). Inserting unity into the integration

R
in the form 1 = dx2 δ x2 − (−2E)l2 /ks one finds
dΓ̄s = l02 √

e de
1 − e2

(4.19)

We note that this limit displays planar motion, and hence, an enhancement of conserved
charges. Therefore the direction of the outgoing ~l would not be isotropic as implied by (2.25)
and a planar analysis is in place. Still, the total decay rate and other quantities must be
continuous in the L → 0 limit, and hence, the marginalization above should hold.
xs ≥ 1 case. This holds for the cases simulated in [37]. In this case integration over the
~ – see fig. 2) gives
polar angle θ (between ~l and L
2
dls () l dl .
L
From this we conclude the following marginal distributions
dΓ̄s =

ls2 ()
dls ()
L
2
= (l0 − l) l dl
L
2 l03
=
e de
3L
l3
Γ̄s = 0
3L

(4.20)

dΓ̄s =
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(4.21)

The average binary energy is
RE
hi = R−∞
E

−3/2 d

−5/2 d
−∞ 

= 3E .

(4.22)

The lF distribution can also be determined exactly, even though the integration limits
for the angular variables of ~lF are more involved than for ~l. We find
(
0 ≤ ˜lF ≤ 1
3 ˜ ˜lF2
dP = dlF
(4.23)
2
(2 − ˜lF )2 1 ≤ ˜lF ≤ 2
where

˜lF := lF − (L − l0 ) .
l0

(4.24)

General case. Having gone through the two simpler limits, we are prepared to determine
the marginal decay rates in the general case. Integration over θ uses
Z 1
d cos θ
2
(4.25)
=
1/2
max{l, L}
−1 (l2 + L2 − 2l L cos θ)
which we note to be the same integral that computes the electrostatic potential of a charged
shell of radius L at radial location l.
Applying that to (4.13) we find the , l distribution
dΓ̄s = dls ()

2l dl
.
max{l, L}

(4.26)

Further integrations lead to the marginal distributions
(
2 − (/0s )1/2 0s ≤  ≤ E
dΓ̄s = ls () dls ()
(/0s )−1/2
 ≤ min{0s , E}
l dl
= 2 (l0 − l)
max{l, L}
(
1 2 3 − 3 xs + x2s
Γ̄s = l0
3
1/xs
where
0s :=

0 ≤ xs ≤ 1
1 ≤ xs

ks
.
(−2L2 )

(4.27)

(4.28)

and l0 was defined in (4.9).
We note that for given masses and conserved charges, the lighter the mass, the higher
the ejection rate and probability (this appears to hold also for three-body problems outside
the realm of physics). This can be seen as follows. First, Γs is monotonous in ks since
√
the distribution (4.13) is proportional to ks while its region (2.12) increases with ks .
Equivalently, this is seen by inspecting the expression for Γ̄s in (4.27) within each of the
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two ranges of xs . Secondly, for given masses, the lighter the escaper, the larger are both
α and µ of the binary and hence also ks . Combining the two monotonicities implies this
paragraph’s opening sentence.
For 0 ≤ xs ≤ 1 the average binary energy is
2 log x−1
s + xs
.
3 − 3xs + x2s

hi = 3 E

(4.29)

In the range 0 ≤ x ≤ 12, hi/E is a monotonous decreasing function, as can be confirmed
by plotting it [18].
The distribution of binary eccentricity is
3l 2
L2
0
2
dx  x − x3 xs ≤ x ≤ 1
dΓ̄ =
=
6 2 3
l
0
≤
x
≤
min{x
,
1}
s
L 0

=


√
e de 

1
1−e2



3 l02 −

3 2

3
L l0

L2
1−e2



0 ≤ e ≤ es
(4.30)
es ≤ e ≤ 1

where the first expression is in terms of the x variable, where the expression is simpler,
p
and the second is in terms of e with es := 1 − x2s .
All quantities in the general case can be seen to restrict correctly in the two previously
discussed limits, and all expressions for Γ̄s can be converted to differential decay rates
through (4.12).

5

Discussion

The main result of this paper is a statistical prediction for the outcome of three-body
motion. Fig. 3 provides a schematic description of the system, and the associated equation
system of statistical evolution appears in (2.35). The differential decay rate, an essential
ingredient of the equation system, is reduced in an exact way into three factors (2.25)
• The flux, given in closed-form in (2.20),
• The emissivity≡absorptivity, defined in (2.23), which is bounded to lie in the range
0 ≤ E ≤ 1,
• The regularized phase-volume, defined in (2.26-2.30), which serves as a normalization.
The prediction provides both the outcome statistics and the decay time statistics.
Unlike previous treatments, the analysis is based on the notion of the flux, it is cutoff
independent, it does not contain a spurious parameter, and Delaunay elements were not
used. Moreover, it significantly improves the agreement with numerical data.
Future research. The predictions of section 4 are in the process of being tested against
statistics from a large number of numerically integrated trajectories. The results will
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hopefully appear in a companion paper. So far the simulated results show good agreement
with (2.37,4.11) and outperform previous approaches (see noted added at the end of
this section). It might be worth pointing out that agreement is reached even though
each of the two methods, the statistical prediction and the numerical integration, requires
altogether different calculations and concepts.
A study of σ̄ is in progress. As a result of the above-mentioned reduction, the problem
is reduced to the study of E, which is bounded and presumably simpler.
This study assumes the ergodic approximation which is necessarily imperfect given
that the system is open. It would be interesting to quantify the associated error and, if
relevant, to develop corrections to it.
Possible implications for other problems have not been overlooked. In particular, this
work should easily generalize to the electrostatic three-body problem. In that case negative
total energy implies that the charges cannot all have the same sign, and the escaper can
only be one of the two identical sign bodies.
In conclusion, the three-body problem is one of the richest and longest standing problems in physics. Since Poincaré it was believed to be unsolvable as long-term predictions
are impossible due to its chaotic nature. However, a prediction in probability is possible,
and the author believes that this work is an essential ingredient of the statistical theory
envisioned in [11].
Note added in review process. During the time since the paper was submitted, a test against numerically integrated trajectories has appeared in [38],
which provides strong evidence for the correctness of the statistical reduction
introduced in this paper.
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