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Abstract. We consider several variants of SU(3) partial dynamical sym-
metry in relation to quadrupole shapes in nuclei. Explicit construction
of Hamiltonians with such property is presented in the framework
of the interacting boson model (IBM), including higher order terms,
and in its proton–neutron extension (IBM-2). The cases considered
include a single prolate-deformed shape with solvable ground and γ
or β bands, coexisting prolate-oblate shapes with solvable ground
bands, and aligned axially-deformed proton–neutron shapes with solv-
able symmetric ground and γ bands and mixed-symmetry scissors and
γ bands.

1 Introduction

Symmetries play a key role in nuclei by providing quantum numbers for the classifica-
tion of states, determining spectral degeneracies and selection rules, and facilitating
the calculation of matrix elements. Models based on spectrum generating algebras
form a convenient framework to study their impact and have been used extensively in
nuclear spectroscopy. Notable examples include Elliott’s SU(3) model [1,2], symplec-
tic model [3], pseudo SU(3) model [4], monopole and quadrupole pairing models [5],
interacting boson models for even-even nuclei [6] and boson-fermion models for odd-
mass nuclei [7]. In such models, the Hamiltonian is expanded in elements of a Lie
algebra (Gdyn), called the dynamical (spectrum generating) algebra, in terms of which
any operator of a physical observable can be expressed. A dynamical symmetry (DS)
occurs if the Hamiltonian can be written in terms of the Casimir operators of a chain
of nested algebras [8], Gdyn ⊃G1 ⊃G2 ⊃ . . .⊃Gsym, terminating in the symmetry
algebra Gsym. In such a case, the spectrum is completely solvable and the eigen-
states, |λdyn, λ1, λ2, . . . , λsym〉, are labeled by quantum numbers which are the labels
of irreducible representations (irreps) of the algebras in the chain. A given Gdyn can
encompass several DS chains, each providing characteristic analytic expressions for
observables and definite selection rules for transition processes. An attractive feature
of such models is that they are amenable to both quantum and classical treatments.
The classical limit is obtained by introducing coherent (or intrinsic) states [9,10],
which form a basis for studying the geometry of algebraic models and their relation
to intuitive notions of shapes and excitation modes.
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A comprehensive framework for exploring the interplay of shapes and symme-
tries in nuclei, is provided by the interacting boson model (IBM) [6]. The latter
describes low-lying quadrupole collective states in nuclei in terms of N monopole (s)
and quadrupole (d) bosons, representing valence nucleon pairs. The model is based on
a spectrum generating algebra Gdyn = U(6) and a symmetry algebra Gsym = SO(3).
The Hamiltonian is expanded in the elements of U(6), {s†s, s†dm, d†ms, d†mdm′}, and
consists of Hermitian, rotational-scalar interactions which conserve the total number
of s- and d- bosons, N̂ = n̂s + n̂d = s†s+

∑
m d
†
mdm. The solvable limits of the IBM

correspond to the following DS chains,

U(6) ⊃ U(5) ⊃ SO(5) ⊃ SO(3) |[N ], nd, τ, n∆, L〉, (1a)

U(6) ⊃ SU(3) ⊃ SO(3) |[N ], (λ, µ),K, L〉, (1b)

U(6) ⊃ SU(3) ⊃ SO(3) |[N ], (λ̄, µ̄), K̄, L〉, (1c)

U(6) ⊃ SO(6) ⊃ SO(5) ⊃ SO(3) |[N ], σ, τ, n∆, L〉. (1d)

Here N,nd, (λ, µ), (λ̄, µ̄), σ, τ, L, label the relevant irreps of U(6), U(5), SU(3), SU(3),
SO(6), SO(5), SO(3), respectively, and K, K̄, n∆, are multiplicity labels. The result-

ing spectra of these DS chains with leading sub-algebras G1: U(5), SU(3), SU(3)
and SO(6), resemble known paradigms of nuclear collective structure: spherical
vibrator, prolate-, oblate- and γ-soft deformed rotors, respectively. Electromagnetic
moments and rates can be calculated with transition operators of appropriate rank.
For example, the one-body E2 operator reads

T̂ (E2) = eb[d†s+ s†d̃+ χ (d†d̃)(2)], (2)

where d̃m = (−1)md−m, and standard notation of angular momentum coupling
is used.

A geometric visualization of the IBM is obtained by an energy surface,

EN (β, γ) = 〈β, γ;N |Ĥ|β, γ;N〉, (3)

defined by the expectation value of the Hamiltonian in a coherent (intrinsic) state of
the form [11,12],

|β, γ;N〉 = (N !)−1/2[b†c(β, γ)]N |0 〉, (4a)

b†c(β, γ) = (1 + β2)−1/2[β cos γd†0 + β sin γ(d†2 + d†−2)/
√

2 + s†]. (4b)

Here (β, γ) are quadrupole shape parameters whose values, (βeq, γeq), at the global
minimum of EN (β, γ) define the equilibrium shape for a given Hamiltonian. The shape
can be spherical (β = 0) or deformed (β>0) with γ = 0 (prolate), γ = π/3 (oblate),
0<γ<π/3 (triaxial) or γ-independent. The equilibrium deformations associated with
the DS limits conform with their geometric interpretation and are given by,

U(5) : βeq = 0 nd = 0, (5a)

SU(3) : (βeq =
√

2, γeq = 0) (λ, µ) = (2N, 0), (5b)

SU(3) : (βeq =
√

2, γeq = π/3) (λ̄, µ̄) = (0, 2N), (5c)

SO(6) : (βeq = 1, γeq arbitrary) σ = N. (5d)
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The coherent state |βeq, γeq;N〉 (4), with the equilibrium deformations, serves as the
intrinsic state for the ground band and is a lowest (or highest) weight state in a par-
ticular irrep of the leading sub-algebra in each of the chains (1). The DS Hamiltonians
support a single minimum in their energy surface, hence serve as benchmarks for the
dynamics of a single quadrupole shape.

An exact dynamical symmetry (DS) provides considerable insights into complex
dynamics and its merits are self-evident. However, in most applications to realistic
systems, its predictions are rarely fulfilled and one is compelled to break it. More
often one finds that the assumed symmetry is not obeyed uniformly, i.e., is fulfilled
by some of the states but not by others. The need to address such situations, but
still preserve important symmetry remnants, has motivated the introduction of partial
dynamical symmetry (PDS) [13]. The essential idea is to relax the stringent conditions
of complete solvability so that only part of the eigenspectrum retains analyticity
and/or good quantum numbers. In the present contribution, we present an explicit
construction of Hamiltonians with the PDS property in the framework of the IBM,
with applications to nuclear spectroscopy. We focus the discussion on PDS associated
with SU(3) symmetry which, since the pioneering work by Elliott [1,2], has become an
essential ingredient in all shell-model inspired models of rotational motion in nuclei
and a central theme in nuclear physics [14].

2 Partial dynamical symmetry for a single shape

An algorithm for constructing Hamiltonians with a single PDS has been developed
in [15] and further elaborated in [16]. In the IBM, the analysis starts from a dynamical
symmetry chain,

U(6) ⊃ G1 ⊃ G2 ⊃ . . . ⊃ SO(3) |[N ], λ1, λ2, . . . , L〉 (βeq, γeq), (6)

with leading sub-algebra G1, related basis |[N ], λ1, λ2, . . . , L〉 and associated shape
(βeq, γeq). A number-conserving Hamiltonian with G1 partial symmetry is found by
writing it as an expansion in terms of G1-tensors

Ĥ =
∑
α,β

uαβT̂
†
αT̂β , (7)

which annihilate the states in a particular G1-irrep, λ1 = Λ0,

T̂α|[N ], λ1 = Λ0, λ2, . . . , L〉 = 0. (8)

Equivalently, T̂α annihilate the lowest or highest weight state of this irrep,

T̂α|[N ], λ1 = Λ0〉 = 0, (9)

from which the different L-states are obtained by projection. If λ1 = Λ0 is the
ground-state irrep, the extremal state of equation (9) coincides with the intrin-
sic state for the ground band, |βeq, γeq;N〉 (4), representing the equilibrium shape
(βeq, γeq). The G1-tensors in equation (7), involve n-boson creation and annihila-

tion operators with definite character under the chain (6). If both T̂α and the states
|[N ], λ1 = Λ0, λ2, . . . , L〉 span entire irreps of G1, then the condition (8) is satisfied if
their Kronecker product does not contain G1 irreps which belong to the [N−n] irrep
of U(6).
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In general, the Hamiltonian Ĥ of equation (7) is not invariant under G1, hence
most of its eigenstates are mixed with respect to G1. However, the normal-ordered
form (7) and the conditions (8)-(9), ensure that it has a subset of solvable zero-

energy eigenstates with good symmetry G1, implying G1 partial symmetry for Ĥ.
The degeneracy of these states is lifted, without affecting their wave functions, by
adding to Ĥ the Hamiltonian,

Ĥc =
∑

Gi⊂G1

aGiĈ[Gi], (10)

composed of the Casimir operators of sub-algebras of G1 in the chain (6). The states
|[N ], λ1 = Λ0, λ2, . . . , L〉 remain solvable eigenstates of the complete Hamiltonian,

ĤPDS = Ĥ + Ĥc = ĤDS + V̂0, (11)

which, by definition, has G1-PDS. The decomposition of equation (11) is referred to

as a resolution of the Hamiltonian into intrinsic (Ĥ) and collective (Ĥc) parts [17,18].
The former determines the energy surface (3) and band-structure, while the latter
determines the in-band rotational splitting. For specific choice of parameters, uαβ in

equation (7), Ĥ reduces to the Casimir operators of G1, which when combined with

Ĥc comprise the DS Hamiltonian (ĤDS). The PDS Hamiltonian (ĤPDS) can then

be written as ĤPDS = ĤDS + V̂0, where V0 contains the remaining terms in Ĥ. In
what follows, we review the SU(3)-DS limit of the IBM, construct Hamiltonians with
SU(3)-PDS and show their relevance to nuclear spectroscopy.

3 SU(3) dynamical symmetry including higher-order terms

The SU(3)-DS limit is appropriate to the dynamics of a prolate-deformed shape. Its
related chain, quantum numbers and equilibrium deformations are given by

U(6) ⊃ SU(3) ⊃ SO(3) |[N ], (λ, µ),K, L〉 (βeq =
√

2, γeq = 0). (12)

For a given N , the allowed SU(3) irreps are (λ, µ) = (2N−4k−6m, 2k) with k,m,
non-negative integers. The values of L contained in a given (λ, µ)-irrep follow the
SU(3) ⊃ SO(3) reduction rules [6] and the multiplicity label K corresponds geo-
metrically to the projection of the angular momentum on the symmetry axis. The
states |[N ], (λ, µ),K, L〉 form the (non-orthogonal) Elliott basis and the Vergados
basis |[N ], (λ, µ), χ̃, L〉 is obtained from it by a standard orthogonalization proce-
dure. The two bases coincide in the large-N limit. The generators of SU(3) are the
angular momentum operators, L(1), and the quadrupole operators, Q(2),

Q
(2)
m = d†ms+ s†d̃m − 1

2

√
7(d†d̃)

(2)
m , L

(1)
m =

√
10 (d†d̃)

(1)
m . (13)

The quadratic and cubic Casimir operators of SU(3) are given by

Ĉ2[SU(3)] = 2Q(2) ·Q(2) + 3
4L

(1) · L(1) (14a)

Ĉ3[SU(3)] = −4
√

7Q(2) · (Q(2) ×Q(2))(2) − 9
2

√
3Q(2) · (L(1) × L(1))(2), (14b)
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where the centered dot implies a scalar product and Ĉk[G] denotes the Casimir
operator of G of order k. The respective eigenvalues are

f2(λ, µ) = λ2 + µ2 + λµ+ 3λ+ 3µ, (15a)

f3(λ, µ) = (λ− µ)(2λ+ µ+ 3)(λ+ 2µ+ 3). (15b)

The SU(3) DS Hamiltonian involves a linear combination of Ĉ2[SU(3)], Ĉ3[SU(3)]

and Ĉ2[SO(3)] = L(1) ·L(1). The spectrum is completely solvable and resembles that
of an axially-deformed roto-vibrator composed of SU(3) (λ, µ)-multiplets forming
rotational bands with L(L+ 1)-splitting. The lowest irrep (2N, 0) contains the ground
band g(K = 0) of a prolate deformed nucleus. The first excited irrep (2N−4, 2)
contains both the β(K = 0) and γ(K = 2) bands. States with the same L in different
K-bands are degenerate.

Three-body terms allow an additional solvable symmetry-conserving operator,

Ω̂ = −4
√

3Q(2) · (L(1) × L(1))(2). (16)

This operator is constructed from the SU(3) generators, hence is diagonal in (λ, µ). It
breaks, however, the aforementioned K-degeneracy. A well-defined procedure exists
for obtaining the eigenstates of Ω̂ and corresponding eigenvalues 〈Ω̂〉 [19,20]. In
particular, for the irreps (λ, 0) and (λ, 2) with λ even, we have

(λ, 0) K = 0, L = 0, 2, 4, . . . , λ : 〈Ω̂〉 = (2λ+ 3)L(L+ 1), (17a)

(λ, 2) K = 2, L = 3, 5, 7, . . . , λ+ 1, λ+ 2 : 〈Ω̂〉 = (2λ+ 5)[L(L+ 1)− 12], (17b)

(λ, 2) K = 0, L = 0 : 〈Ω̂〉 = 0, (17c)

(λ, 2) K = 0, 2, L = 2, 4, 6, . . . , λ :

〈Ω̂〉 = (2λ+ 5)[L(L+ 1)− 6]± 6
√

(2λ+ 5)2 + L(L+ 1)(L− 1)(L+ 2). (17d)

The two eigenstates |(λ, µ), L,±〉 corresponding to the eigenvalues in equation (17d),
involve a mixture of K = 0, 2, Elliott states with the β band lying above the γ band.
Several works have examined the influence of the operator Ω̂ (16) on nuclear spectra,
within the IBM [20–22] and the symplectic shell model [23,24].

4 SU(3) partial dynamical symmetry for a single shape

According to Section 2, the method to construct Hamiltonians with SU(3)-PDS is
based on the identification of SU(3) tensors which annihilate states in a given SU(3)
irrep (λ, µ), chosen here to be the ground band irrep (2N, 0). The tensors involve
n-boson operators with definite character under the SU(3) chain (12),

B̂†[n](λ,µ)χ̃`m, B̃[n5](µ,λ)χ̃`m ≡ (−)m(B̂†[n](λ,µ)χ̃`,−m)†. (18)

The SU(3) tensor operators for n = 2, span the irrep (λ, µ) = (0, 2) and are given by,

B†[2](0,2)0;00 = 1
3
√

2
P †0 , B†[2](0,2)0;2m = 1

3
√

2
P †2m. (19)
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They are constructed of boson-pair operators with angular momentum ` = 0, 2,

P †0 = d† · d† − 2(s†)2, (20a)

P †2m = 2d†ms
† +
√

7 (d†d†)(2)
m . (20b)

The SU(3) tensor operators for n = 3, span the irreps (λ, µ) = (2, 2) and (0, 0),

B̂†[3](2,2)0;00 = 1
30W

†
0 , B̂†[3](2,2)2;2m = 1√

78
W †2m, B̂†[3](2,2)0;2m = 1√

910
V †2m,

B̂†[3](2,2)2;3m = 1√
30
W †3m, B̂†[3](2,2)2;4m = 1√

30
W †4m, B̂†[3](0,0)0;00 = 1

18Λ†, (21)

and are obtained by coupling s† and d†m to the n = 2 SU(3) tensors of equation (20),

W †0 = 5P †0 s
† − P †2 · d†, W †2m = P †0 d

†
m + 2P †2ms

†, V †2m = 6P †0 d
†
m − P

†
2ms

†,

W †3m = (P †2 d
†)(3)
m , W †4m = (P †2 d

†)(4)
m , Λ† = P †0 s

†+P †2 · d†. (22)

It should be noted that P †0 d
†
m+P †2ms

† = −
√

7
2 (P †2 d

†)
(2)
m andW †3m =

√
7(d†d†)(2)d†)

(3)
m .

The Hermitian conjugate of the operators in equation (20), P0 and P2m, transform
as (2, 0) under SU(3) and satisfy

P0 |[N ], (2N, 0),K = 0, L〉 = 0, (23a)

P2m |[N ], (2N, 0),K = 0, L〉 = 0, L = 0, 2, 4, . . . , 2N. (23b)

These relations follow from the fact that the action of the operators P`m leads to
a state with N−2 bosons in the U(6) irrep [N−2], which does not contain the
SU(3) irreps obtained from the product (2, 0) × (2N, 0). The indicated L-states in
equation (23) span the entire SU(3) irrep (λ, µ) = (2N, 0) and form the rotational
members of the ground band. They can be obtained by SO(3) projection from the
intrinsic state for the SU(3) ground band,

|g; (2N, 0)K = 0;N〉 = |βeq =
√

2, γeq = 0;N〉, (24)

defined as in equation (4) with the SU(3) equilibrium deformations and representing
a prolate-deformed shape.

The relations of equation (23) ensure that the Hermitian conjugate of all SU(3)
tensors in equations (19) and (21), P0, P2m, W`m, V2m, Λ, annihilate |g; (2N, 0)K =
0;N〉 and the corresponding L-projected states. By the procedure of equation (7), the
most general (2+3)-body Hamiltonian with SU(3) partial symmetry can be written
as,

Ĥ = h2 P
†
2 · P̃2 + h0 P

†
0P0 + ta0 Λ†Λ + tb0W

†
0W0 + tc0 (Λ†W0 +W †0 Λ)

+ta2 V
†
2 · Ṽ2 + tb2W

†
2 · W̃2 + tc2 (V †2 ·W̃2 +W †2 · Ṽ2) + t3W

†
3 ·W̃3 + t4W

†
4 ·W̃4, (25)

and has a subset of SU(3) basis states, |[N ], (2N, 0),K = 0, L〉, as zero-energy eigen-
states. Several SU(3)-preserving interactions are contained in the expression (25).
Specifically, the (integrity basis) term,

Ω̂− (4N̂ + 3)L(1) · L(1) = 2(N̂ − 2)P †0P0 − 2(2N̂ − 1)P †2 · P̃2 + 2Λ†Λ

−2(Λ†sP0 + P †0 s
†Λ) + 2W †2 · W̃2 + 4W †3 · W̃3, (26)
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and the following SU(3)-scalar terms,

θ̂2 ≡ −Ĉ2[SU(3)] + 2N̂(2N̂ + 3) = P †0P0 + P †2 · P̃2, (27a)

(N̂ − 2)θ̂2 = 6

5
∑
[χ̃;L]

B†[3](2,2)χ̃;L · B̃[35](2,2)χ̃;L + 9B†[3](0,0)0;0B̃[35](0,0)0;0

 , (27b)

Ĉ3[SU(3)] + (2N̂ + 3)
[
3θ̂2 − 2N̂(4N̂ + 3)

]
= 2Λ†Λ. (27c)

The three terms in equation (27) are related to the Casimir operators of SU(3),
equation (14), hence are naturally included in the dynamical symmetry Hamiltonian.
Allowing N -dependent coefficients, the latter can be transcribed in the form,

ĤDS = h1 Λ†Λ + h2 θ̂2 + C Ĉ2[SO(3)]. (28a)

EDS = [h2 + 3
2h1 (2N + 3)] [−f2(λ, µ) + 2N(2N + 3)]

+ 1
2h1 [f3(λ, µ)− 2N(2N + 3)(4N + 3)] + C L(L+ 1). (28b)

The SU(3)-PDS Hamiltonian can then be written as in equation (11),

ĤPDS = ĤDS + h3 P
†
0P0 + h4P

†
0 s
†sP0 + h5

(
Λ†sP0 + P †0 s

†Λ
)

+h6W
†
2 · W̃2 + h7W

†
3 · W̃3 + h8 s

†P †2 · P̃2s. (29)

In general, ĤPDS (29) does not preserve SU(3) yet, by construction, for any choice
of parameters, it has a solvable ground band with good SU(3) symmetry,

g : |[N ], (2N, 0),K = 0, L〉 L = 0, 2, 4, . . . , 2N (30a)

EPDS = CL(L+ 1). (30b)

For specific choices, additional solvable states are obtained. One class of SU(3)-PDS
Hamiltonians is obtained by choosing in equation (29) the h3, h4, h5 terms, involving

the operators P †0 (20) and Λ† (22). P0 satisfies equation (23a) and in addition,

P0 |[N ], (λ, µ) = (2N − 4k, 2k),K = 2k, L〉 = 0, L = K,K + 1, . . . , (2N − 2k). (31)

For k > 0, the indicated L-states span only part of the SU(3) irreps (λ, µ) = (2N −
4k, 2k) and form the rotational members of excited γk(K = 2k) bands. This result
follows from the fact that P0 annihilates the intrinsic states of these bands,

|γkK=2k; (2N − 4k, 2k)K = 2k);N〉 =

√
3k(2N−4k+1)!!
k!(2N−2k+1)!! (B†γ,2)k |g;N − 2k〉, (32)

where B†γ,2 = 1
3
√

2
P †2,2 and |g;N − 2k〉 is obtained from equation (24). The operator Λ

transforms as (0, 0) under SU(3) and annihilates all states in the irreps (2N −4k, 2k),

Λ |[N ], (2N − 4k, 2k),K, L〉 = 0. (33)

This result follows from the fact that the U(6) irrep [N − 3] does not contain SU(3)
irreps obtained from the product (0, 0)×(2N−4k, 2k). The relations in equations (31)
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Fig. 1. Observed spectrum of 168Er compared with SU(3)-DS and SU(3)-PDS calculations.

The latter employ ĤDS (28a) and ĤPDS (34) with h2 = 4, C = 13, h3 = 4 keV (other hi = 0)
and N = 16. Adapted from [25].

and (33) ensure that the following Hamiltonian,

ĤPDS = ĤDS + h3 P
†
0P0 + h4 P

†
0 s
†sP0 + h5

(
Λ†sP0 + P †0 s

†Λ
)
, (34)

has solvable ground band g(K = 0), equation (30), and γk(K = 2k) bands with good
SU(3) symmetry,

(γk)K=2k : |[N ], (2N − 4k, 2k),K = 2k, L〉 L = K,K+1,K+2, . . . , (2N−2k), (35a)

EPDS = h2 6k(2N − 2k + 1) + CL(L+ 1). (35b)

The remaining eigenstates of ĤPDS , in particular, members of the β(K = 0) band,
are mixed.

The experimental spectra of the ground g(K = 0), γ(K = 2) and β(K = 0) bands
in 168Er is shown in Figure 1, and compared with an exact DS and PDS calcula-
tions [25], employing the Hamiltonian (34). The SU(3) PDS spectrum is clearly seen
to be an improvement over the exact SU(3) DS description, since the β-γ degeneracy
of the latter is lifted. The ground and gamma are still pure SU(3) bands, but the beta
band is found to contain 13% admixtures into the dominant (2N − 4, 2) irrep [26].
Since the wave functions of the solvable states are known, one has at hand analytic
expressions for matrix elements of observables between them [27]. The E2 opera-

tor (2), can be transcribed as T̂ (E2) = αQ(2) + θ(d†s + s†d̃), with Q(2) defined in
equation (13). Since the solvable ground and gamma bands reside in different SU(3)
irreps, Q(2) as a generator, cannot connect them and, consequently, B(E2) ratios
for γ → g transitions do no depend on the E2 parameters (α, θ) nor on parameters
of the PDS Hamiltonian (34). Overall, as shown in Figure 2, these parameter-free
predictions of SU(3)-PDS account well for the data in 168Er [25,28]. Similar evidence
for this type of SU(3)-PDS has been presented for other rare-earth and actinide
nuclei [28–30], suggesting a wider applicability of this concept.

Another class of Hamiltonians with SU(3) PDS is obtained by choosing the h6, h7

terms in equation (29), involving the operators W †2m and W †3m (22). W`m (` = 2, 3)
annihilate the states of the ground band, |[N ], (2N, 0),K = 0, L〉, and in addition
satisfy,
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Fig. 2. Comparison of the SU(3)-PDS parameter-free predictions with the data on the
relative B(E2;Lγ → L) values for γ → g E2 transitions in 168Er. Adapted from [28].

W`m |[N ], (λ, µ) = (2N − 4, 2),K = 0, L〉 = 0, L = 0, 2, 4, . . . , (2N − 4). (36)

The indicated L-states span part of the irrep (2N − 4, 2) of SU(3) and comprise the
β(K = 0) band. This result follows from the fact that W`m annihilate the intrinsic
state of this band,

|β;N〉 =
√

3
2N−1 B

†
β |g;N − 2〉 , B†β = 1

3
√

6
(
√

2P †0 − P
†
2,0), (37)

where |g;N − 2〉 is obtained from equation (24). This property ensures that the
following Hamiltonian [31],

ĤPDS = ĤDS + h6W
†
2 · W̃2 + h7W

†
3 · W̃3, (38)

has a solvable ground band g(K = 0), equation (30), and a solvable β(K = 0) band,

β : |[N ], (2N − 4, 2),K = 0, L〉 L = 0, 2, 4, . . . , 2N (39a)

EPDS = h2 6(2N − 1) + CL(L+ 1). (39b)

Other bands, in particular the γ band, are mixed. For the special case, h7 = 2h6,
ĤPDS (38) has additional solvable states, |[N ], (2N − 4, 2),K = 2, L〉 with L =
3, 5, 7, . . . , (2N − 3), 2N − 2, and energy h2 6(2N − 1) + h6 3[8(N − 1)2 − L(L+ 1)],
a result obtained by combining equations (17b) and (26).

A comparison, in Figure 3, of the experimental spectrum of 156Gd with an
SU(3)-DS calculation, shows a good description for properties of states in the ground
and β bands, however, the resulting fit to energies of the γ-band is quite poor. The
latter are not degenerate with the β band and, moreover, display an odd-even stag-
gering with pronounced deviations from a rigid-rotor L(L+1) pattern. This effect can
be visualized by plotting the quantity Y (L), defined in the caption of Figure 4. For
a rotor this quantity is flat, Y (L) = 0, as illustrated with the SU(3) DS calculation,
which is in marked disagreement with the empirical data. In the PDS calculation, the
gamma band contains 15% SU(3) admixtures into the dominant (2N − 4, 2) irrep and
the empirical odd–even staggering is well reproduced [31]. The PDS results for the γ
band are obtained without affecting the solvability and SU(3) purity of states in the
ground and beta bands. Since the wave functions of the latter states are known, one
has at hand analytic expressions for E2 transitions between them [27], that can be
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Fig. 3. Observed spectrum of 156Gd compared with SU(3)-DS and SU(3)-PDS calcula-

tions. The latter employ ĤDS (28a) and ĤPDS (38) with h1 = 0, h2 = 7.6, C = 12.0, h6 =
−0.23, h7 = 1.54 keV and N = 12. Adapted from [31].

Fig. 4. Observed and calculated (SU(3)-DS and SU(3)-PDS) odd-even staggering of the γ

band in 156Gd. Here Y (L) = 2L−1
L
× E(L)−E(L−1)

E(L)−E(L−2)
− 1, where E(L) is the energy of a γ-band

level with angular momentum L. For SU(3)-DS, Y (L) = 0, as expected of a rigid rotor.
Adapted from [31].

Table 1. Observed and calculated B(E2) values in 156Gd. For both the SU(3) DS and
PDS calculations, the parameters of the E2 operator, equation (2), are eb = 0.166 eb and
χ = −0.168 [31]. The indicated ranges in the experimental B(E2) values for transitions from
the β band, reflect uncertainties in the lifetime measurements [32].

Lπi Lπf Experiment PDS Lπi Lπf Experiment PDS

2+
1 0+

1 0.933 25 0.933 0+
β 2+

1 0.021 → 0.055 0.034

4+
1 2+

1 1.312 25 1.313 2+
β 0+

1 0.0028 → 0.0057 0.0055

6+
1 4+

1 1.472 40 1.405 2+
β 2+

1 0.016 → 0.031 0.0084

8+
1 6+

1 1.596 85 1.409 2+
β 4+

1 0.018 → 0.037 0.020

10+
1 8+

1 1.566 70 1.364 4+
β 2+

1 0.0047 → 0.011 0.0067

4+
β 4+

1 0.0098 → 0.022 0.0067

4+
β 6+

1 0.0080 → 0.018 0.021

4+
β 2+

β 1.00 → 2.19 0.951

used to test the SU(3)-PDS. As shown in Table 1, recent measurements of lifetimes
for E2 decays from states of the β-band in 156Gd [32], confirm the PDS predictions.
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Fig. 5. Energy surfaces accommodating (a) a single minimum, associated with single G1-DS
or G1-PDS; (b) double minima, associated with coexisting G1-PDS and G′1-PDS.

5 Multiple partial dynamical symmetries and shape coexistence

Coexistence of different shapes in the same nucleus is a ubiquitous phenomenon,
known to occur widely across the nuclear chart [33]. It entails the presence in the
spectrum of several states (or bands of states) at similar energies with distinct
properties, reflecting the nature of their dissimilar dynamics. In the shell model
description of nuclei near shell-closure, this phenomena is attributed to the occurrence
of multi-particle multi-hole intruder excitations across shell gaps. In a mean-field
based approach, the coexisting shapes are associated with different minima of an
energy surface calculated self-consistently. The relevant Hamiltonians contain com-
peting terms with different tendencies, resulting in a shape-phase transition in which
the two minima cross and the underlying configurations interchange their roles.

From an algebraic perspective, the dynamics of a single shape is associated with
a single dynamical symmetry, either exact or partial. The corresponding DS or PDS
Hamiltonians support a single minimum in their energy surface at particular defor-
mations. In a similar spirit, multiple shapes are associated with different dynamical
symmetries (denoted by G1, and G′1 in Fig. 5). The relevant Hamiltonians support
multiple minima in their energy surface at particular deformations and mix these
incompatible (non-commuting) symmetries. In such circumstances, exact DSs are
broken, and any remaining symmetries can at most be partial, i.e., shared by only
a subset of states. To explore such scenarios of persisting symmetries in relation to
shape coexistence, requires an extension of the PDS algorithm of Section 2, to encom-
pass a construction of Hamiltonians with several distinct PDSs [34–36]. We focus on
the dynamics in the vicinity of the critical point, where the corresponding multiple
minima in the energy surface are near-degenerate and the structure changes most
rapidly.

For that purpose, consider two different shapes specified by equilibrium deforma-
tions (β1, γ1) and (β2, γ2) whose dynamics is described, respectively, by the following
DS chains

U(6) ⊃ G1 ⊃ G2 ⊃ . . . ⊃ SO(3) |[N ], λ1, λ2, . . . , L〉 (β1, γ1), (40a)

U(6) ⊃ G′1 ⊃ G′2 ⊃ . . . ⊃ SO(3) |[N ], σ1, σ2, . . . , L〉 (β2, γ2), (40b)

with different leading sub-algebras (G1 6= G′1) and associated bases. As portrayed
in Figure 5, at the critical point, the corresponding minima representing the two
shapes, and respective ground bands are degenerate. Accordingly, we consider an
intrinsic critical-point Hamiltonian as in equation (7), Ĥ =

∑
α,β uαβT̂

†
αT̂β , but now

require the operators T̂α to satisfy simultaneously the following two conditions,
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T̂α|[N ], λ1 = Λ0, λ2, . . . , L〉 = 0, (41a)

T̂α|[N ], σ1 = Σ0, σ2, . . . , L〉 = 0. (41b)

The states of equation (41a) reside in the λ1 = Λ0 irrep of G1, are classified according
to the DS-chain (40a), hence have good G1 symmetry. Similarly, the states of equa-
tion (41b) reside in the σ1 = Σ0 irrep of G′1, are classified according to the DS-chain

(40b), hence have good G′1 symmetry. Equivalently, T̂α annihilate the extremal states
of both irreps,

T̂α|[N ], λ1 = Λ0〉 = 0, (42a)

T̂α|[N ], σ1 = Σ0〉 = 0, (42b)

from which the different L-states are obtained by projection. Although G1 and G′1
are incompatible, both sets of states in equations (41) are eigenstates of the same

Hamiltonian. In general, Ĥ itself is not necessarily invariant under G1 nor under G′1
and, therefore, its other eigenstates can be mixed with respect to both G1 and G′1. If
λ1 = Λ0 and σ1 = Σ0 are the ground-state irreps of G1 and G′1, the extremal states
of equations (42) coincide with the intrinsic states |β1, γ1;N〉 and |β2, γ2;N〉, equa-
tion (4), of the two ground bands, representing the equilibrium shapes (β1, γ1) and
(β2, γ2), respectively. Identifying, as in equation (10), the collective part of the Hamil-

tonian (Ĥc), with the Casimir operators of the algebras which are common to both

chains (40), in particular Ĉ2[SO(3)], the two sets of states in equations (41) remain
(non-degenerate) eigenstates of the complete critical-point Hamiltonian which has the

form as in equation (11), ĤPDS = Ĥ + Ĥc = ĤDS + V̂0. The latter, by construction,
has both G1-PDS and G′1-PDS. In what follows, we apply the above procedure to a
case study of coexisting axially-deformed shapes with multiple PDSs.

6 SU(3) partial dynamical symmetry and prolate-oblate
coexistence

The DS limits appropriate to prolate and oblate shapes correspond, respectively, to
the chains [6],

U(6) ⊃ SU(3) ⊃ SO(3) |[N ], (λ, µ),K, L〉 (βeq =
√

2, γeq = 0), (43a)

U(6) ⊃ SU(3) ⊃ SO(3) |[N ], (λ̄, µ̄), K̄, L〉 (βeq =
√

2, γeq = π/3). (43b)

The two chains have similar properties, but the classification of states is different.
For a given N , the allowed SU(3) irreps are (λ̄, µ̄) = (2k, 2N−4k−6m), with k,m,

non-negative integers, compared to (λ, µ) = (2N−4k−6m, 2k) for SU(3). The SU(3)
algebra involves the following quadrupole and angular momentum operators,

Q̄
(2)
m = d†ms+ s†d̃m + 1

2

√
7(d†d̃)

(2)
m , L(1) =

√
10(d†d̃)

(1)
m . (44)

The generators of SU(3) and SU(3), Q(2) (13) and Q̄(2) (44), and corresponding
basis states, |[N ], (λ, µ),K, L〉 and |[N ], (λ̄, µ̄), K̄, L〉, are related by a change of phase
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(s†, s)→ (−s†,−s), induced by the operator

Rs = exp(iπn̂s), n̂s = s†s. (45)

The quadratic and cubic Casimir operators of SU(3), Ĉ2[SU(3)] and Ĉ3[SU(3)], have
the form as in equations (14) with Q(2) replaced by Q̄(2) and eigenvalues f2(λ̄, µ̄)
and f3(λ̄, µ̄), equations (15). As previously mentioned, in the SU(3)-DS, the prolate
ground band g(K = 0) has (2N, 0) character and the β(K = 0) and γ(K = 2) bands

have (2N−4, 2). In the SU(3)-DS, the oblate ground band g(K̄ = 0) has (0, 2N)
character and the excited β(K̄ = 0) and γ(K̄ = 2) bands have (2, 2N−4). Henceforth,
we denote such prolate and oblate bands by (g1, β1, γ1) and (g2, β2, γ2), respectively.

Since RsQ(2)R−1
s = −Q̄(2), the SU(3) and SU(3) DS spectra are identical but the

quadrupole moments of corresponding states differ.
Following the procedure of Section 5, the intrinsic part of the critical-point

Hamiltonian, relevant to prolate-oblate coexistence, is constructed of operators which

annihilate both the SU(3) and SU(3) ground bands. Specifically, P †0 (20a), which is a

(0, 2) [(2, 0)] tensor under SU(3) [SU(3)] and W †3m (22), which is a (2, 2) tensor under
both algebras. These tensors commute with Rs (45) and satisfy,

P0 |[N ], (λ, µ) = (2N, 0),K = 0, L〉 = W3m |[N ], (λ, µ) = (2N, 0),K = 0, L〉 = 0, (46a)

P0 |[N ], (λ̄, µ̄) = (0, 2N), K̄ = 0, L〉 = W3m |[N ], (λ̄, µ̄) = (0, 2N), K̄ = 0, L〉 = 0, (46b)

with L = 0, 2, 4, . . . 2N . The states of equation (46a) comprise the SU(3) prolate

ground band (g1), projected from the intrinsic state, |βeq =
√

2, γeq = 0;N〉, equa-

tion (4). Similarly, the states of equation (46b) comprise the SU(3) oblate ground band

(g2), projected from the intrinsic state |βeq =
√

2, γeq = π/3;N〉. The latter deforma-

tions are equivalent to (βeq = −
√

2, γeq = 0), since the intrinsic states |β, γ = π/3;N〉
and | − β, γ = 0;N〉 are related by a rotation by Euler angles (π/2, π/2, π/2), hence
contain the same L-states. The resulting intrinsic Hamiltonian is found to be [35],

Ĥ = r0 P
†
0 n̂sP0 + r2 P

†
0 n̂dP0 + r3W

†
3 · W̃3. (47)

The corresponding energy surface, EN (β, γ) = N(N − 1)(N − 2)Ẽ(β, γ), is given by

Ẽ(β, γ) =
{

(β2 − 2)2
[
r0 + r2β

2
]

+ r3β
6(1− Γ2)

}
(1 + β2)−3. (48)

The surface is an even function of β and Γ = cos 3γ. For r0, r2, r3 ≥ 0, Ĥ is pos-
itive definite and Ẽ(β, γ) has two degenerate global minima, (β =

√
2, γ = 0) and

(β =
√

2, γ = π/3) [or equivalently (β = −
√

2, γ = 0)], at Ẽ = 0. β = 0 is always
an extremum, which is a local minimum (maximum) for r2 > 4r0 (r2 < 4r0), at

Ẽ = 4r0. Additional extremal points include saddle points at [β1 > 0, γ = 0, π/3],
[β2>0, γ = π/6] and a local maximum at [β3>0, γ = π/6]. The saddle points, when
exist, support a barrier separating the various minima, as seen in Figure 6. For large
N , the normal modes involve β and γ vibrations about the respective deformed
minima, with frequencies

εβ1 = εβ2 =
8

3
(r0 + 2r2)N2, (49a)

εγ1 = εγ2 = 4r3N
2. (49b)
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Fig. 6. Prolate-oblate shape coexistence. (a) Contour plots of the energy surface (48),

(b) γ = 0 sections, and (c) bandhead spectrum, for the Hamiltonian Ĥ ′ of equation (52),
with parameters r0 = 0.2, r2 = 0.4, r3 = 0.567, C = 0, α = 0.018 and N = 20, with multiple
SU(3)-PDS and SU(3)-PDS. Adapted from [36].

Identifying the collective part with Ĉ2[SO(3)], we arrive at the following complete
Hamiltonian,

ĤPDS = r0 P
†
0 n̂sP0 + r2 P

†
0 n̂dP0 + r3W

†
3 · W̃3 + C Ĉ2[SO(3)]. (50)

ĤPDS is not invariant under SU(3) nor SU(3), yet the relations of equations (46)
ensure that it has a solvable prolate ground band g1(K = 0) with good SU(3)

symmetry and simultaneously, an oblate ground band, g2(K̄ = 0) with good SU(3)
symmetry,

g1 : |[N ], (λ, µ) = (2N, 0),K = 0, L〉 L = 0, 2, 4, . . . , 2N, (51a)

g2 : |[N ], (λ̄, µ̄) = (0, 2N), K̄ = 0, L〉, (51b)

Eg1(L) = Eg2(L) = C L(L+ 1). (51c)

ĤPDS (50) thus exhibits both SU(3)-PDS and SU(3)-PDS. It has, however, an unde-
sired feature that it commutes with the Rs operator of equation (45). Consequently,
all non-degenerate eigenstates have well-defined s-parity. This implies vanishing
quadrupole moments for an E2 operator which is odd under a change of sign of
the s-bosons, e.g., for χ = 0 in equation (2). To overcome this difficulty, we add a
small s-parity breaking term and consider the Hamiltonian,

Ĥ ′ = ĤPDS + α θ̂2, (52)

where θ̂2 is defined in equation (27a). The added term contributes to

Ẽ(β, γ) (48) a small component α̃(1 + β2)−2[(β2−2)2+2β2(2−2
√

2βΓ+β2)], with
α̃ = α/(N − 2). The linear Γ-dependence distinguishes the two deformed minima and
slightly lifts their degeneracy, as well as that of the normal modes (49).

Figure 6 shows Ẽ(β, γ), Ẽ(β, γ = 0) and the bandhead spectrum of Ĥ ′ (52). The
prolate g1-band remains solvable with energy Eg1(L), equation (51c). The oblate
g2-band experiences a slight shift of order 32

9 αN
2 and displays a rigid-rotor like

spectrum. Replacing θ̂2 by θ̄2 = −Ĉ2[SU(3)] + 2N̂(2N̂ + 3), reverses the sign of the
linear Γ term in the energy surface and leads to similar effects, but interchanges
the role of prolate and oblate bands in the spectrum of Ĥ ′. The SU(3) and SU(3)
decompositions in Figure 7 demonstrate that these bands are pure DS basis states,
with (2N, 0) and (0, 2N) character, respectively, while excited β and γ bands exhibit
considerable mixing. The critical-point Hamiltonian thus has a subset of states with
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Fig. 7. SU(3) (λ, µ)- and SU(3) (λ̄, µ̄)-decompositions for members of the prolate (g1, β1, γ1)

and oblate (g2, β2, γ2) bands, eigenstates of Ĥ ′ (52) with parameters as in Figure 6, resulting
in prolate-oblate shape coexistence. Shown are probabilities larger than 5%. Note the purity
of the prolate ground band g1(K = 0) [oblate ground band g2(K̄ = 0)] with respect to SU(3)

[SU(3)]. Adapted from [36].

good SU(3) symmetry, a subset of states with good SU(3) symmetry and all other

states are mixed with respect to both SU(3) and SU(3). These are precisely the

defining ingredients of SU(3)-PDS coexisting with SU(3)-PDS.
Since the wave functions for the members of the g1 and g2 bands are known,

one can derive closed expressions for their quadrupole moments and E2 rates, which
are the observables most closely related to the nuclear shapes. For the general E2
operator of equation (2), the quadrupole moments are found to be

QL = ∓eb

√
16π
40

L
2L+3

[
4(2N−L)(2N+L+1)

3(2N−1) (1± χ̄)∓ χ̄ (4N + 3)
]
, (53)

where χ̄ = 2√
7
χ, and the upper (lower) signs correspond to the prolate-g1 (oblate-g2)

band. The B(E2) values for transitions within these bands, are found to be

B(E2; gi, L+ 2→ gi, L)

= e2
b

3(L+1)(L+2)
2(2L+3)(2L+5)

(2N−L)(2N+L+3)
2

[
1− 2(N−1)

3(2N−1) (1± χ̄)
]2
, (54)

where the upper (lower) sign corresponds to g1 → g1 (g2 → g2) transitions. It should

be noted that in equations (53)–(54), the factor (1± χ̄) vanishes for χ = ∓ 1
2

√
7 for

which the E2 operator coincides with the SU(3) or SU(3) generator Q(2) (13) or
Q̄(2) (44).

The purity and good quantum numbers of selected states enable the derivation
of symmetry-based selection rules for electromagnetic transitions (notably, for E2
and E0 decays) and the subsequent identification of isomeric states. The general E2

operator T̂ (E2) of equation (2), can be written as a sum of Q(2) or Q̄(2) and a (2, 2)
tensor under both algebras. The L-states of the g1 and g2 bands exhaust, respectively,
the (2N, 0) and (0, 2N) irrep of SU(3) and SU(3). Consequently, Q(2) or Q̄(2) cannot
contribute to E2 transitions between these bands since, as generators, they cannot
mix different irreps of the respective algebras. The (2, 2) tensor part of T̂ (E2) can
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Fig. 8. SU(3) and SU(3) PDSs. Strong intraband E2 transitions (solid lines) obey
equation (54). Retarded E2 and E0 decays (dashed and dotted lines) identify isomeric
states.

connect the (2N, 0) irrep of g1 only with the (2N − 4, 2) component in g2, and the
(0, 2N) irrep of g2 with the (2, 2N − 4) component in g1, but these components are
vanishingly small. These observations imply that interband (g2 ↔ g1) E2 transitions,
are extremely weak. By similar arguments, E0 transitions in-between the g1 and g2

bands are extremely weak, since the relevant operator, T̂ (E0) ∝ n̂d, is a combination
of (0, 0) and (2, 2) tensors under both algebras. Accordingly, the L = 0 bandhead
state of the higher (g2) band, cannot decay by strong E2 or E0 transitions to the
lower g1 band, hence, as depicted schematically in Figure 8, displays characteristic
features of an isomeric state.

7 Partial dynamical symmetry and proton–neutron shapes

Shell model foundations of the IBM [37] and the observation of mixed-symmetry
states in nuclei [38], necessitate the introduction of the interacting proton–neutron
boson model [39,40] (named IBM-2 to distinguish it from the original version which
retained the name IBM-1). The building blocks of the IBM-2 are monopole and
quadrupole bosons, {s†ρ, d†ρ,m}, of proton type (ρ = π) and of neutron type (ρ = ν),
representing pairs of identical valence nucleons. Number conserving bilinear combi-
nations of operators in each set comprise the Uρ(6) algebra as in Section 1, and
bosons of different types commute. Since the separate proton– and neutron–boson
numbers, N̂π and N̂ν , are conserved, the appropriate spectrum generating algebra
of the model is Uπ(6) × Uν(6). Subalgebras can be constructed with the aid of the

individual subalgebras, Uρ(6), Uρ(5), SUρ(3), SU(3)ρ, SOρ(6), SOρ(5), SOρ(3). For
instance, for a given algebra Gρ, with generators Gρ, there is a combined algebra
Gπ+ν , with generators Gπ + Gν .

The dynamical symmetries of the IBM-2 are obtained by identifying the lattices of
embedded algebras starting with Uπ(6)×Uν(6) and ending with the symmetry alge-
bra SOπ+ν(3). A typical DS chain in the IBM-2 and related basis have the form [6],

Uπ(6)×Uν(6) ⊃ Gπ ×Gν ⊃ Gπ+ν ⊃ . . . ⊃ SOπ+ν(3) (55a)

|[Nπ], [Nν ];λπ, λν , λπν , . . . , L〉. (55b)
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The energy surface, ENπ,Nν (βρ, γρ,Ω), is now a function of four shape variables
(βπ, γπ, βν , γν), and three Euler angles (Ω) of the relative orientations between the
proton and neutron shapes [41,42]. It is obtained by the expectation value of the
Hamiltonian in an intrinsic state,

|βπ, γπ, βν , γν ,Ω;Nπ, Nν〉 = |βπ, γπ;Nπ〉|βν , γν ,Ω;Nν〉, (56)

which now involves a product of a proton-condensate with deformations (βπ, γπ),
defined as in equation (4), and a rotated (by Ω) neutron condensate with deformations
(βν , γν). The global minimum of the energy surface, (β̄π, β̄ν , γ̄π, γ̄ν , Ω̄), define the
equilibrium proton–neutron shape associated with a given IBM-2 Hamiltonian.

The construction of IBM-2 Hamiltonians with PDS, follows the general algorithm,
by considering tensor operators which annihilate subsets of states in particular irreps
of the leading subalgebras, Gπ ×Gν ⊃ Gπ+ν , in the chain (55),

T̂α |[Nπ], [Nν ];λπ = Λ1, λν = Λ2, λπν = Λ12, . . . , L〉 = 0. (57)

The PDS Hamiltonian then has the form as in equation (11), ĤPDS = Ĥ+Ĥc =

ĤDS+V̂0, where Ĥ and Ĥc are the intrinsic and collective parts, equations (7) and

(10) respectively, and ĤDS is the DS Hamiltonian for the chain (55).

8 SU(3) PDS and aligned axially-deformed proton–neutron shapes

The DS chain in the IBM-2, related basis and equilibrium deformations, appropriate
to the dynamics of aligned prolate-deformed proton–neutron shapes are

Uπ(6)×Uν(6) ⊃ Uπ+ν(6) ⊃ SUπ+ν(3) ⊃ SOπ+ν(3), (58a)

|[Nπ], [Nν ]; [N1, N2], (λ, µ),K, L〉, (βπ = βν =
√

2, γ̄π = γ̄ν = 0, Ω̄ = 0). (58b)

For a given irrep of Uπ(6) × Uν(6), characterized by Nπ and Nν , the allowed
irreps of Uπ+ν(6) are [N1, N2] = [Nπ +Nν − k, k], where k = 0, 1, . . . ,min{Nπ, Nν}.
Instead of [N1, N2] one can use the quantities N = Nπ + Nν and F = 1

2 (N1 −
N2) = 1

2N − k, where (F,N) are the irrep labels of the SUF (2) × UN (1) algebra,
which is dual to Uπ+ν(6). Here SUF (2) is the F-spin algebra [39], with generators

F̂+ = s†πsν + d†π · d̃ν , F̂− = (F̂+)†, F̂0 = (N̂π − N̂ν)/2 and UN (1) is generated by

N̂ = N̂π+N̂ν . The basis states of equation (58) can equivalently be denoted by
|[Nπ], [Nν ];F = 1

2N − k, (λ, µ),K, L〉 and have Fz = 1
2 (Nπ −Nν). States with N2 = 0

(k = 0) have maximal F-spin, Fmax = 1
2N , and are fully symmetric with respect to

the interchange of π and ν bosons, while states with N2 6=0 (k 6=0) have F < Fmax,
are non-symmetric, and are referred to as mixed-symmetry states.

The linear Casimir of Uπ+ν(6), Ĉ1[Uπ+ν(6)] = N̂π + N̂ν , has eigenvalues N , hence
no effect on excitation energies. The quadratic Casimir and eigenvalues are given by

Ĉ2[Uπ+ν(6)] = 1
2N̂(N̂ + 8) + 2F̂ 2, (59a)

〈 Ĉ2[Uπ+ν(6)] 〉 = N1(N1 + 5) +N2(N2 + 3) = 1
2N(N + 8) + 2F (F + 1). (59b)
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The quadratic Casimir of SUπ+ν(3), Ĉ2[SUπ+ν(3)], has the same form as equa-

tion (14a), but with Q(2) = Q
(2)
π + Q

(2)
ν and L(1) = L

(1)
π + L

(1)
ν , and eigenvalues

f2(λ, µ), equation (15a). Similarly, Ĉ2[SOπ+ν(3)] = L(1) · L(1) with eigenvalues
L(L+ 1).

The DS spectrum associated with the chain (58), consists of rotational bands
arranged in SU(3) (λ, µ)-multiplets with prescribed Uπ+ν(6) (F-spin) symmetry.
The lowest states in the symmetric sector ([N, 0], F = 1

2N), involve the ground
band with (λ, µ) = (2N, 0) and symmetric βs(K = 0) and γs(K = 2) bands with
(λ, µ) = (2N − 4, 2). The lowest states in the mixed-symmetry sector ([N − 1, 1], F =
Fmax − 1 = 1

2N − 1), involve the scissors (K = 1) band with (λ, µ) = (2N − 2, 1)
and the antisymmetric βa(K = 0) and γa(K = 2) bands with (λ, µ) = (2N − 4, 2).
The pattern of spectra resembles that expected of rotations and vibrations of a com-
bined axially-deformed shape composed of aligned prolate-deformed π-ν shapes with
a common symmetry ẑ-axis. The energy surface of the Casimir operators of the lead-
ing segment in the chain (58), Uπ+ν(6) ⊃ SUπ+ν(3), has a single minimum at the
equilibrium deformations indicated in equation (58b). For these values the conden-

sate |β̄ρ =
√

2, γ̄ρ = 0, Ω̄ = 0;Nπ, Nν〉, of equation (56), becomes a lowest weight
state in the irrep (λ, µ) = (2N, 0) of SUπ+ν(3) with maximal F-spin, Fmax = N/2,
and serves as the intrinsic state for the ground band g(K = 0).

According to the procedure of Section 7, the construction of IBM-2 Hamiltonians
with SU(3)-PDS can be accomplished by means of the following operators,

P †ρ,0 = d†ρ · d†ρ − 2(s†ρ)
2, P †πν,0 =

√
2 (d†π · d†ν − 2s†πs

†
ν), (60a)

P †ρ,2m = 2s†ρd
†
ρ,m+

√
7(d†ρd

†
ρ)

(2)
m , P †πν,2m =

√
2(s†πd

†
ν,m+s†νd

†
π,m)+

√
14(d†πd

†
ν)

(2)
m , (60b)

M†2m = s†πd
†
ν,m − s†νd†π,m, M†Lm = (d†πd

†
ν)

(L)
m (L = 1, 3). (60c)

P †ρ,Lm (ρ = π, ν) are the same L = 0, 2 pairs of equation (20). For fixed (Lm), the

three operators P †i,Lm transform as [2, 0] under Uπ+ν(6), i.e., form an F-spin vector

with F = 1 and (F0 = 1, 0,−1)↔ (i = π, πν, ν). For fixed i, the set of six operators

(P †i,0, P
†
i,2m), span the irrep (λ, µ) = (0, 2) of SUπ+ν(3). The π-ν boson pairs M†Lm

(L = 1, 2, 3) transform as [1, 1] under Uπ+ν(6), i.e., are F-spin scalars (F = 0), and
span the 15-dimensional irrep (λ, µ) = (2, 1) of SUπ+ν(3). All these operators satisfy

Pi,L′m|[Nπ], [Nν ];F = 1
2N, (λ, µ) = (2N, 0),K = 0, L〉 = 0, N = (Nπ+Nν)/2, (61a)

Mi,L′m|[Nπ], [Nν ];F = 1
2N, (λ, µ) = (2N, 0),K = 0, L〉 = 0, L = 0, 2, 4, . . . , 2N. (61b)

The indicated L-states span the entire (2N, 0) irrep of SUπ+ν(3) and form the ground
band g(K = 0). Equivalently,

Pi,L′m|g; (2N, 0)K = 0, Fmax, Fz;Nπ, Nν〉 = 0, Fmax = N/2, (62a)

ML′m|g; (2N, 0)K = 0, Fmax, Fz;Nπ, Nν〉 = 0, Fz = (Nπ−Nν)/2, (62b)

where,

|g; (2N, 0)K = 0, Fmax, Fz;Nπ, Nν〉 = |β̄ρ =
√

2, γ̄ρ = 0, Ω̄ = 0;Nπ, Nν〉, (63)

is the intrinsic state (56) for the ground band with SUπ+ν(3) symmetry (λ, µ) =
(2N, 0). In general, the conditions β̄π = β̄ν , γ̄π = γ̄ν and Ω̄ = 0 ensure that the
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intrinsic state and the L-states projected from it have good F-spin, F = Fmax [43].
The relations in equations (61a) and (62a) follow from the fact that the irrep [N−2]
of Uπ+ν(6) does not contain the SUπ+ν(3) irreps obtained from the product (2, 0)×
(2N, 0). Similarly, the relations of equations (61b) and (62b) follow from the fact that
ML′m are F-spin scalars, while the [N−2] irrep of Uπ+ν(6) does not have states with
F = Fmax.

An SUπ+ν(3) tensor expansion of the Hamiltonian reads,

Ĥ =
∑
i

∑
L=0,2

A
(i)
L P †i,L · P̃i,L +

∑
L=1,2,3

BLM
†
L · M̃L + C2[P †πν,2 · M̃2 + H.c.], (64)

where H.c. means Hermitian conjugate. Several SUπ+ν(3)-scalar interactions are
contained in the expression (64). Specifically,

θ̂ρ,2 = −Ĉ2[SUρ(3)] + 2N̂ρ(2N̂ρ + 3) = P †ρ,0Pρ,0 + P †ρ,2 · P̃ρ,2 (ρ = π, ν), (65a)

θ̂πν,2 = −Ĉ2[SUπ+ν(3)] + 2N̂(2N̂ + 3) =
∑
i

∑
L=0,2

P †i,L · P̃i,L + 6Mπν , (65b)

2M̂πν = −Ĉ2[Uπ+ν(6)] + N̂(N̂ + 5) = 2[N̂(N̂ + 2)/4− F̂ 2]

= 2(W †2 · W̃2 + 2
∑
L=1,3

W †L · W̃L), (65c)

where N̂ = N̂π + N̂ν . The operators Ĉ2[SUρ(3)] (65a) are defined as in equation (14a),

in terms of Q
(2)
ρ and L

(1)
ρ . The operator θ̂πν,2 (65b), related to Ĉ2[SUπ+ν(3)], and the

Majorana operator (65c), related to Ĉ2[Uπ+ν(6)], are both part of the DS Hamiltonian
of the chain (58a). The latter Hamiltonian can be transcribed in the form,

ĤDS = A θ̂πν,2 +B M̂πν + C Ĉ2[SOπ+ν(3)]. (66a)

EDS = A [−f2(λ, µ) + 2N(2N + 3)] +B [N(N + 2)/4− F (F + 1)]

+C L(L+ 1). (66b)

In general, the Hamiltonian of equation (64) is not invariant under SUπ+ν(3), how-
ever, relations (61) ensure that it has a solvable subset of states, with good symmetry,
i.e., it has SUπ+ν(3) PDS. It has also partial F-spin symmetry [44], since the solv-
able states have good F-spin quantum number, F = Fmax, but the Hamiltonian is an

F-spin scalar only when A
(π)
L = A

(ν)
L = A

(πν)
L (L = 0, 2) and C2 = 0.

The operators P †i,L′m, equations (60a)–(60b), satisfy also

Pi,L′m|[Nπ], [Nν ];F = 1
2N−1, (λ, µ) = (2N−2, 1),K = 1, L〉 = 0, (67a)

Pi,L′m|sc; (2N − 2, 1)K = 1, Fmax−1, Fz;Nπ, Nν〉 = 0. (67b)

In equation (67a), the states L = 1, 2, . . . , 2N−1 span the entire (2N − 2, 1) irrep of
SUπ+ν(3) and form the scissors band sc(K = 1), whose intrinsic state,

|sc; (2N − 2, 1)K = 1, Fmax−1, Fz;Nπ, Nν〉
= 1√

N
Γ†sc |g;Fmax−1, Fz;Nπ−1, Nν−1〉, (68a)

Γ†sc = b†c,πd
†
ν,1 − d

†
π,1b

†
c,ν , b†c,ρ = 1√

3
(
√

2 d†ρ,0 + s†ρ), (68b)
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is a lowest weight state of this irrep with F = Fmax − 1. Here |g;Fmax−1, Fz;Nπ−
1, Nν−1〉 is obtained from equation (63) and Γ†sc is an F-spin scalar. Equations (67)
follow from the fact that the [N − 2, 0] and [N − 3, 1] irreps of Uπ+ν(6) do not contain
the SUπ+ν(3) irreps obtained from the product (2, 0)× (2N − 2, 1). These relations
ensure that the states of the ground and scissors bands are solvable eigenstates of the
Hamiltonian,

ĤPDS = ĤDS +
∑
i

∑
L=0,2

A
(i)
L P †i,L · P̃i,L +BM̂πν + C Ĉ2[SOπ+ν(3)], (69)

where ĤDS is given in equation (66). Furthermore, the operators P †i,L=0 satisfy

Pi,0|[Nπ], [Nν ];F = 1
2N, (λ, µ) = (2N−4, 2),K = 2, L〉 = 0, (70a)

Pi,0|[Nπ], [Nν ];F = 1
2N−1, (λ, µ) = (2N−4, 2),K = 2, L〉 = 0. (70b)

In equations (70a) and (70b), the states have L = 2, 3, . . . , 2N − 2 and span part
of the [(2N − 4, 2), F = Fmax] and [(2N − 4, 2), F = Fmax−1] irreps of SUπ+ν(3).
They form the symmetric γs(K = 2) and antisymmetric γa(K = 2) gamma bands,
respectively. These properties follow from the fact that Pi,0 annihilate the intrinsic
states of these bands [45],

|γs; (2N − 4, 2)K = 2, Fmax = 1
2N,Fz;Nπ, Nν〉

=
∑
q

CFmax,Fz1,q;Fmax,Fz−q B
†
γ2;1q|g;Fmax−1, Fz−q;Nπ−1−q,Nν−1+q〉, (71a)

|γa; (2N − 4, 2)K = 2, Fmax − 1 = 1
2N − 1, Fz;Nπ, Nν〉

=
∑
q

CFmax−1,Fz
1,q;Fmax,Fz−q B

†
γ2;1q|g;Fmax−1, Fz−q;Nπ−1−q,Nν−1+q〉, (71b)

where B†γ2;F=1,q = 1
3
√

2
P †i;2,2 (q = 1, 0,−1↔ i = π, πν, ν). Here CF,Fz1,q;F,Fz−q is a

Clebsch Gordan coefficient and Fz = 1
2 (Nπ − Nν). Altogether, equations (61), (67)

and (70) ensure that the following Hamiltonian,

ĤPDS = ĤDS +
∑
i

A
(i)
0 P †i,0Pi,0 +BM̂πν + C Ĉ2[SOπ+ν(3)], (72)

has a number of solvable bands including the ground (g), scissors (sc), symmetric-
gamma (γs) and anti-symmetric gamma (γa) bands,

g : |[Nπ], [Nν ];F = 1
2N, (λ, µ) = (2N, 0),K = 0, L〉

Eg(L) = CL(L+ 1), (73a)

sc : |[Nπ], [Nν ];F = 1
2N−1, (λ, µ) = (2N−2, 1),K = 1, L〉

Esc(L) = (6A+B)N + CL(L+ 1), (73b)

γs : |[Nπ], [Nν ];F = 1
2N, (λ, µ) = (2N−4, 2),K = 2, L〉

Eγs(L) = 6A(2N − 1) + CL(L+ 1), (73c)

γa : |[Nπ], [Nν ];F = 1
2N−1, (λ, µ) = (2N−4, 2),K = 2, L〉

Eγa(L) = 6A(2N − 1) +BN + CL(L+ 1). (73d)
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Table 2. Number of interactions in the IBM-1 and IBM-2 for the general Hamiltonians,
the SU(3) DS (12) and SUπ+ν(3) DS (58) limits, and their PDS extensions. On the left of
7→ is the number of interactions of a given order; this reduces to the number on the right of
7→ if one is only interested in excitation energies in a single nucleus.

Order Number of interactions IBM-1

General SU(3) DS SU(3) PDS

1 2 7→ 1 1 7→ 0 1 7→ 0
2 7 7→ 5 3 7→ 2 4 7→ 3
3 17 7→ 10 4 7→ 1 10 7→ 6

1 + 2 + 3 26 7→ 16 8 7→ 3 15 7→ 9

Order Number of interactions IBM-2

General SUπ+ν(3) DS SUπ+ν(3) PDS

1 4 7→ 2 2 7→ 0 2 7→ 0
2 25 7→ 18 6 7→ 3 14 7→ 11

1 + 2 29 7→ 20 8 7→ 3 16 7→ 11

Explicit expressions for electromagnetic rates of E2 and M1 transitions among these
solvable states, are available [46].

9 Concluding remarks

We have considered several classes of two- and three-body IBM Hamiltonians with
SU(3) PDS, for single-, multiple-, and proton–neutron shapes. In each class, sub-
sets of solvable states with good symmetry allow for analytic expressions of energies
and E2 rates, as well as, symmetry-based selection rules. The cases considered
include: (a) IBM-1 Hamiltonians with SU(3)-PDS, describing the dynamics of a sin-
gle prolate-deformed shape, with solvable ground g(K = 0) and γk(K = 2k) bands.
(b) IBM-1 Hamiltonians with SU(3)-PDS, describing the dynamics of a single prolate-
deformed shape, with solvable ground g(K = 0) and β(K = 0) bands. (c) IBM-1

Hamiltonians with simultaneous SU(3) and SU(3) PDSs, describing the dynamics of
coexisting prolate and oblate shapes, with solvable ground bands. (d) IBM-2 Hamil-
tonians with SUπ+ν(3) PDS, describing the dynamics of aligned prolate-deformed
π-ν shapes, with solvable symmetric states (maximal F-spin) comprising the ground
and symmetric-gamma bands, and solvable mixed-symmetry states (non-maximal
F-spin), comprising the scissors and anti-symmetric gamma bands.

The analysis serves to highlight the merits gained by using the notion of PDS.
(i) PDS allows more flexibility by relaxing the constraints of an exact DS and, there-
fore, can be applied to more realistic situations. (ii) PDS supports a subset of solvable
states with good symmetry, for which related observables can be calculated analyt-
ically and often lead to parameter-free predictions that can be tested by comparing
with the experimental data. This was demonstrated in Figure 2, for γ → g B(E2)
ratios in 168Er. (iii) PDS picks particular symmetry-breaking terms which on one
hand, do not destroy results previously obtained with a DS for a segment of the spec-
trum, but on the other hand, allow deviations from undesired DS predictions for the
non-solvable mixed states. This was exemplified by the improved PDS description
of the staggering in the γ-band of 156Gd, shown in Figure 4, without harming the
good DS description of E2 transitions involving states of the ground and beta bands,
shown in Table 1. (iv) PDS can be generalized to encompass several incompatible
PDSs, hence provide symmetry-based benchmarks for the study of shape-coexistence



2426 The European Physical Journal Special Topics

in nuclei. This was illustrated for multiple prolate-oblate shapes in Section 6. (v) PDS
provides a selection criterion for many-body interactions. This is particularly impor-
tant in the presence of higher-order terms (e.g., three-body) or more degrees of
freedom (e.g., protons and neutrons), for which the number of possible interactions
in the effective Hamiltonian grows rapidly and a selection criterion is called for.

To illustrate the increase in flexibility of a Hamiltonian with SU(3) PDS, we list
in Table 2 the number of interactions under the different scenarios. Up to third order,
a general rotationally invariant IBM-1 Hamiltonian has 26 independent interactions,
decreasing to 16 if one is only interested in excitation energies in a single nucleus. (This

excludes terms involving N̂). An IBM-1 Hamiltonian with SU(3) DS has, up to third

order, 8 independent terms but 5 of them (N̂ , N̂2, N̂3, N̂L̂2, and N̂Ĉ2[SU(3)]) are
constant in a single nucleus or can be absorbed in an interaction of lower order, leaving
only the 3 genuinely independent terms shown in equation (28a). The corresponding
numbers for an IBM-1 Hamiltonian with SU(3) PDS are 15 and 9. The latter number
agrees with the 9 terms in the Hamiltonian (29). In the IBM-2 with one- and two-
body terms, the general Hamiltonian has 29 independent interactions, decreasing to
20 relevant for excitation energies in a single nucleus. (This excludes terms involving

N̂π and N̂ν). An IBM-2 Hamiltonian with the SUπ+ν(3) DS of equation (58), has 8

independent terms decreasing to 3 for excitation energies, upon excluding N̂ρ, N̂
2
ρ and

N̂πNν . The corresponding numbers for an IBM-2 Hamiltonian with SUπ+ν(3) PDS
are 16 and 11. The latter number agrees with the 10 parameters in equation (64),

plus the C2[SOπ+ν(3)] term of ĤDS (66). We conclude from Table 2 that more than
half of all possible interactions in the IBM-1 and in the IBM-2, have in fact an SU(3)
PDS.

In the present contribution, we have focused on bosonic SU(3)-type of PDSs.
However, the PDS notion is not restricted to a specific algebra nor type of constituent
particles (bosons and fermions). Examples of PDSs associated with other DS chains
of the IBM are known [16,34,36,44,47–50], as well as in the interacting boson-fermion
model of odd-mass nuclei [51] and in purely fermionic models of nuclei [52–58]. In
addition to applications to nuclear spectroscopy, Hamiltonians with PDS are also
relevant to studies of mixed systems with coexisting regularity and chaos [59–61].

Segments of the reported results were obtained in collaboration with J.E. Garćıa-Ramos
(Huelva), P. Van Isacker (GANIL), and N. Gavrielov (HU). This work is supported by the
Israel Science Foundation (Grant 586/16).

Publisher’s Note The EPJ Publishers remain neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

References

1. J.P. Elliott, Proc. Roy. Soc. A 245, 128 (1958)
2. J.P. Elliott, Proc. Roy. Soc. A 245, 562 (1958)
3. D.J. Rowe, Rep. Prog. Phys. 48, 1419 (1985)
4. R.D. Ratna-Raju, K.T. Hecht, B.D. Chang, J.P. Draayer, Nucl. Phys. A 202, 433 (1973)
5. J.N. Ginocchio, Ann. Phys. (NY) 126, 234 (1980)
6. F. Iachello, A. Arima, The interacting boson model (Cambridge University Press,

Cambridge, 1987)
7. F. Iachello, P. Van Isacker, The interacting boson-fermion model (Cambridge University

Press, Cambridge, 1991)
8. F. Iachello, Lie algebras and applications (Springer-Verlag, Berlin, 2015)
9. R. Gilmore, J. Math. Phys. 20, 891 (1979)



Role of Symmetries in Nuclear Physics 2427

10. For a review see, W.M. Zhang, D.H. Feng, R. Gilmore, Rev. Mod. Phys. 62, 867 (1990)
11. J.N. Ginocchio, M.W. Kirson, Phys. Rev. Lett. 44, 1744 (1980)
12. A.E.L. Dieperink, O. Scholten, F. Iachello, Phys. Rev. Lett. 44, 1747 (1980)
13. For a review see, A. Leviatan, Prog. Part. Nucl. Phys. 66, 93 (2011)
14. V.K.B. Kota, SU(3) symmetry in atomic nuclei (Springer Nature, Singapore, 2020)
15. Y. Alhassid, A. Leviatan, J. Phys. A 25, L1265 (1992)
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