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a b s t r a c t

This article extends our previous analysis Stránský et al. (2014)
of Excited-State Quantum Phase Transitions (ESQPTs) in systems
of dimension two. We focus on the oscillatory component of the
quantum state density in connection with ESQPT structures ac-
companying a first-order ground-state transition. It is shown that
a separable (integrable) system can develop rather strong finite-
size precursors of ESQPT expressed as singularities in the oscilla-
tory component of the state density. The singularities originate in
effectively 1-dimensional dynamics and in some cases appear in
multiple replicaswith increasing excitation energy. Using a specific
model example, we demonstrate that these precursors are rather
resistant to proliferation of chaotic dynamics.
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1. Introduction

This paper is a continuation of the systematic analysis of Excited-State Quantum Phase Transitions
(ESQPTs) in systems with a low number of degrees of freedom f , particularly f = 2. The analysis was
initiated in Ref. [1], further referred as part I, which investigated the asymptotic-size properties of
various types of ESQPT and their dependence on f . In the present part II of our analysis, we focus on
some finite-size precursors of ESQPTs and their relation to the regular/chaotic nature of the system’s
dynamics.

Excited-state quantum phase transitions represent a generalization of the ground-state quantum
phase transitions to the excited domain. The concept was introduced in Refs. [2–4] as a singularity
in the spectrum of quantized energy levels of the system. The singularity affects simultaneously the
level density (as a function of excitation energy) and the level dynamics (as a function of system’s
control parameters), both in a way that strongly depends on the number f of freedom degrees. The
ESQPT also leads to various dynamical and thermodynamical consequences, which at present are only
partially explored, and has a potential impact on the techniques of quantum information processing.
A list of some ESQPT-related papers can be found in part I. The most recent achievements in this field
include Ref. [5], which presents an analysis of ESQPTs in molecular systems and a comparison with
relevant experimental data, Ref. [6], reporting on the ESQPT observation in microwave Dirac billiards
that simulate electronic properties of graphene, and Refs. [7,8], where the ESQPT is investigated in the
atom–field quantum optical systems.

The ESQPT concept is usually applied in systems with an asymptotically increasing size, ℵ → ∞,
but with a finite (usually small) number of degrees of freedom, f = const. One typically deals with
some collective degrees of freedom of a many-body system that consists of a growing number of
elementary constituents. The ESQPTs in such systems are associated with various types of stationary
points of the classical Hamiltonian, which produce some singularities in the spectra of quantum
energies for large values of ℵ. The reason for the finite-f requirement is the fact that in an infinite-
dimensional configuration space any stationary point having a conceivable impact on the quantum
state densitywould have to be ‘‘infinitely flat’’ [9]. Therefore, dealingwith ordinary types of stationary
points, we need to keep the configuration-space dimension finite. This makes it possible to develop a
consistent description and even a classification of ESQPT phenomena in terms of the underlying type
of stationary point in the given dimension f .

The finite-f assumption has one crucial consequence. As a rule, the size parameter for systemswith
a finite number of freedom degrees turns out to be inversely proportional to the Planck constant, ℵ ∝

h̄−1. This is so for algebraic systems, for which f is associated with the rank of the dynamical algebra
while ℵ coincides with the number of sites or constituents on which the algebra is realized, as well as
for non-algebraic systems, where the relationmust be elaborated from the scaling arguments [1]. This
implies that in the ℵ → ∞ limit, in which the ESQPT singularities would become truly nonanalytic,
the system becomes classical. We have to infer, therefore, that quantum critical phenomena in finite-
f systems can be observed only in the form of precursors in the spectra for some finite values of ℵ.
Hence the notion of ‘‘quantum phase transitions in finite systems’’.

As discussed in part I of this work, the ESQPT can be defined and classified via the smooth com-
ponent of the total quantum state density. The smooth component is determined by the phase space
integralmeasuring the (2f −1)-dimensional volume of the energy hypersurface in the 2f -dimensional
phase space. We have shown, for Hamiltonians with a quadratic kinetic term and an analytic poten-
tial, that nonanalyticity of the smoothed state density is always associated with a stationary point of
the potential. We have provided a classification of such nonanalyticities in terms of the corresponding
type of stationary point. We have also shown that the nonanalyticity in the state density is reflected
by some singular properties of the ‘‘flow’’ of the spectrum as a function of the control parameter and
by some anomalies in the system’s thermodynamical features.

In the present part II, we focus on the behavior of the oscillatory component of the quantum state
density in presence of ESQPT singularities of various types. Although the oscillatory component repre-
sents just a finite-size attribute of the system (in the infinite system the oscillatory component is ‘‘av-
eraged out’’), we will demonstrate that it may generate essential precursors of the ESQPT—precursors
that in a finite system may be even more noticeable than the signatures derived from the smooth
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component of the state density. Moreover, it will be shown that the ESQPT effects related to the os-
cillatory component depend significantly on whether the system exhibits fully regular, fully chaotic,
or transitional classical dynamics.

The plan of this article is as follows: Section 2 introduces the oscillatory component of the state
density and outlines its impact on the level dynamics and thermodynamic properties of the system.
In Section 3, we fix the Hamiltonian of the 2D test model and describe its basic features with respect
to the order/chaos competition. Section 4 will be focused on a fully integrable version of the Hamilto-
nian, in which the x and y degrees of freedom are mutually separated. We will see that separability of
the problem leads to significant finite-size precursors of ESQPTs in the oscillatory component of the
state density. Section 5 will be devoted to finite-size ESQPT effects for partially or fully chaotic Hamil-
tonians, illustrating some peculiar ways how the above precursors may partly survive even with an
increasing degree of chaos. Section 6 will bring a short summary and outlook.

2. Oscillatory component of state density

Before addressing specific, model-dependent examples of finite-size ESQPT precursors, we present
some general considerations on the oscillatory state density. At firstwe provide some basic definitions
(Section 2.1), then we deduce an influence of the oscillatory state density on the level dynamics and
thermodynamic properties of the system (Section 2.2), and finallywe briefly review the periodic-orbit
approximation (Section 2.3).

2.1. Basic expressions

Using the decomposition ρλ(E) = ρ̄λ(E)+ρλ(E) of the total state density ρλ(E) into the smooth
and oscillatory components ρ̄λ(E) and ρλ(E), respectively, and invoking the phase-space integral
formula for the smooth component, one immediately gets an exact (but trivial) expression of the
oscillatory component:

ρλ(E) =


i

δ(E − Eλi )  
ρλ(E)

−


ℵ

2π

f 
· · ·


df p⃗ df x⃗ δ


E − Hλ(p⃗, x⃗)


  

ρ̄λ(E)

, (1)

where λ is a control parameter of the system and Hλ its classical Hamiltonian. From the practical
viewpoint, it may be more convenient to use a partially smoothed, thus regularized form of this
equation:ρλσ (E) =


i

δσ (E − Eλi )  
ρλσ (E)

−ρ̄λ(E), (2)

where δσ (E) represents a sharp but smooth spike function, which replaces the δ-function from Eq. (1).
For instance, one can employ a Gaussian form δσ (E) = exp(−E2/2σ 2)/

√
2πσ 2 of width σ that

roughly coincideswith the spacing1Eλi = Eλi+1−Eλi between neighboring energy levels of the system.
It is clear that in the infinite-size limit,ℵ → ∞ (equivalent to h̄ → 0), the exact state densityρλ(E)

becomes an infinitely dense chain of δ-functions. An arbitrary smoothening of this function over an
infinitely narrow energy interval around E (e.g., using Gaussian of an infinitesimal width σ ) yields
precisely the value ρ̄λ(E) of the smooth component (determined by the phase-space integral). In this
sense, i.e., assuming an infinitesimal (σ → 0) smoothing procedure, one can infer thatρλσ (E) ≡ ρλ(E)
tends to zero as ℵ → ∞. Therefore, analyzing the oscillatory component of the state density, we deal
only with finite-size effects.

Note that in analogy to the ρλ(E) ↔ ρλσ (E) replacement of the total state density in Eq. (2), it
sometimes turns relevant to apply a similar replacement also to the smooth component: ρ̄λ(E) ↔

ρ̄λΣ (E) =


i δΣ (E−Eλi ). Here we naturally assume a smoothing widthΣ much larger than the width
σ considered above, henceΣ ≫ σ ∼ 1Eλi .



60 P. Stránský et al. / Annals of Physics 356 (2015) 57–82

2.2. Impact on level dynamics and thermodynamic properties

The regularized expressions of the state density (defined in the previous subsection) enable us
to quantify the effects of the oscillatory state density on the level dynamics and thermodynamic
properties. Following the considerations described in Section 2.5 of part I [1], we characterize the
variation of the system’s spectrum induced by a change of control parameter λ through the so-called
flow rate. In part I, we defined this quantity only via its smooth component. Here – in a full analogy
to the level density case – we introduce also the oscillatory and total flow rates:

φλ(E) ↔ φλσ (E) ≡
1

ρλσ (E)


i

δσ (E − Eλi )
dEλi
dλ

total flow rate, (3)

φ̄λ(E) ↔ φ̄λΣ (E) ≡
1

ρ̄λΣ (E)


i

δΣ (E − Eλi )
dEλi
dλ

smoothed flow rate, (4)

φλ(E) ↔ φλσ (E) ≡ φλσ (E)− φ̄λΣ (E) oscillatory flow rate. (5)

The sums in the first two lines representGaussian-weighted averages of theλ-derivatives of individual
level energies across σ ≪ Σ intervals around energy E. Prefactors in both these expressions assure
normalization of sums of the respective weights to unity. The present notation differs from part I,
where we used symbol σ in relation to the smoothed flow rate.

The flow rate quantities introduced above represent essential characteristics of level dynamics
for a general system. While the smoothed flow rate φ̄λΣ (E) determines an average local slope of the
spectrumwith parameter λ at energy E, the oscillatory componentφλσ (E) describes local fluctuations
of slopes of individual levels in a vicinity of E. (Note that an eventual weak dependence of φλσ (E)
on the large smoothing width Σ is suppressed in the notation.) One may readily anticipate that
large absolute values |φλσ (E)| indicate ‘‘turbulent ’’ type of level dynamics (implying a large local
frequency of avoided crossings of energy levels), whereas small values of |φλσ (E)| can be associated
with prevailingly ‘‘laminar ’’ type of level dynamics (with a reduced occurrence of avoided crossings).
With the aid of the Hellmann–Feynman formula, the flow rates from Eqs. (3)–(5) can be expressed via
the substitution:

dEλi
dλ

=


ψλ

i

dĤλdλ

ψλ
i


=


df x⃗ |ψλ

i (x⃗)|
2 ∂V

λ(x⃗)
∂λ

, (6)

where ψλ
i (x⃗) stands for wave functions of individual energy eigenstates. In this way, the flow

rate quantities probe the distribution of quantum averages of operator d
dλ Ĥ

λ in the Hamiltonian
eigenstates around energy E.

Reiteration of the procedure from part I yields the continuity equation for the total flow rate and
total state density. It reads as:

∂

∂λ


ρ̄λΣ (E)+ρλσ (E) +

∂

∂E


ρ̄λΣ (E)φ̄

λ
Σ (E)+ ρ̄λΣ (E)φλσ (E)

+ρλσ (E)φ̄λΣ (E)+ρλσ (E)φλσ (E) = 0. (7)

This equation can be reduced by utilizing the continuity equation for the smooth components (Eq. (24)
in part I). Assuming further that both oscillatory components ρλσ (E) and φλσ (E) are small relative to
the corresponding smooth components ρ̄λΣ (E) and φ̄

λ
Σ (E), one can neglect the ‘‘second-order’’ termρλσ (E)φλσ (E). The resulting differential equation can be formally solved to approximate the oscillatory

flow rate by the following expression:

φλσ (E) ≈
1

ρ̄λΣ (E)


const −ρλσ (E)φ̄λΣ (E)−

 E

E0
dE ′

∂ρλσ (E ′)

∂λ


. (8)

The integration constant inside the parentheses could, in principle, be determined from the required
condition ⟨φλσ (E)⟩ = 0 of zero energy average of the oscillatory rate. Formula (8) shows that large
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oscillations of the state density and/or their strong variation with the control parameter tend to
produce large values of the oscillatory flow rate, hence a more turbulent flow of levels.1 On the other
hand, small oscillations of the state density tend to generate more laminar flow, with prevailingly
small values of the oscillatory flow rate.

Concerning thermodynamic consequences of the oscillatory state density, we again start from
the results presented in part I (Section 2.4) and proceed in a similar way as above. First note that
the total partition function Zλ(β) is well approximated by its smooth component Z̄λ(β) ≡


dE

ρ̄λ(E) exp(−βE). This is because the integral defining the oscillatory component Zλ(β) ≡

dEρλ(E) exp(−βE) nearly vanishes due to the sign alternations of ρλ(E). As a consequence, the total

thermal distribution of energy is given by:

wλβ(E) ≈ ρ̄λ(E)
e−βE

Z̄λ(β)  
w̄λβ (E)

+ρλ(E) e−βE

Z̄λ(β)  
≈wλβ (E)

, (9)

where we again identify simple expressions of both smooth and oscillatory components.
It is clear from Eq. (9) that the oscillatory state density produces proportional oscillations of the

thermal energy distribution. These oscillations may (are likely to) produce a number of tiny maxima
and minima on the curve wλβ(E), and therefore to affect the microcanonical inverse temperature
βλ(E) =

∂
∂E ln ρλ(E), which is derived from the condition of zero derivative of the thermal energy

distribution [1]. On the assumption of very small state-density oscillations, ρλ(E) ≪ ρ̄λ(E), the
microcanonical inverse temperature can be roughly estimated by:

βλ(E) ≈
∂

∂E
ln ρ̄λ(E)  
β̄λ(E)

+
1

ρ̄λ(E)
∂ρλ(E)
∂E  

≈βλ(E)
. (10)

Here, the oscillatory inverse temperatureβλ(E) determines an eventual appearance of local minima
and maxima inwλβ(E) around the extremes of w̄λβ(E). This approximation implicitly assumes that the
oscillatory distortions of the thermal energy distribution are not large enough to produce localminima
or maxima away from the undisturbed extremes.

2.3. Periodic orbit approximation

Although, as discussed above, the oscillatory component of the state density represents just a
finite-size effect, its origin can be traced back to the ℵ → ∞ (classical) properties of the system. This
essential insight follows from the so-called periodic-orbit approximation, which makes it possible
to express ρλ(E) through classical periodic orbits. Here we just briefly recall the essence of this
approximation. A detailed but accessible overview can be found, e.g., in the monographs [10,11].

The periodic-orbit formula for the oscillatory component of the state density exists in two forms,
the so-called Gutzwiller formula [12] for systems with isolated periodic orbits (e.g., for chaotic
systems), and the so-called Berry–Tabor formula [13] for systems with nonisolated periodic orbits
(i.e., for typical regular systems). In both these implementations, the formula has the following general
form:

ρλ(E) ≈
1
π h̄


o

∞
r=1

Tλo (E)
Cλro(E)

cos

rIλo (E)

h̄
− φλro


, (11)

where the sums run over all primitive periodic orbits, identified by index o, and over their multiple
repetitions r = 1, 2, . . . . The quantity Iλo (E) in the cosine argument represents an action along the

1 Note that even large values ofρλσ (E) do not suffice to produce largeφλσ (E) if φ̄λΣ (E) ≈ 0 and ∂
∂λ

ρλσ (E) ≈ 0 or in case of an
approximate cancellation of the three terms inside the parenthesis in Eq. (8).
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given primitive orbit (for fixed parameter λ and energy E):

Iλo (E) =


o(λ,E)

p⃗ · dx⃗. (12)

It is assumed that each orbit o exists within a certain energy interval, in which the variation of its
action with energy contributes to the oscillations ofρλ(E). In contrast, the phase shift φλro associated
with r loops around o is energy-independent.

The amplitude of each oscillatory contribution is proportional to the period of the corresponding
primitive orbit, Tλo (E), and inversely proportional to the quantity Cλro(E), which is specified separately
for chaotic and integrable systems. It reads as

Cλro(E) =




| det[(Mλ
o)

r − 1]| chaotic case,
2π h̄(rµo2)3

 ∂∂ I1 Rλ(E, I1)

o

integrable case (for f = 2).
(13)

For a chaotic system, this quantity measures the stability of the full orbit, with Mλ
o standing for

the monodromy matrix of the primitive orbit o and 1 for the unit matrix. The monodromy matrix
quantifies, in a linearized form, the deviations of orbits with slightly shifted initial conditions from
the unperturbed orbit o after a single cycle. The square root in the upper line of Eq. (13) yields values
∈ [0, 2] for regular (stable) orbits and ∈ [0,∞] for chaotic (unstable) orbits [11]. Therefore, a stable
orbit is expected to make in average a larger contribution to the sum (11) than a typical chaotic orbit.

On the other hand, in an integrable system all orbits are stable in the Lyapunov sense. These orbits
are localized on manifolds which are topologically equivalent to tori [14]. For f = 2, any such torus
is characterized by a pair of canonical actions (I1, I2), while the associated angle variables (ϕ1, ϕ2)
specify the position on the torus. The variable Rλ

= Tλ2 /T
λ
1 , appearing in Eq. (13), represents a

ratio of periods corresponding to basic cycles in ϕ1 and ϕ2 (the ratio is expressed as a function of
energy E and action I1). For periodic orbits, this ratio has to take rational values, Rλ

= µo1/µo2,
so that the incommensurable integers (µo1, µo2) characterize the given primitive orbit o. Its period is
Tλo = µo1Tλ1 = µo2Tλ2 . The expression in the second line of Eq. (13) therefore quantifies the variation of
the basic period ratiowhen one proceeds from the reference toruswith trajectory o to the neighboring
ones. In analogywith the chaotic case, ‘‘more stable’’ orbits (with smaller changes of the ratioRλ) give
larger contribution to the sum (11).

We stress that the periodic-orbit approximation holds increasingly well as the limit h̄ → 0
is approached. Formula (11) then expresses the emergence of discretized energy spectrum on the
quantum side of the semiclassical borderline. As discussed below, the oscillatory effects studied in
this work require to go beyond this approximation.

3. Creagh–Whelan model

In this section, we set the form and describe some properties of the 2D Creagh–Whelan (CW)
model, that will be employed below in the numerical part of this paper (the model was used already
in part I). We start by reviewing the parameter dependent family of CW Hamiltonians in Section 3.1,
pointing out some features that will become relevant for the ESQPT precursors. One of such features
is the proportion between regular and chaotic dynamics, which is broadly mapped in Section 3.2.

3.1. Hamiltonian forms

As in part I, we focus here on the systems described by Hamiltonians of the general form Ĥλ =

p⃗ 2/2+V λ(x⃗), where x⃗ and p⃗ are f -dimensional coordinates andmomenta and V λ(x⃗) denotes a general
analytic potential depending on a control parameter λ ∈ R1. All quantities appearing here and in
the following expressions are dimensionless, which is achieved by convenient scaling of coordinates,
momenta, and energy. The coordinate and momentum scales x0 and p0 together with the Planck
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Table 1
Various parameter sets of the CW Hamiltonian (14) employed within this work. Some features of each set are pointed out, as
well as a complete list of the figures in which the particular set was used.

Parameter set B C D Relative rigidity Properties Figures

#1 0 0.2 0.2 R0 .
= 0.32 −A ↔ +A symmetric

y-soft, mildly chaotic
1(a), 2(a), 8(a)

#2 0 30 10 R0 .
= 3.2 −A ↔ +A symmetric

y-rigid, semiregular
1(b), 2(b), 8(b), 9(a), 12(d),
10(a)–(c)

#3 0 39 1 R0 .
= 3.2 −A ↔ +A symmetric

y-rigid, highly chaotic
1(c), 2(c), 8(c), 9(b), 12(e),
10(d)

#4 39 20 20 R0
+

.
= 4.4, R0

−

.
= 0.5 −A ↔ +A asymmetric

highly chaotic
1(d), 2(d), 3, 6(b), 8(d),
9(c), 12(a)–(c), 13

#5 0 0 0.4 R0 .
= 0.32 −A ↔ +A symmetric

y-soft, integrable
5(a)

#6 0 0 4 R0 .
= 1 −A ↔ +A symmetric

balanced, integrable
5(b)

#7 0 0 40 R0 .
= 3.2 −A ↔ +A symmetric

y-rigid, integrable
5(c), 6(a), 7

constant h̄ can be combined into a dimensionless parameter ℵ = p0x0/h̄, which turns out to play
the role of the system’s size parameter [1]. In the following, we will use the bare identity ℵ ≡ h̄−1.

As discussed in part I, the above form of the Hamiltonian – with just the simplest quadratic (and
coordinate-independent) kinetic term – does not in general express more complex Hamiltonians,
that follow from the coordinate–momentum representation of many-body systems with f collective
degrees of freedom. Nevertheless, we believe that the simpler case studied here shows the essentials
of the problem and is a good starting point for more sophisticated analyses, that will follow.

Wewill again utilize the quadratic version of the generalized Creagh–Whelan potential [15], which
was introduced and discussed in part I (see Section 3.1 there). This potential generates rather rich
classical dynamics and makes it possible to illustrate various effects related to ordered and chaotic
dynamics. The full Hamiltonian reads as:

Ĥλ = −
1

2ℵ2


∂2

∂x2
+
∂2

∂y2


+ (x2 − 1)2 +

≡λ
A x + Bxy2 + Cx2y2 + D y2  

Vλ(x,y)

, (14)

where the role of control parameter λ is played by the coefficient A ∈ (−∞,+∞) of the potential.
We know from part I that this parameter drives the system through the first-order ground state phase
transition at A = 0, where energies Eλ0 and Eλ1 of the lower and higher minimum become equal and
swap. The minima are located at points (x, y) = (xλ0±, 0) (the x < 0 minimum is higher for A < 0 and
lower for A > 0, and vice versa) and are separated by a saddle point at (x, y) = (xλsad, 0) with energy
Eλsad. The remaining coefficients B, C , andD are additional parameters, whichwill enable us to tune the
Hamiltonian along the scale between regular and chaotic dynamics. In this work, we will repeatedly
utilize several choices of these parameters; these choices are listed in Table 1. Note that the additional
parameters have to satisfy the conditions B2

≤ 4CD and D > 0, which guarantee that the potential is
confining.

From the viewpoint of the forthcoming analysis, an important property of Hamiltonian (14) is a
ratio between the x- and y-mode frequencies of vibrations around both minima of the potential. This
property results from the harmonic approximation (valid for small-amplitude vibrations) of the CW
potential in a vicinity of the respective minimum. The frequencies are given by:

Ωλ
x± =


∂2V λ

∂x2


(xλ0±,0)

, Ωλ
y± =


∂2V λ

∂y2


(xλ0±,0)

, (15)

where the derivatives are taken at the global or local minimum, (x, y) = (xλ0±, 0). Frequencies associ-
ated with these minima are depicted in Fig. 1 as functions of the control parameter A for four selected
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a

c d

b

Fig. 1. (Color online) Frequencies of small-amplitude vibrations around the x < 0 and x > 0 minima of the CW potential
from Eq. (14) with varying control parameter λ ≡ A (horizontal axes) for parameter sets #1 (panel a), #2 (panel b), #3 (panel
c), and #4 (panel d), see Table 1. The dashed curves correspond to the x-mode frequencies Ωλ

x± in both minima (these are
−A ↔ +A symmetric and independent of B, C,D), while the full curves depict the y-mode frequencies Ωλ

y± . Vertical dashed
lines demarcate spinodal points A = ±

√
64/27, where the respective secondary minimum of the potential disappears.

combinations of additional parameters B, C and D. Later it will become important to distinguish vari-
ous forms of the CWpotential with respect to the ratio of the x and y frequencies. Since the ratio varies
with A, we take the value at A = 0 (whereΩ0

x− = Ω0
x+ = 2

√
2):

R0
±

=
Ω0

y±

Ω0
x±

=

√
±B + C + D

2
. (16)

In the symmetric case (B = 0), the frequencies at A = 0 are equal for both wells, hence R0
±

≡ R0.
The ratio in Eq. (16), hereafter called relative rigidity, will be used to schematically classify the poten-
tials as y-rigid (with R0

±
> 1), y-soft (with R0

±
< 1), balanced (with R0

±
≈ 1), and asymmetric (with

R0
−

≷ 1 ≷ R0
+
). Relative rigidities of the potential forms used throughout this work are given in Table 1.

It should be stressed that realistic time scales of motions in both x and y directions depend in general
not only on all parameters A, B, C,D, but also on energy E. In this sense, the relative rigidity in Eq. (16)
provides only a rough quantification, which is relevant only in a limited energy domain.

An essential special case of Hamiltonian (14) is that with B = C = 0:

Ĥλ =


−

1
2ℵ2

∂2

∂x2
+

Vλx (x)  
x4 − 2x2 + Ax + 1


  

Ĥλx

+


−

1
2ℵ2

∂2

∂y2
+

Vy(y)
Dy2


  

Ĥy

. (17)

This Hamiltonian represents a fully integrable system, in which the x and y degrees of freedom are
separated. The integrability is guaranteed by the obvious fact that the 1DHamiltonians corresponding
to the x- and y-motions commute: [Ĥλx , Ĥy] = 0. Both these observables are conserved (they commute
with the full Hamiltonian Ĥ) and, on a classical level, their gradients in a 4-dimensional phase space are
perpendicular (thus linearly independent, as required in the definition of an integrable system [14]).

3.2. Order–chaos competition

Any nonzero choice of parameters B and C of the Hamiltonian (14) produces dynamics somewhere
in between order and chaos. The degree of chaos depends in general on all Hamiltonian parameters
A, B, C,D, as well as on energy E. To quantify the regular/chaotic content of the system, we use a
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a b

dc

Fig. 2. (Color online) Maps of the regular fraction f λreg(E) from Eq. (18) in the λ× E plane for Hamiltonian (14) with parameter
sets #1 (panel a), #2 (panel b), #3 (panel c), and #4 (panel d). The value of freg is coded by the degree of gray—white corresponds
to perfect order (freg = 1) and black to full chaos (freg = 0). Dashed curves mark energies of stationary points of the potential.
The full curve indicates an expected energy Eλch for the onset of chaos—see text. The respective potentials for A = 0 are shown
in the insets.

so-called regular fraction, which is defined as:

f λreg(E) =
Sλreg(E)

Sλtot(E)
, Sλtot(E) =


· · ·


df p⃗ df x⃗ δ


E − Hλ(p⃗, x⃗)


∝ ρ̄λ(E). (18)

This quantity represents a fraction of the phase space filled with regular orbits relative to the total
phase space available at energy E, that is, a (2f − 1)-dimensional surface ‘‘area’’ Sλreg(E) of the regular
part of the given energy shell relative to the total available area Sλtot(E). Clearly, the regular fraction is a
number between 0 (corresponding to total chaos) and 1 (perfect order). The procedure for evaluating
freg consists in a generation of orbits with initial conditions randomly distributed on the energy shell
and in an efficient resolution of their regular or chaotic character. For general f = 2 systems it is
described in Ref. [16]. The λ × E maps of the regular fraction characterizing the CW Hamiltonian
with parameter sets from #1 to #4, see Table 1, are given in Fig. 2. Note that freg in this figure was
numerically determined only from trajectories passing the y = 0 section of the phase space.

Since small-amplitude motions around the global quadratic minimum of the potential are nearly
harmonic, the dynamics is always almost fully regular for sufficiently low excitation energies E < Ech.
This is seen in Fig. 2. An efficient heuristic (hence imperfect) criterion to estimate the ‘‘critical’’
energy Ech, where first chaotic orbits occur, was discussed in Ref. [17]. For system with Hamiltonian
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Ĥ = p⃗ 2/2+V (x⃗), the criterion is based on concavity/convexity of the potential energy contours in the
configuration space (or surfaces, for f > 2). It can be formulated as follows (for f = 2): if all potential
energy contours V (x, y) = const < E below a selected value E are convex, the system with energy E
is likely to be prevailingly regular: freg(E) ≈ 1. Chaos starts propagating at energy E = Ech where the
first partly concave contour appears. This is when the shape of the energetically accessible domain in
the x×y plane develops a concave segment. For energies above Ech we generally expect either partial,
or full chaos: freg(E) < 1.2

In Fig. 2, the dependence Eλch of the anticipated low-energy bound of chaos on the control parameter
λ ≡ A is indicated by the full curve in each panel. The expectations formulated in the preceding
paragraph are roughly verified, although partly chaotic dynamics sometimes appears even below Eλch
and, vice versa, almost regular dynamics appears well above Eλch. In some cases (panels (a) and (b)),
the dependence Eλch in the spinodal region of the control parameter is rather close to the energy of
the saddle point separating the coexisting minima. The corresponding ESQPT critical energy Eλc then
almost precisely coincides with the onset of chaos. However, this coincidence should be considered
as a mere accident—it apparently does not apply in a general situation, as seen in panels (c) and (d).
The form of the CWpotential for the given choice of parameters is depicted in the corresponding inset
of Fig. 2 (all potentials are drawn for A = 0). One can see that more chaotic dynamics (panels (c) and
(d)) is associated with potentials having more concave contours than the potentials generating less
chaotic dynamics (panels (a) and (b)). Therefore, the above outlined general phenomenology turns
out to be qualitatively functioning in the cases studied.

Fig. 3 shows some Poincaré maps corresponding to fully/partly regular as well as fully chaotic
dynamics of the CWsystem. The choice of Hamiltonian parameters B, C,D is the same as in panel (d) of
Fig. 2, the values of parameter A and energy E are selected as indicated in the figure. The maps display
trajectories crossing the y = 0 line of the coordinate plane—each crossing leaves a point in the plane
coordinate x×momentum px (while py is fixed by the value of E).Whereas points collecting on regular
curves indicate regular motions (deformed tori in the phase space [14]), an ‘‘ergodic mesh’’ of points
signals chaotic dynamics. Let us stress that the Poincaré maps in Fig. 3 are in perfect agreement with
the dependence of f λreg(E) presented in Fig. 2(d). They moreover provide a detailed information on the
nature of mixed dynamics for some values of parameters and energy, allowing one to visualize the
regular and chaotic domains of the phase space.

4. Integrable (separable) dynamics

In this section,we focus on the integrable version of the CWHamiltonian,which is given in Eq. (17).
Before showing results of our numerical analysis (Section 4.2), wemake some general remarks on the
state density in separable systems (Section 4.1).

4.1. General analysis

A general separable Hamiltonian Ĥ with two degrees of freedom, which are represented by the
(coordinate, momentum) pairs of operators (x̂, p̂x) and (ŷ, p̂y), can be written as:

Ĥ = H[p̂x, x̂,Gy(p̂y, ŷ)  
Ĝy

], (19)

where H[∗, ∗, ∗] stands for an arbitrary (assumingly ‘‘well behaved’’) function of three variables and
Ĝy represents an operator connected solely with the y degree of freedom.We immediately verify that
[Ĥ, Ĝy] = 0, obtaining two mutually compatible integrals of motions that guarantee the integrability
of the f = 2 problem. The full 2D stationary Schrödinger equation Ĥ|ψ⟩ = E|ψ⟩ is solved with sepa-
rate state vectors of the form |ψ⟩ = |ψx(nx, ny)⟩|ψy(ny)⟩, where (nx, ny) stands for a pair of quantum

2 Islands of regular dynamics above Ech can be caused by some cancellation effect involving convex and concave contours [17].
For certain polynomial potentials the dynamics may become increasingly regular at very high energies, where the motions are
effectively controlled only by the highest-power potential terms.
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Fig. 3. (Color online) Poincaré maps of the CW Hamiltonian with parameter set #4 (cf. Fig. 2(d)). Energy E and the value of
parameter A are assigned to individual maps on the left and upper margins. Each map is composed of the total number of 105

passages (points in the plane x × px) of 50 randomly chosen trajectories through the y = 0 phase-space section.

numbers characterizing the spectrum. The vector |ψy(ny)⟩ is a solutions of 1D eigenvalue equation
Ĝy|ψy(ny)⟩ = g(ny)|ψy(ny)⟩. The corresponding vector |ψx(nx, ny)⟩ is obtained via replacing the op-
erator Ĝy in Eq. (19) by the constant g(ny) and solving the associated effective 1D Schrödinger equa-
tion. This procedure generally results in some selection rules specifying the allowed combinations of
quantum numbers (nx, ny).

The most important implication of the above type of separability is the existence of repeated
multiplets of levels in the spectrum E(nx, ny) of the full Hamiltonian Ĥ . To be specific, let us assume
that the typical spacing1Ey ≡ [E(nx, ny + 1)− E(nx, ny)] is much larger than1Ex ≡ [E(nx + 1, ny)−

E(nx, ny)], hence 1Ey ≫ 1Ex. Then each g(ny) eigensolution of Ĝy generates a band of eigenstates
of the full Hamiltonian differing by values of the nx quantum number (within the subset allowed
with respect to the given ny). Each of these bands carries patterns characterizing the 1D Schrödinger
equation with effective Hamiltonian H[p̂, x̂, g(ny)]. If this Hamiltonian for a certain sequence of g(ny)
eigenvalues (a set of ny quantum numbers) exhibits an ESQPT, its signatures will appear repeatedly in
each band associatedwith the given {ny} set.Moreover, the ESQPT signatures observed in each of these
‘‘replicas’’ are stronger than would be expected for an f = 2 problem, because they originate in the
1D effective Hamiltonian H[p̂, x̂, g(ny)]. On the other hand, the h̄ → 0 limit reduces the separation of
individual bands to zero, making the ESQPTmultiplication and enhancement phenomenon disappear.
This phenomenon is therefore just a finite-size effect.
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A more detailed analysis of the effects of separability on the ESQPT precursors depends on the
specific system under consideration. In particular, one needs to decide concerning the presence
or absence of ESQPT in effective Hamiltonians H[p̂x, x̂, g(ny)] with different values of g(ny).3 To
demonstrate the separability effects in their simplest and most spectacular form, we consider in this
subsection a trivial type of f = 2 separable Hamiltonian, which reads as:

Ĥ = Hx(p̂x, x̂)+ Hy(p̂y, ŷ). (20)

In this case, the eigensolutions associated with both x and y directions are completely independent
and all combinations of (nx, ny) are possible. A separable Hamiltonian of this form is realized within
the family of Creagh–Whelan potentials, see Eq. (17). The component Ĥy represents just a harmonic
oscillator with spectrum given by Ey(ny) = h̄Ωy(ny + 1/2), whereΩy =

√
2D and ny = 0, 1, 2, . . . .

Note that we have h̄ ≡ ℵ
−1, both values being used interchangeably below. The component Ĥλx

coincides with the Hamiltonian of the quantum cusp catastrophe [18], with potential Vcusp(x) =

x4 + ax + bx2 + c , where we substitute a = A ≡ λ, b = −2, and c = 1. The spectrum Eλx (nx) of
the cusp Hamiltonian (nx = integer) was analyzed numerically, with respect to the ESQPT structures,
in Ref. [4] and also in part I of this series.

Since the total energy of the separable Hamiltonian (20) is a sum of energies corresponding to the
x- and y-motions, one can construct the full quantum spectrum by a convolution of the two partial
spectra: Eλ(nx, ny) = Eλx (nx)+Ey(ny). In particular, the total density ρλ(E) =


nx,ny δ[E−Eλ(nx, ny)]

of energy eigenstates is given by:

ρλ(E) =


∞

−∞


∞

−∞

dExdEy δ(Ex + Ey − E) ρλx (Ex)ρy(Ey)

=


∞

−∞

dEx ρλx (Ex)ρy(E − Ex), (21)

where ρλx (Ex) and ρy(Ey) stand for the state densities of the partial spectra corresponding to the
respective 1D systems. Note that although the integration in Eq. (21) formally goes from −∞, all
spectra naturally have their lower bounds belowwhich the corresponding densities vanish identically.
For the CW Hamiltonian (17) the lower bound of the Ey spectrum is zero, while the lower bound of Ex
and E will be denoted as Eλ0 .

The smooth component of the total state density is given by a convolution of the twopartial smooth
components, as can be easily verified from the following equality:


dEx

2π
ℵ
ρ̄λx (Ex)  

dpx dx δ[Hx(px, x)− Ex]

2π
ℵ
ρ̄y(E−Ex)  

dpy dy δ[Hy(py, y)− (E − Ex)]

=


dpx dpy dx dy δ[Hx(px, x)+ Hy(py, y)  

H(px,py,x,y)

−E] ≡


2π
ℵ

2

ρ̄λ(E), (22)

where Hx(px, x),Hy(py, y) and H(px, py, x, y) are classical Hamiltonian functions. We observe that the
convolution of both partial phase-space integrals yields the total phase-space integral, associatedwith
the smooth component ρ̄λ(E) of the total state density.

Eq. (22) can be easily used to calculate the smooth component ρ̄λ(E) of the eigenstate density of the
separable CWHamiltonian (17).Weknow that the smooth component of the harmonic-oscillator state
density is constant, independent of energy: ρ̄y = const. We also know the numerically determined
form of the smooth component of the cusp state density—see Fig. 10(a) in Ref. [1]. In particular, we
recall that ρ̄λx exhibits a jump at the energy of the secondary minimum of the cusp potential in the

3 A familiar example of the above mechanism is the creation of a centrifugal barrier. This may prevent some ESQPTs to affect
states with non-zero angular momenta, cf. Ref. [2].
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a b

Fig. 4. (Color online) Evaluation of the smooth component of state density for the separable CWHamiltonian (17)with A = 0.5
and D = 1. (a) Density plot of the product ρ̄x(Ex)ρ̄y(Ey) with brighter (darker) shades indicating larger (smaller) values. Note
the 1D ESQPT structures in ρ̄x(Ex). The tilted lines visualize paths of the convolution integral for three values of total energy E.
(b) The total density

 2π
ℵ

2
ρ̄(E) obtained by the convolution, see Eq. (22). Energies corresponding to the 3 lines from panel (a)

are marked by dots, the ESQPT critical energies of the 2D system by vertical dashed lines.

spinodal region, and an infinite peak at the energy of the local maximum separating the two minima.
The convolution of ρ̄λx (Ex) and ρ̄y(Ey) is depicted in Fig. 4. The resulting state density ρ̄(E) in panel (b)
of this figure clearly exhibits the 2D ESQPT structures – the break and the vertical growth – associated,
respectively, with the secondary minimum and with the saddle point of the potential V λ = V λx + Vy
from Eq. (17). Panel (a) depicts the state density in the plane Ex × Ey. This panel makes clear how the
2D ESQPT structures follow – via the convolution integral – from the 1D structures associated with
the cusp potential.

From Eqs. (21) and (22) we obtain the following exact relation for the oscillatory componentρλ(E) = ρλ(E)− ρ̄λ(E) of the total state density:

ρλ(E) =


∞

−∞

dEx ρ̄λx (Ex)ρy(E − Ex)+


∞

−∞

dEx ρλx (Ex) ρ̄y(E − Ex)

+


∞

−∞

dEx ρλx (Ex)ρy(E − Ex). (23)

In a truly semiclassical case, the only contribution to ρλ(E) is given by the last term of this
formula. The first two terms can be neglected because of generically fast (for ℵ → ∞) oscillations
of their subintegral functions around zero. The last term, in contrast, produces a non-negligible
contribution through some ‘‘resonating’’ fragments of both x and y oscillatory state densities, which
add up coherently in the resulting integral. Indeed, as shown in Appendix, the stationary-phase
approximation applied to the last term in Eq. (23) recovers the periodic-orbit approximation (11)
in dimension 2 for a separable system from the corresponding 1D formulas. As the attention of our
work is focused on finite-size (not fully semiclassical) cases, formula (23) needs to be considered with
all three terms.

A separable Hamiltonian of the form (20) allows for situations when the two separated degrees
of freedom approach the classical limit in an imbalanced way, that is, with significantly different
average time scales of motions in both directions. This implies strongly deviated cumulative densities
Nx =

 E
E0x
ρx(Ex)dEx and Ny =

 E
E0y
ρy(Ey)dEy, which represent the numbers of eigenstates of both 1D

subsystems participating in the combined eigenstates of the whole system with total energy up to
E. In the case of the CW Hamiltonian (at sufficiently low energies), the ratio of both time scales can
be roughly quantified by the fraction R0

≡ Ω0
y /Ω

0
x , that in an imbalanced situation yields a value

either much smaller or much larger than unity. Then, to express effective classicality of the x and y
subsystems, the single size parameterℵ characterizing the entire 2D system should be supplemented
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by a pair of values (ℵx,ℵy), obtained from separate scalings of both 1D subsystems.4 This can be
achieved by substitutions x → x′

= x/
√
R0 and y → y′

=
√
R0y performed in Eq. (17), which

leads to:

−
1

2ℵ2


∂2

∂x2
+
∂2

∂y2


→ −

1
2ℵ2

x

∂2

∂x′2
−

1
2ℵ2

y

∂2

∂y′2
, with


ℵx = ℵ

√

R0,

ℵy = ℵ/
√

R0.
(24)

In highly rigid or highly soft cases, the values of ℵx and ℵy differ substantially, therefore we may
say that one degree of freedom is much closer to the classical limit than the other one. As a result,
the conditions for the neglect of both mixed terms in Eq. (23) are not satisfied. Instead, the more
rigid (faster) degree of freedom needs to be taken into account with its full density ρ∗ = ρ̄∗ + ρ∗

while the softer (slower) degree of freedommay be approximated just by the smooth component ρ̄∗.
This approximation follows from a crucial assumption, applied below, that the oscillatory componentρ∗ of the softer degree of freedom is effectively washed out by the smoothing procedure with an
appropriately set parameterσ . In otherwords,we choose to portray only the oscillatory effects related
to the rigid subsystem since the soft subsystem ismuch closer to classicality. This leads to the following
approximations:

(a) y-rigid case (R0
≫ 1): The oscillatory component ρλx (Ex) oscillates much faster than ρλy (Ey)

and can be neglected, hence only the first term of Eq. (23) works. Substituting an exact expressionρy(Ey) =


ny δ

Ey − h̄Ωy(ny +

1
2 )


− 1/h̄Ωy, we get:

ρλ(E) ≈

n̄λy (E)
ny=0

ρ̄x

E − h̄Ωy


ny +

1
2


−

1
h̄Ωy

 E

Eλ0

dEx ρ̄x(Ex), (25)

where the upper summation value reads as n̄λy (E) = ⌊(E−Eλ0 )/h̄Ωy−
1
2⌋, with ⌊∗⌋ denoting an integer

part (floor function). The sum in the first term represents a staircase approximation of the integral in
the second term (including the prefactor). The dependence (25) therefore has a sawtooth (‘‘zig-zag’’)
shapewith apexes separated by1E = h̄Ωy, which is the plateauwidth of the staircase approximation.
Similarly, the derivative d

dE ρ
λ(E) exhibits periodic jumps. This behavior captures the trivial fact that

the samedense spectrumof the cuspHamiltonian Ĥx is built above each isolated oscillator level Ey(ny).
(b) y-soft case (R0

≪ 1): The situation is analogous to the case (a), but with a swap of x and y
degrees of freedom. Only the second term of Eq. (23) works, yielding:

ρλ(E) ≈
1

h̄Ωy

 E

Eλ0

dEx ρλx (Ex). (26)

The full densityρλ(E) is approximated byNλx (E)/h̄Ωy, whereNλx (E) represents a number of cusp levels
below energy E (cumulative state density). Therefore, the derivative d

dE ρ
λ(E) peaks at every cusp level.

The interpretation of this behavior is similar to case (a), namely, it reflects the fact that the same dense
spectrum of the oscillator Hamiltonian Ĥy is built on each isolated cusp level Ex(nx).

4.2. Case study

Theoretical conclusions of the previous subsection will now be illustrated by numerical calcula-
tions based on the separable CWHamiltonian (17). In order to clearly visualize the separability effects
in the oscillatory components of the state density and flow rate, the value of smoothing parameter σ
in Eqs. (2) and (5) needs to be taken somewhere in between average spacings of neighboring levels
in the soft and rigid 1D subsystems. Level spacings for both x and y degrees of freedom should be
properly determined from the respective average state densities, 1Eλ

∗
≈ 1/ρ̄λ

∗
(E∗) with ∗ = x, y, so

4 Independent scaling of the x and y phase spaces yields (ℵx,ℵy) ≡ h̄−1(p0x0, q0y0), with an additional constraintℵxℵy = ℵ
2

following from consistency with the f = 2 expression (see Section 2.1 of Ref. [1]).
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a

b

c

Fig. 5. Level dynamics and the oscillatory state density for the separable CWHamiltonian (17) with parameter sets #5 (row a),
#6 (row b) and #7 (row c). Oscillatory componentsρλσ (E) shown in the right-hand panels were calculated via formula (2) from
the respective exact spectrum in the left-hand panels. Bright (dark) shades of gray in the right-hand panels indicate positive
(negative) values ofρλσ (E). Dashed curves mark stationary points of the potential. Size and smoothing parameters are taken as
follows: (a) ℵ = 20/3, σ = 0.09, (b) ℵ = 10, σ = 0.1, (c) ℵ = 20, σ = 0.1.

they in general vary with λ and Ex or Ey. However, at lower energies, where the harmonic-oscillator
approximation of both potential wells is good enough, the spacings are almost independent of energy,
determined from the oscillator frequenciesΩλ

x andΩλ
y . Using the frequency values at λ ≡ A = 0 (cf.

Fig. 1), we can estimate both spacings by:

1E0
x ≈

Ω0
x

ℵ
=


Ω0

xΩ
0
y

ℵx
, 1E0

y ≈
Ω0

y

ℵ
=


Ω0

xΩ
0
y

ℵy
(27)

(remind: ℵ
−1

≡ h̄). An empirically obtained optimal value of the smoothing parameter, which will
be employed in almost all forthcoming figures of the oscillatory properties, is proportional to the ge-
ometric average of the above two spacings, namely: σ ≈ 0.4


1E0

x1E0
y .

Fig. 5 shows raw spectra of energy levels Eλi and the corresponding oscillatory state densityρλσ (E)
for the separablemodel (17)with three selected values of frequencyΩy =

√
2D defining the y-rigidity
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of the potential. The situations displayed in the three rows of Fig. 5 correspond to parameter sets #5,
#6, and #7 from Table 1, i.e., to y-soft (row a), y-rigid (row c), and balanced (row b) cases. The left-
hand panel in each row depicts the level dynamics (variation of the exact spectrum Eλi with parameter
A ≡ λ), while the respective right-hand panel shows the oscillatory state density. To keep roughly the
same number of levels in the energy region displayed in each panel, the overall size parameter ℵ

was taken differently in each row—specific values are again given in the figure caption. Let us note
that level dynamics in left-hand panels of Fig. 5 is non-generic in the sense that many (although not
all) of the observed crossings of levels are unavoided—that is, real. This is a trivial consequence of
separability of the Hamiltonian which eliminates interaction between levels with different pairs of
quantum numbers (nx, ny).

The effects demonstrated in the top and bottom rows of Fig. 5 are consistent with the anticipations
formulated at the end of Section 4.1. In the y-rigid case (row c) one observes that the oscillatory
component of the state density shows variations correlated with individual levels of the oscillator
potential Vy. In particular, ρλσ (E) carries well distinguished ESQPT structures associated with the
1D cusp potential (its stationary points are located along the ∇-like profile in the figure), which
are replicated equidistantly (period 1E = 1Ey = h̄Ωy) with increasing excitation energy. On the
other hand, in the y-soft case (row a) one recognizes variations of ρλσ (E) correlated with individual
levels of the cusp potential V λx . The oscillatory component thus displays just a single 1D cusp ESQPT
structure, with no replication. The balanced case with comparable x and y frequencies (row b) leads
to an oscillatory state density showing a regular interference pattern in the spinodal region, but no
residual 1D ESQPT structures. Note that similar effects are present also in the λ × E dependences of
the derivatives d

dEρλσ (E) and d
dE ρ

λ
σ (E) that we do not show here [19].

Aswe see in Fig. 5, the oscillatory state densityρλσ (E) contains resembling structures in both y-rigid
and y-soft cases, in spite of their different origins. The similarity is due to the fact that the average
spacing between levels of the rigid subsystem (1E0

x in row (a) and1E0
y in row (c)) was chosen about

the same in both cases. This leads to similar patterns of oscillations inside and aside the spinodal∇-like
domain. However, both patterns differ for energies above the ∇-domain, where the y-soft potential
does not develop the ‘‘checkered pattern’’ associated in the y-rigid case with the h̄Ωy-spaced replicas
of the ∇-domain.

A less apparent distinction between y-rigid and y-soft cases of level dynamics follows from a
difference between the numbers of levels of the 1D cusp Hamiltonian Ĥλx that participate in the
formation of the ESQPT precursors for the full CW Hamiltonian. This number is much larger in the y-
rigid case than in the y-soft case. Because the 2D ESQPT precursors originate from1D ESQPT properties
of Ĥλx , they should be ‘‘more developed’’ in the y-rigid case (e.g., in the sense of sharpness of avoided
crossings of the cusp levels). Although this distinction is not very apparent in the present example, it
may be relevant in more general cases. Considering specifically the case depicted in Fig. 5, we note
that while in the y-rigid case the value of the effective size parameter for the critical subsystem is
ℵx

.
= 35.6, in the y-soft case it is just ℵx

.
= 3.7 (these particular values follow from the given

rigidity ratios R0 and also from the different values of the overall size parameter ℵ employed in both
calculations). The density of the 1D cusp spectrum is therefore by an order of magnitude larger in the
y-rigid case than in the y-soft case (though the total state density is about the same).

Panel (a) of Fig. 6 shows the oscillatory componentφλσ (E) of the flow rate calculated for the y-rigid
separable Hamiltonianwith parameter set #7 (the same as in row (c) of Fig. 5). One observes a pattern
of flow-rate oscillations which is very similar to the pattern of level-density oscillations. An apparent
difference between both Figs. 6(a) and 5(c) is that the flow-rate oscillations are odd with respect to
the inversion of the parameter axis, while the level-density oscillations are even—both these features
follow directly from the +A ↔ −A symmetry of the problem. Similar relation between oscillatory
state density and flow ratewould be established also for other choices of the Hamiltonian parameters,
but these are not shown here (Fig. 6(b) corresponds to a chaotic Hamiltonian discussed later).

The oscillatory flow rate in Fig. 6(a) reflects local variances of the slopes of individual levels, as
seen in the corresponding level-dynamics picture on the left-hand side of Fig. 5(c). A deeper insight
into the origin of the flow-rate oscillations can be gained in Fig. 7. This figure shows what we call a
Peres lattice – according to Ref. [20], where this kind of visualization was introduced – constructed for
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a b

Fig. 6. The oscillatory component φλσ (E) of the flow rate (Eq. (5)) for the CW Hamiltonian with parameter set #7 (panel a)
and #4 (panel b). Bright (dark) tones indicate positive (negative) values, the dashed curves mark stationary points. Size and
smoothing parameters: (a) ℵ = 20, σ = 0.1, (b) ℵ = 20, σ = 0.08.

Fig. 7. (Color online) Peres lattice of quantum averages ⟨x⟩λi ≡ ⟨ψλ
i |

d
dλ Ĥ

λ
|ψλ

i ⟩ versus Eλi ≡ ⟨ψλ
i |Ĥλ|ψλ

i ⟩ in individual energy
eigenstates |ψλ

i ⟩ for the integrable CW Hamiltonian (17) with parameter set #7 at A = 1. The size parameter is ℵ = 25.
The form of the corresponding double-well cusp potential is drawn. A sublattice of the eigenstates with ny = 0 is marked by
triangles.

the separable CW Hamiltonian with parameters as in the previous figure at A = 1. The points in this
lattice depict averages ⟨P⟩

λ
i ≡ ⟨ψλ

i |P̂|ψλ
i ⟩ of a selected quantum observable P̂ drawn against energies

Eλi for individual Hamiltonian eigenstates |ψi⟩. In the present case, the Peres observable P̂ is identified
with coordinate x̂; the lattice therefore shows average locations of individual eigenstates with energy
Eλi within the double-well potential. At the same time, since x̂ =

d
dλ Ĥ

λ, see Eq. (14), the application
of the Hellmann–Feynman formula (6) leads to the identification of the coordinate average ⟨x⟩λi with
the local slope d

dλE
λ
i of the corresponding energy level with respect to varying parameter A ≡ λ. In

particular, the eigenstates located in the x < 0minimum are descending together with this minimum
( d
dλE

λ
i < 0), and vice versa, the eigenstates located in the x > 0 minimum are ascending ( d

dλE
λ
i > 0).

The horizontal spread of points contained within a certain energy bin of the Peres lattice therefore
carries immediate information on the distribution of slopes in the selected portion of the spectrum.
In this way, oscillations of the flow rate in Fig. 6(a) (at A = 1) can be directly related to the structures
observed in the associated Peres lattice of Fig. 7.
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We notice that the Peres lattice in Fig. 7 is rather regular—its points form a perfectly ordered pat-
tern. This reflects integrability of the system. Taking into account separability of the Hamiltonian,
one can generate the entire lattice from a basic sublattice corresponding to the ny = 0 eigenstates
(i.e., states formed by an arbitrary cusp eigenstate in combination with the oscillator ground state). It
is clear that an infinite replication of this basic sublattice (in Fig. 7 shown by triangles) with a relative
vertical shift1E = h̄Ωy creates the lattice of all (nx, ny) eigenstates.

Based on the above observations, one can formulate the following conclusions of the present sec-
tion: (i) Distinct finite-size precursors of an ESQPT in a separable system can be observed in oscillatory
components of the state density and flow rate if the absolute rigidities (dynamical time scales) of both
separated degrees of freedom differ substantially. (ii) These ESQPT precursors are ‘‘enhanced’’ in com-
parison with a generic 2D situation because they result from criticality of a 1D subsystem (in our case,
the one connected with the x degree of freedom). (iii) If the 1D subsystem that exhibits criticality has
the smaller rigidity (slower dynamics), one observes multiple replicas of the same set of ESQPT pre-
cursors. Each of these replicas is ‘‘well developed’’ since the effective 1D size parameter (ℵx in our
case) is relatively large. (iv) If the critical 1D subsystem has the larger rigidity (faster dynamics), one
observes a single set of ESQPT precursors. They are ‘‘less developed’’ because the corresponding 1D
size parameter is relatively small.

Let us stress that all these items remain valid for a general separable Hamiltonian of the simple
form (20). One may anticipate that similar conclusions would be reproduced – at least to a certain
extent – also for more general separable Hamiltonians of the form (19). Then, however, the (nx, ny)
selection rules and the presence of ESQPT in effective 1D Hamiltonians H[p̂, x̂, g(ny)] with different
values of ny need to be analyzed case by case.

5. Chaotic dynamics

In the previous section, we have described and exemplified ESQPT precursors in the spectra
of 2D separable systems which come as remnants of 1D ESQPT effects. Now we investigate what
happens with these ‘‘oscillatory structures’’ (as we abbreviate all such effects) if the separability of the
Hamiltonian is violated. While Section 5.1 merely collects basic observations, Section 5.2 attempts to
record some relevant theoretical considerations.

5.1. Observations

The oscillatory component of the state density for non-separable, hence partially chaotic CW
Hamiltonians with parameter sets from #1 to #4 is presented in Fig. 8. These results will be compared
with Fig. 5, showing related dependences for separable, hence perfectly regular Hamiltonians. The
comparison is pertinent because the selected separable and non-separable Hamiltonians yield the
same values of the relative rigidity R0 from Eq. (16). In particular, parameter set #1 (Fig. 8(a)) is related
to the separable y-soft Hamiltonian with parameter set #5 (Fig. 5(a)), while parameter sets #2 and #3
(Fig. 8(b) and (c), respectively) are linked to the separable y-rigid Hamiltonian with parameter set #7
(Fig. 5(c)). Parameter set #4 (Fig. 8(d)) represents an asymmetric case, which has no analogy in the
separable model. Table 1 summarizes the relevant features and parameters.

Quite surprisingly, Figs. 5 and 8 show a great deal of similarity. In particular, the oscillatory
structures for both separable and non-separable y-soft Hamiltonians, depicted in Figs. 5(a) and 8(a),
respectively, are nearly identical. Also the oscillatory structures associated with separable and non-
separable y-rigid Hamiltonians, as seen in Fig. 5(c) and Fig. 8(b), (c), are similar, although in these cases
the structures are conserved for non-separable Hamiltonians only in some fragments of the λ × E
plane (note, in particular, the ‘‘checkered’’ pattern below and above the saddle point of the potential).
The results for the asymmetric Hamiltonian in Fig. 8(d) have no integrable counterpart, but one again
notices that the oscillatory structures exist only in a part of the λ× E plane. The oscillatory flow rateφλ(E) associated with the same asymmetric Hamiltonian was depicted in Fig. 6(b), which confirms
the above-discussed correlation with the oscillatory state density.

Fig. 9 presents another look at the oscillatory structures in the state density for parameter sets
from #2 to #4. The parameters are the same as in panels (b)–(d) of Fig. 8, but the λ× E dependence of
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a b

dc

Fig. 8. Oscillatory state densityρλσ (E) for partially chaotic CW Hamiltonians with parameter sets #1 (panel a), #2 (panel b),
#3 (panel c), and #4 (panel d) (cf. Fig. 2). Bright (dark) tones indicate positive (negative) values ofρλσ (E), dashed curves mark
stationary points. Size and smoothing parameters: (a) ℵ = 20/3, σ = 0.08, (b) ℵ = 20, σ = 0.1, (c) ℵ = 20, σ = 0.09, (d)
ℵ = 20, σ = 0.08.

a b c

Fig. 9. Oscillatory state densityρλσ (E) for the CW Hamiltonians with parameter sets #2 (panel a), #3 (panel b), and #4 (panel
c). The parameters are the same as in respective panels (b), (c), and (d) of Fig. 8, but the smoothing parameter is about twice
smaller: σ = 0.04.

ρ is calculated with a smaller value of the smoothing parameter σ . The new plots display some tinier
details of the state-density oscillations, whichwill be addressed in the forthcoming discussions. (Note
that also the span of axes is taken differently than in Fig. 8.) From bird’s perspective, the related panels
in Figs. 8 and 9 show different views of the same landscape, where the separability-like structures
play the dominant role. These structures thus represent robust effects, essentially independent of a
particular choice of the smoothing parameter.

Parameter sets employed in the above calculations – see panels (a)–(d) of Fig. 8 – are the same
as the parameter sets taken in the respective panel of Fig. 2, where we determined the fraction of
regular dynamics freg in the λ × E plane for the corresponding Hamiltonians. At the first sight, the
fragments of the oscillatory structures present in Fig. 8 appear to be correlated with the domains of
increased regularity in Fig. 2. This is seen in panels (c) and (d) of Fig. 8, where the domains with nearly
vanishing f λreg(E) are virtually free of any oscillatory structures. However, a more careful inspection of
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a b c d

Fig. 10. (Color online) Selected Poincaré maps (composed of 105 passages of 50 trajectories through the y = 0 line) of the CW
Hamiltonianwith parameter set #2. Parameter A and energy E are: (a) A = 0, E = 1.5, (b) A = 1.2, E = 1.5, (c) A = 1.2, E = 3,
(d) A = 0, E = 3.

these figures discloses that the correlation is only partial. In particular, the oscillatory structures exist
even in the domains of very low values of the regular fraction. This is true for panel (a) of Fig. 8, which
– in spite of considerably reduced regularity – is practically indistinguishable from the associated
integrable case, and also for panel (d), where strong oscillatory structures protrude far into the highly
chaotic region.

These findings can be further refined by a comparison of the oscillatory state density of the
asymmetric Hamiltonian (parameter set #4) with Fig. 3, which presented Poincaré maps of the phase
space for the sameHamiltonian. Aswe see, only a very small residue of a regular island in the Poincaré
map suffices to generate a rather strong oscillatory structures in Figs. 8(d) and 9(c). This is particularly
apparent in the Poincaré maps for A = −2,−1 at energy E = 3 and A = 0,+1 at E = 1.5: while the
regular islands in these maps form only a marginal part of the phase space, the oscillatory structures
in the relevant λ× E domains are still perfectly pronounced. The same conclusion applies also to the
oscillatory flow rate in Fig. 6(b).

Four additional Poincarémaps belonging to the non-separable y-rigid Hamiltonianwith parameter
set #2 are depicted in Fig. 10. The displayed maps for (A, E) = (0, 1.5), (1.2, 1.5), (1.2, 3) and (0, 3)
exhibit fully or partly regular dynamics andwe see in Figs. 8(b) and 9(a) that the oscillatory structures
are nicely developed at the corresponding places. However, the forms of these oscillatory structures
in some cases differ from those in the associated integrable systems. Interpretation of these variations
in terms of some details of the system’s dynamics will be outlined below.

5.2. Discussions

Let us emphasize that the link between classical dynamics (Poincaré maps, classical orbits, regular
fraction etc.) and here-studied type of quantum oscillatory structures is imperfect because the finite-
size effects, by their nature, are not semiclassical. Nevertheless, there is no doubt that classical modes
ofmotions present at given energy largely influence corresponding quantumproperties of the system.

To understand the role of classical regularity in the formation of the ESQPT-related oscillatory
structures, let us have a closer look at the forms of regular patterns in the associated Poincarémaps. For
an exactly separable systemwithHamiltonian (20), these patterns have specific shapes following from
separate conservation of both partial Hamiltonians Hx(px, x) and Hy(py, y). In particular, the passages
of any selected trajectory with energy E through the y = y0 Poincaré section must lie on a curve
given by Hx(px, x) = Ex, with a certain Ex ∈ [E0, E]. Complementarily, passages of the same trajectory
through the x = x0 sectionwould lie on a curve satisfyingHy(py, y) = Ey with Ey = E−Ex. This means
that the patterns formed in a given Poincaré map at energy E follow the shapes of trajectories in the
associated direction for energies ≤ E.

A general non-separable system can exhibit an effective separability in a limited part of the phase
space. This means that the corresponding classes of trajectories consist of independent motions in
x and y directions as if they were governed by a separable potential. One can think of a kind of
an effective separable potential, which acts in a limited phase-space domain and has only a loose
relation to the real potential V λ(x, y) of the system. Specifically, if the quasi-separable trajectory is
y-rigid (i.e., if y motions are much faster than x motions), a natural way to derive an approximate
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Fig. 11. Schematic view of various types of regular patterns (separable orbits in the CW potential) in the y = 0 Poincaré map
(left) and their link to the associated oscillatory structures in the state density (right). The types of orbits: 1, 2—vibrations in the
x > 0 and x < 0 potential wells, 3—orbits containing a singular point with asymptotic crossing time, 4—stabilized vibrations
above the saddle of the potential.

effective potential governing the dynamics in the x direction leads via replacing y2 and p2y in the CW
Hamiltonian (14) by the respective time averages ⟨y2⟩ and ⟨p2y⟩. This yields:

V λeff(x) ≈ x4 +

A + B⟨y2⟩

  
a

x +

−2 + C⟨y2⟩

  
b

x2 + 1 +
⟨p2y⟩

2
+ D⟨y2⟩  

c=Ey+const

≡ Vcusp(x). (28)

We identify this expression with the cusp potential, the shape parameters a and b depending on the
CW parameters A, B, C and on ⟨y2⟩. Note that c can be written as a sum of energy component Ey and
an arbitrary additive constant.

The effective potential in Eq. (28) helps to understand the examples of partially separable y-rigid
motions analyzed here. In particular, it follows that the increase of ⟨y2⟩ (that takes place when one
ascends the oscillatory structures with growing energy Ey) leads to an increase of cusp parameters a
(for B > 0) and/or b. This causes an effective shift of parameter A and lowering or disappearance of
the double-well shape of the effective potential. Both these phenomena indeed affect the oscillatory
structures with increasing energy in Figs. 8 and 9. However, one should not forget that Eq. (28) is only
an approximation.

Below, we outline a basic typology of quasi-separable motions that we actually observe in the
present model. A schematic picture of related patterns in Poincaré maps and their link to the corre-
sponding oscillatory structures in the state density are given in Fig. 11. Numbers 1 and 2 in this figure
correspond to low-amplitude vibrations around both potential minima. These motions naturally sat-
isfy the separability condition due to the harmonic approximation. Regular patterns (ellipses) created
by such trajectories are present in Poincaré maps of Figs. 3 and 10(a)–(c). Away from the critical point
(A ≠ 0) and for asymmetric potentials (B ≠ 0), regular vibrations are not equally developed in both
wells and in some cases they appear only in one of them. An associated oscillatory structure in the state
density appears above the respective minimum and a similar effect is generated in the flow rate—cf.
Figs. 6, 8 and 9. It turns out that these oscillatory structures are present even if the corresponding
regular islands in the Poincaré map are very small.

For sufficiently high energies, stabilized vibrations canoccur also above the saddle of the CWpoten-
tial, thus in a seemingly unstable domain. These are the orbits of type 4 in the upper-left part of Fig. 11,
documented by real specimens in Fig. 10(d). In the y-rigid case, the vibrations of this peculiar kind
can be related to the x = 0 minimum of the effective cusp potential (28) with b > 0, which applies if
C⟨y2⟩ > 2. These motions are responsible for the state-density oscillatory structure sketched under
no. 4 in Fig. 11-right. Such horizontal strips are indeed observed in the uppermost part of Fig. 9(a).

Oscillatory structures of type 3 on the right in Fig. 11, i.e., the shifted replicas of the ⌣ shaped
‘‘caps’’ of the ∇ profile, which are well distinguished in Fig. 9(a), (c), result from some singular orbits
that in the y = 0 Poincaré map produce regular patterns with a sharp vertex at a certain x = x0 and
px = 0 (see the patterns no. 3 in Fig. 11-left). In the y-rigid case, the x component of these orbits can
be derived from Eq. (28), with the total energy E equal to the height of the potential barrier separating
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both minima of the effective cusp potential. The vertex in the Poincaré map represents an asymptotic
point of the trajectory, located at the barrier top, which is unreachable in a finite time. For a fully sym-
metric system, the pattern of type 3 appears on both sides of the barrier, as sketched in bottom-left
part of Fig. 11 and exemplified in Fig. 10(a). However, similar orbits can occur also with only a single
lobe (see middle-left scheme of Fig. 11), the other part being destroyed by chaos—examples seen in
Figs. 3 and 10(b). It should be clarified that the vertex is not in general located at the saddle point
xλsad of the actual CW potential, but rather follows the maximum of the effective cusp potential (28).
The use of V λeff(x) instead of V λ(x, y) explains the observed systematic shifts of the ‘‘cap’’ structures in
Fig. 9(c) to lower values of parameter A.

To complement the above classical considerations, we turn at last to the discussion of quantum
Peres lattices. These represent a quantumanalog of classical Poincarémaps—instead of regular/chaotic
trajectories they visualize regular/chaotic eigenstates of the quantum Hamiltonian (points located in
ordered/disordered parts of the lattice) [21]. Several Peres lattices associatedwith the partially chaotic
parameter sets of the CW Hamiltonian are shown in Fig. 12. The concord with classical chaos is illus-
trated by the lattice in panel (a) in conjunction with the associated regular fraction in panel (b). Two
additional Peres lattices for the same parameter set #4 (cf. Fig. 2(d)) but different values of A (given
in each panel) are depicted in column (c) of Fig. 12. Together, the three lattices visualize a process of
gradual disappearance of the regular part of spectrum, which is associated with eigenstates located
in the more regular potential well at x > 0. As this well rises with increasing A ≡ λ, the irregular part
of spectrum (associated with the descending chaotic well at x < 0) collects an increasing number
of states. A related process for other parameter choices is sketched in the rest of Fig. 12—column (d)
shows two Peres lattices for parameter set #2 (cf. Fig. 2(b)), column (e) presents lattices for parameter
set #3 (cf. Fig. 2(c)).

All together, the Peres lattices in Fig. 12 can be compared with the oscillatory structures in
Figs. 8(b)–(d) and 9(a)–(c). In particular, we observe that oscillatory structures above the x < 0 or
x > 0 minimum of the CW potential appear if an ordered sublattice exists in the respective potential
well. Note that the ordered sublattice usually significantly exceeds above the upper energy edge of
the well. This is in agreement with the regular patterns present in the classical Poincaré maps. On the
other hand, if the sublattice belonging to a given potential well is mostly disordered, the associated
oscillatory structure is absent.

Besides the ⟨x⟩ < 0 and ⟨x⟩ > 0 sublattices, the Peres lattices in Fig. 12 contain also a surprisingly
large subset of states that dwell above the saddle of the potential, in a relatively narrow coordinate
interval near ⟨x⟩ ∼ 0. As we know, these states can also have their regular counterparts in Poincaré
maps andmay generate specific oscillatory structures. Although for states of this kind, the distinction
between order and disordered sublattices is less obvious than before, we can unambiguously decide
that the ⟨x⟩ ∼ 0 sublattice in column (d) of Fig. 12 is certainly more ordered than the corresponding
portion of the lattice in column (e). This is in accord with the occurrence of oscillatory structures and
with the classical analysis.

The link of the above-studied Peres lattices to flow properties of the CW spectrum is demonstrated
in Fig. 13. It shows constrained level dynamics of the asymmetric Hamiltonian with parameter set #4.
The lines in this figure (corresponding to individual level energies Eλi ) are sorted according to the local
slope d

dλE
λ
i so that the lineswith positive slopes appear in panel (a), thosewith nearly vanishing slopes

in panel (b), and lineswith negative slopes in panel (c). In view of the Hellmann–Feynman formula (6),
these three panels collect levels whose wave functions are centered in various coordinate domains:
(a) in the rising, more regular potential well at x > 0, (b) in the chaotic (for this parameter set) region
around x ∼ 0, and (c) in the descending, prevailingly chaoticwell at x > 0. This visualization is consis-
tent with the Peres lattices in Fig. 12 and can be directly compared with the corresponding oscillatory
state density in Figs. 8(d) and 9(c), andwith the oscillatory flow rate in Fig. 6(b). In particular,we notice
in Fig. 13(a) a separability-induced structure for states located in the regular potential minimum.

Based on these findings, we formulate the following conclusions concerning ESQPT finite-size
precursors in the spectra of non-integrable CWHamiltonians: (i) The separability-induced oscillatory
structures in the state density are conserved to a surprisingly high extent also for non-separable
Hamiltonians. (ii) The oscillatory structures invariantly appear in all partly regular domains of the
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Fig. 12. Peres lattices for observable P̂ = x̂ (its average is on the horizontal axis) for the CWHamiltonianwith several parameter
choices: Panel (a) and column (c) show three lattices for parameter set #4, column (d) depicts two lattices for parameter set #2,
and column (e) two lattices for parameter set #3. In all cases we take ℵ = 25. The y = 0 cut of the corresponding potential is
indicated in each lattice. Panel (b) shows the regular fraction corresponding to panel (a); the horizontal line marks occurrence
of first chaotic states.

plane λ × E, even those with relatively small values of the regular fraction. It seems that within the
CW model, the increase of regularity is generally connected with emergence of a partial, effective
separability of dynamics, which supports the occurrence of oscillatory structures. (iii) The type of
the oscillatory structure observed in the spectrum depends on the type of underlying dynamics. We
have developed a typology of classical orbits responsible for various kinds of oscillatory structures,
see Fig. 11. (iv) Peres lattices provide a complementary view of the regularity-related effects. With
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a b c

Fig. 13. Constrained level dynamics of the CWHamiltonianwith parameter set #4 forℵ = 10, separated into three components
according to slopes of levels with variable λ ≡ A: (a) the rising (regular) part of the spectrum with +0.1 < d

dλ E
λ
i , (b) about

horizontal part, −0.1 < d
dλ E

λ
i < +0.1, and (d) the descending (chaotic) part, d

dλ E
λ
i < −0.1.

a proper choice of the Peres operator, they substantially help to visualize level dynamics and flow
properties of the spectrum.

6. Summary and outlook

This work continues our systematic study of excited-state quantum phase transitions in systems
with a few (particularly two) degrees of freedom f . In part I [1], we described the ESQPT defining
properties in terms of non-analytic dependences of the smooth component of the quantum state
density on the control parameter λ and energy E. We explained that for ‘‘finite systems’’ (whose f
remains finite even for infinite size parameter ℵ), these properties are based purely on the classical
limit. Non-analyticities in theℵ → ∞ spectrum,which affect smooth components of the state density
and spectral flow, as well as the related thermodynamical quantities, are derived from stationary
points of the classical Hamiltonian.

In the present part II, our attention has been focused on the oscillatory components of the state
density and flow rate in a vicinity of an ESQPT. These quantities describe spectral fluctuations in the
λ×E plane, namely the clustering of energy levels in a λ-fixed spectrum and laminarity or turbulence
of the flow of levels with varying λ. Although the oscillatory components represent just finite-size
effects (in the ℵ → ∞ limit they are washed out by an arbitrary σ → 0 smoothing procedure), we
have demonstrated that they can constitute important ESQPT precursors, which in some cases even
prevail the defining properties in terms of the smooth components.

As in part I, we have studied here the ESQPT structures accompanying the first-order ground-state
QPT in a generalized Creagh–Whelan model. The potential of this f = 2 model bears similarities to
the f = 1 cusp model in coordinate x, but the y degree of freedom obviously leads to significant
modifications. Nevertheless, in some cases the 1D ESQPT structure of the underlying cusp potential
remains largely present in finite-size spectra of the full f = 2 model. This is connected with a partial
effective separation of the x and ymodes ofmotions, hencewith a partly increased degree of regularity
of the corresponding CW Hamiltonian.

The 1D ESQPT structures in finite-size spectra are most apparent if the time scales of both partially
separated modes (thus the effective size parameters ℵx and ℵy) are highly imbalanced. In this
situation, the state-density oscillations due to the soft mode can be averaged out by an appropriate
smoothing procedure, which at the same time preserves the state-density oscillations caused by the
rigid mode. The ESQPT precursors are particularly enhanced relative to a generic f = 2 case if ℵx
(size parameter of the critical subsystem) is much larger thanℵy. Then the 1D ESQPT structures in the
spectrum of the whole system are more developed and come in multiple replicas.

It has been shown in the numerical part of our analysis that the 1D ESQPT structures are strongly
resistant to the rise of chaos in the system. Surprisingly, even a very small regular island – domain in
the phase space where trajectories are governed by an effectively separable Hamiltonian – generates
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quite large oscillatory structures in the spectrum. We anticipate that similar effects exist in a broad
class of f = 2 systems and that they will soon become available experimentally.

In the intended part III of this series, we will explore the general findings of parts I and II in
the setting of genuine interacting many-body systems, where effects of more involved kinetic terms
beyond p⃗ 2/2 are important.
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Appendix. Periodic orbit approximation in 2D separable systems

The aim of this appendix is to show that the last term of expression (23) for the oscillatory
component ρλ(E) of the total state density of a separable system with f = 2 allows one to derive
the periodic-orbit approximation (11) in dimension 2. We start by expressing both 1D oscillatory
componentsρ∗(E∗) of the ∗ = x, y state densities in the form of Eq. (11):

ρ∗(E∗) ≈
T∗(E∗)

π h̄

∞
r∗=1

cos

r∗I∗(E∗)

h̄
− r∗φ∗


=

T∗(E∗)

2π h̄

±∞
k∗=±1

eik∗

I∗(E∗)

h̄ −φ∗


. (A.1)

As shown in Ref. [22], this formula jointly with the r∗ = 0 term, which represents the smooth
component ρ̄∗(E∗) = T∗(E∗)/π h̄ of the state density [1], exactly reproduces the spectrum obtained
from the semiclassical quantization. The function I∗(E∗) is the action over the primitive (nonrepeated)
periodic orbit, T∗(E∗) =

∂
∂E∗

I∗(E∗) is the corresponding period, and φ∗ stands for a constant phase
factor related to the Maslow index of the orbit [10,11]. For simplicity, we assume here a single-well
1D potential, for which there exists just one primitive orbit at any E∗. The integer |k∗| ≡ r∗ counts the
number of loops completed around the given primitive orbit.

Evaluating the last term in Eq. (23), i.e., the convolution of the x and y oscillatory components, one
obtains:

ρ(E) ≈
1

(2π h̄)2

±∞
kx=±1

±∞
ky=±1


Tx(Ex)Ty(E − Ex)e

i
 kxIx(Ex)+kyIy(E−Ex)

h̄ −(kxφx+kyφy)

dEx. (A.2)

For a 2D separable system, the expression of the classical Hamiltonian in action variables reads
as H = Hx(Ix) + Hy(Iy). We therefore proceed via the substitution Ex → Ix, with Ex = Hx(Ix)
and dEx/dIx = 1/Tx. In view of the oscillating character of the subintegral function in Eq. (A.2),
the use is made of the stationary phase approximation, which in 1D reads as:


g(x)eif (x)dx ≈

√
2π/|f ′′(x0)|g(x0)eif (x0)eiπsgnf

′′(x0)/4, with x0 denoting a stationary point of f (x). In the present case,
the stationary-phase condition is written as kx + ky(dIy/dEy)(−dHx/dIx), which yields:

kxTx = kyTy. (A.3)
This means that the ratio R(E, Ix) ≡ Ty(E − Hx(Ix))/Tx(Ix) of the periods corresponding to x- and
y-motions takes a rational value kx/ky > 0 at the stationary point Ix = I0x (E). We can write:
k⃗ ≡ (kx, ky) = (rµx, rµy) ≡ rµ⃗, where µx > 0 and µy > 0 are two incommensurable integers
and r = ±1,±2, . . . . Condition (A.3) then identifies a primitive periodic orbit o(µ⃗) with period
To(µ⃗) = µxTx = µyTy repeated |r| times. Due to separability of the Hamiltonian, the action of the
primitive orbit is: Io(µ⃗) = µxIx + µyIy. The denominator f ′′(x0) in the stationary-phase expression
reads as ∂

∂ Ix
R(E, Ix)|I0x ≡ R′

o(µ⃗) and its sign is r/|r|. Putting all these findings together, we obtain the
following formula:

ρ(E) ≈
1

2π h̄


µ⃗

±∞
r=±1

To(µ⃗)(E)
2π h̄(rµy)3|R

′

o(µ⃗)(E)|
e
ir


Io(µ⃗)

h̄ −(µxφx+µyφy)+
π
4|r|


. (A.4)
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At last, joining the +r and −r terms of Eq. (A.4) and identifying r(µxφx + µyφy) + π/4 with φro(µ⃗),
we arrive at an expression of the desired general form (11).

It needs to be stressed that Eq. (A.4) does not contain quasi-1Dorbits generated by periodicmotions
only in x- or y-direction, i.e., the orbits having eitherµx = 0 orµy = 0. Such orbits play an important
role in the creation of the oscillatory structures studied in this work. However, being contained
only in the cross-terms of Eq. (23), these orbits yield vanishing contribution in the stationary phase
approximation.
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