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Physics. — “On the Enerqy of the Gravitation Field in BiNsTiiN's
Theory.” By Dr. Guxnar Nozpsrrinm. (Communicated by Prof.
H. A. Lorenrz.)

(Communicated in the meeting of Januay 26, 1918.)

In a preceding paper we considered some general theorems derived
from Rinserin’s gravitation theory, and especially a field with spherical

symmetry.") Referring to this paper, which in the following will be.

denoted by a Roman I, the energy of the gravitation field will now
be calculated, according to HiNsTmN's conception viz. charnc¢terized
by the quantity ¢,* *) from formula (10) I In order to obtain a
result that holds for an electric field too, [ shall first caleulate the
gravitation field of an electric centre,

§ 1. The field of an electric centre.

The gravilation fleld of an eleciric body can be calenlated by the
aid of the variation principle in the form ()1 or (1)1, if only we
keep in mind that the electro-magnetic field gives an additive con-
tribution to Hamiuron’s function MM,

We put ‘

M =M 4 M), . . . . ... (D)

where M@ refers to the electro-magnetic field, M (o the matier
(in a limited sense). Wor M we have*)

1 e a ’ ) Yy, 6 il O 1, l
Mile) — 8.,«- ‘/ -y _}_:‘,'l!,v.‘u {/ﬂu (7‘3 — ((/ ) (IC,M ‘(/J/‘ ) - U > e e, (2)

x o Oy, darg ) \Oa, Oy .

where « indicates the components of the 4 dimensional potential,
w, the components of the 4 dimensional electric current.

When (he field is stationary and all eclectric charges at rest,
we have
¢, == (p, == ip, = 0, W' = 1w = = 0.
) G. NompsrroM, “On the mass of a material system according to the
gravitation theory of Emnsrein, These Proceedings, XX, 1917, p, 1076.

2) [t will be known that a different conception of the gravitation theory has been
enuncialed by H. A. Lorentz,

8). ), TrusLiNg, These Proceedings XIX, p. 892

A. D, Foxrrr, These Proceedings XIX, p. Y68.
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We put
P, =@, Wt = .

@ indicates then the eleciro-static potential, ¢ the density of the
electricity. Further we assume, that the field possesses spherical

symmetry and choose the time coordinate so that ¢4 =0. We then

have V' —¢ =wwp*, aud for M we find the following expression,
the validity of which is seen most simply for a point on one of the
axes of coordinates, bui which must be generally valid as e
depends on 7 only and not on the direction from the centre,
, P dyr\?
Mmle) o= A 4 Sqe . . .. {8)
4o
For the integral of M over a 4 dimensional extension of a fitly
chosen form we obtain

g
‘f f fﬁ)?‘"«'! da, dw, duwy da, == 4 (t,—t)) J‘m(“)')" dry o o . (4)
AW A P Y ‘rl
wlere
1‘2 ’? .| 1 a
im Jsf.\?(“) M dr = l khf‘? d (("/) 4 Bagqor i dr. . (4a)
. . L dr
1 ry

The laws for the electric field we found by variation of ¢, while
w, w, p, ¢ were kept constant. As the expressions for &* and Mm do
not contain ¢, we obtain by this variation

2.8 ]
g & (T
dr \ 1w do

) cBrprt=10

The integration gives

< dip dp M

= (1),

wio e (7)
we  dr

dr T p’ m T (6)
where ¢() denotes the total charge in o sphere wilh rvadius 7.
Outside the body e() is constant and equal to the total charge
of the body.

As in the infinite w has the value ¢ (see 1 p. 1079), we easily
see that ¢ and ¢ are its charge and density in electro-magnetic units,
¢ on the contrary the potential in electro-static units.

Now we shall calenlate the gravitation field. This caleulation can
be made with the aid of formulae (38) I. Then we must first calcn-
late the stress-energy-tensor for the electro-magnetic field by replacing
M in formula (21 by M and by introducing the expression (2).
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We shall however shorlen the calculation by application of the -

variation principle in the form (28)I. In these variations we must
keep @ and ¢ constant and vary w, w and v=rp. On the right-
hand side of (2R)I we have of course to introduce M = MAe) = M),
so that this form is split up into two pavts which we shall consider
separately. [irst we consider the part containing M@,  "We then
obtain, attending to (4a) and (5),

d ,~ 2,,2 1
i d 55‘? (e) p? (lp == f 3 ( (p) (v )( dr = — e d (—zL) dr,
ww o v W

H3Y
1y

g
f Mo ar= ("0 ( " " Ny L (8
4 q* \ u v w -

7y 1

As to the part containing M™ we still have our former formula
(86) 1, if only we keep in mind that, ™ being replaced by M, &
gets the significance of a stress-energy-tensor for the matter, if the
electric field is considered as not belonging to the matter. In this
§ T will keep this altered significance.

Considering the equation (31)1 and (6) together with (36)1, in
which ) has been introduced instead of M, we obtain for the
variation formula:

.

V]
dr = uf

wv'? 4 200 W

- nwe the
ad BRI, PLE: A AR
(f .ou e (4.7!‘1] l ) u 1
. Y ' ™ . (7)
uw e* Coon v uwe dJw
+ 2 (—-— [i“g;;’; + 29 \‘.i, ) ;— ‘]L (4—;~ —"{ 2?' @4 > — 1 dr,

Executing the variations we find the following set of equations,
which take the place of the set (38) 1

wu' - 2 v'n' ® [ uwe?
— : . ._l. 'w:-n_ P +

u 8 v?

wy' - o' 4o

- ‘ , Lu % ww e .
— 4 W' )= == | s 2 LS (8)

w . u v 8mv
20 v - o' W % uw e .
R —} w20 — = —| s G T}
u w' w \8mv?

These - equations determine the gravitation field, when the tensor .

T for the matter and the distribution of the electvicily are given?).

1) Comparing this set of equations with (38)1 we see from the right-hand sides
of (8), how the components of the siress-encrgy-tensor for the electro-magnetic
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We shall calenlate the field oulside the electric body where we have
Y 4
% = iﬁ; '—'—'——-"EIL =0,
¢ == constant.

In order to execute the calevlation of the fleld we must fix the
system of coordinates and we do this by putting the condition

p="1 vie. v=2». . . . . . . (9
Introducing this in (8), the last equation divided by — u gives

1 ' % ¢

B PR

1w? 6 Ba »?

d [r 1 % e’
dr\wt) T 8am’

By integration we obtain

P 2 el

A O
o 8x r

where « is an integration constant. To simplify the formnlae we put

xez_;_ . (10)
‘ é”-—ﬁ . . . . B . . . .
and find
1 [ 3
B T (41
U ' r e

.

This formula expresses v as a funclion of ». An expression for
w gives us the first formula (8). 1f in that formula we introduce

o ) .
the expression found for - and reverse the sign, we oblain

u
a8 g*
(o + 20w 1 — = = —w .
L 2
A simple calculation gives ‘
H
« E .
/ aTTE
w0 7 »
w o a &
P P
roo?

On the right-hand side the.numerator is just the devivative of the

field can be expressed by e, u,,p, and the coordinates. We find that in the
‘ ww € : g2
R A S RS " o A e o S: T
electro-magnetic field .+ 8 gt b corresponds o r and @4, Gt 7 to ‘Il: or

the diagonal sum of the componenis we find identically zero.




1242

denominator, so that integrating, and choosing the integration constant
in such a way that in the infinite * has the value ¢*, we find

w=_—_—.c’(1_~‘i+8—’). 6 0]
” r

So we have calculated the gravitation field. COXhl)al'ing (11) and
(12) we obtain

wWw=c ... . . .. . . . (13
and further we find (comp. I note on p. 1087)
V_g=c¢ . . . . . . . . . (14).

Because of (10) & determines the electric charge of the body. The
constant « determines the mass of the body. Formula (50) T gives
namely

4 «
m =

(15)
%

The same expression for m has been deduced in I p. 1087 for
the case ¢==1. Now we see that this expression also holds when
the unit of time has been chosen in another way. ‘ '

We obtained the relation (15) by application of formula (50) I,
where we assumed, that the malter has a finite extension. If the
electro-magnetic field is reckoned to the wmaller as is done in I,
the matter has, strictly speaking, an infinite extension. This has
however no influence on the validity of formula (50) 1 in the case
in question. The quantities of the electric field approach nawmely
sufficiently to zero, when' the distance from the cenire increases.

We may ask on what conditions ¢,, == w* can become zero
and negative. According to (12) u* becomes then infinite resp.
negative. The expression (12) shows that outside the hody

@ o«
w? == for r=-=%x|/" - — g,
2 4

For smaller values of r® is negative.
Only when

“> e

w? hecomes therefore zero and negative for real values of ». If on
2

u .
the contrary e’>~4~, then ' and 2

are everywhere finite and

positive. Then we may very well assume the mass and the charge
to be concentrated in a wathematical point.
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§ 2. The energy of the gravitation field.

In this § we shall calculate the distribution of the energy in a
gravitation field with spherical symmetry viz. we shall calculate the
quantity ¢ in such a field. The body which excites the field may
also be electric. Our calculation be based upon the formulae (17)
and (13) I, which give

xt4, __ng30+2 = 9%,

T My

._....(16)

We suppose Ew to be given as a function of ». When we can

calculate the vector A we find from thlq formula also t,*. We shall
deduce an expression for A, which holds at a point of the X, axis
(v, = a, = 0), According to (B) 1 we have:
— 05 0 v 0y ™
Ny g V/—p Z (g gr — g7t ) (l" g P —~~:-’i~).
o o, ' Ow,  On, -

As in 1§38 we shall choose the time-coordinate, so that ¢,, = 0.
At o point of the X, we have because of {(33) 1 and (25) I:

1
{}11 —_— _.la, ‘{)“ :.1/“ o 2,);, yw —_ !/1: — !]-za — 0,
u
(17)
O(/l‘ﬂ ()(]” I 2 2 0/, O"aa ¢ )
- e (W (LI 4 LY, GV
().1,' - aa, r (=7 O,  Ow, re

As to the caleulation of A, we fiest remark that the terms of the
summalion for which o= give a contribution zero. In order that
a ferm may give a contribution different from zero, either o or p
has to be equal fto 1, while the other two of the three indices

o, n, » must be equal.
=1, a=v=f=1 gives for ¥, the contribution:

— 05 dg
11 [ e ¥ AL
L Vi—g.9 (g 0w, ().'v,)’

6=1, p=rv=}=1 gives the contribution :
— f)f’f}) gt 9944

dg 0g 0

(R0 IR LY I A AL R B L 0 I
—4V=0 g !{} (2 0z, d.’l,,) ;+ 7 ( Oz,  Oa, 0w,
The two contributions logethcr g'lve U,. Introducing the expres-

sions (17) wé obfain for U, =
! 2 9 ‘g t
AL L ( wzz_u>~gzz_._’i’., C.a8)

17 W W

For a point on the X, axis, tlie right-hand side is equal to ¥,.
If we consider a point not on the X, axis, the same expression
holds for the radial component ..
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Formula (18) holds for each system of coordinates in which the
spherical symmetry is taken into consideration, if only the time-
coordinate is chosen so that g,, == 0. If e specialize the system
of coordinates by putting p =1, then the expressions (11) and: (12)
ave valid outside the body and for w and w we obtain :

2¢ /a0 &* « RN
Ny e=ro [ ~——— | —¢ »;v~2
r\r 2] P Pt

Because of the spherical symmetry we have, of course, for the
components of A in the directions of the axes of coordinates in space

. (19

de CO
Wp == — —, r=1,238 . . . . . (19a)

”r P

Making up the divergency we obtain
5 2
r Oax

=0, . . . . . . . . (20

and formula (16) gives
fh = - &2@4.
Outside the body the right-hand side is zero and therefore also

b = >R . oL (2))
If the system of coordinates is chosen so that p = 1), the
gravitation  field has  everywhere outside the body the densitg/' of
enerqy zero. This is also true when the body is electrically charged,
because for the electro-magnetic field the sum of the diagonal compo-
nents of the stress-energy-tensor is equal to zero (see the note on
p. 1087).
Now we may ask whether the other stress-energy-components 2,* for
the {,mvlmhon field are also equal to zero. This is suggested by
formula (17) I, which gives

2t——0

That really all t,” are zero in systems of coordinates for which
p=1 is easily proved with .the aid of formula (5 2) of FEinsTEIN,
Grundlage. The details will be left here aside.?)

1) Then we have also V' —¢ = ¢ as has been proved in § 1
" 2) For a non-electric centre E. ScHrODINGER has meanwhile proved this too: E,
ScerODINGER, Die Enelglekomponenten des Gravilationsfeldes. Phys. Zeltschr. 19,
1918 p. 4. (Remark in the proof.)

e? "
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If o system of coordinates is chosen for which p=j=1, both t,’
and the other t,” are different from zero. Emstmin deduced approxi-
mated values for the f,” in a system of coordinates in which the
velocity of the light is independent of the direction of propaga-
tion'), and these expressions show that the t,” are not zero. In this
case t,’ can also be calculated by means of formulae (16) and (18).
For that system of coordinates in which the velocity of light is in-
dependent of the divection of propagation, we have according to
Drostr®) for u, p, w outside the body ‘

o

G 2
u:p.—:(l-{—ﬁ), w=1 = —— e, (22)

(5)

These expressions can be infroduced into (18). The further cal-
cnlation will not be given here. ' 4

The property of the components t,” that they can be made to
vanish by a trausformation of coordinates when the field possesses
spherical symmetry, is evidently connected with the circumstance,
that not for every (ransformation of coordinates these guaniities
behave like tensor-components. It is vemarkable, that the change of
- the system of coordinates, necessary lo make the components t,”
vanish iy undetectably small for really existing gravitation fields.
CThis civeumstance renders the conception of the quantities t,” as
stross-energy-components somewhat less sympathie, and snpports the
conception of the gravitation energy enunciated by Lorunrz. Whatever
may be however our opinion on this subject we have no ground (o
banish the quantities t,” from Einsrsin’s gravilation theory. As is
evident from our considerations in T § 2, several general theorems
may be derived in a simple way with the aid of these quantities.

) A. Ensreny, Niherungsweise Integration der Feldgleichungen der Gravitalion,

Berl. Ber. 1916, p. 688.
%) Drosre, Hel zwaartekrachisveld, p. 20, equation (31).

Proceedings Royal Acad., Amsterdam. Vol. XX,




